
Measurement 60 (2015) 299–307
Contents lists available at ScienceDirect

Measurement

journal homepage: www.elsevier .com/ locate/measurement
A decremental approach with the A⁄ algorithm for speeding-up
the optimization process in dynamic shortest path problems
http://dx.doi.org/10.1016/j.measurement.2014.10.014
0263-2241/� 2014 Elsevier Ltd. All rights reserved.

⇑ Corresponding author at: Business Systems and Analytics Depart-
ment, Lindback Distinguished Chair of Information Systems and Decision
Sciences, La Salle University, Philadelphia, PA 19141, USA. Tel.: +1 215
951 1129; fax: +1 267 295 2854.

E-mail addresses: Ardakam@farmingdale.edu (M.K. Ardakani),
tavana@lasalle.edu (M. Tavana).

URL: http://tavana.us/ (M. Tavana).
Mostafa K. Ardakani a, Madjid Tavana b,c,⇑
a School of Engineering Technology, State University of New York, Farmingdale, NY, USA
b Business Systems and Analytics Department, Lindback Distinguished Chair of Information Systems and Decision Sciences, La Salle University, Philadelphia,
PA 19141, USA
c Business Information Systems Department, Faculty of Business Administration and Economics, University of Paderborn, D-33098 Paderborn, Germany
a r t i c l e i n f o

Article history:
Received 31 July 2014
Received in revised form 16 September 2014
Accepted 1 October 2014
Available online 22 October 2014

Keywords:
A⁄ algorithm
Continuous-time dynamic network
Shortest path problem
Multidimensional scaling
Real-time travel-time
a b s t r a c t

Dynamic (time-dependent) network routing has become important due to the deployment
of advanced traveler information systems in navigation systems. We study the problem of
speeding-up the shortest path in continuous-time dynamic networks without a priori
knowledge of the link travel times. We apply the A⁄ algorithm using the decremental
approach to reduce the network size and speed-up the optimization process in dynamic
shortest path problems. We utilize the weighted metric multidimensional scaling tech-
nique to define the potential function in the A⁄ algorithm by converting the link travel costs
(times) into distances. Moreover, we evaluate the performance of the decremental
approach with respect to the CPU times and optimal costs by applying the A⁄ algorithm
and Dijkstra’s algorithm to different networks.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Traffic congestion is a daily phenomenon caused by a
growing amount of traffic and limited capacity of the road
network. Traffic congestion is often triggered by predict-
able events (e.g., commuter traffic), less predictable events
(e.g., weather), or unpredictable events (e.g., accidents). In
order to relieve congestion, intelligent transportation sys-
tems apply up to date methods of information technology
to the current information on the infrastructure. An intelli-
gent transportation system refers to any type of informa-
tion technology applied to transport infrastructure and
vehicles for the purpose of improving transportation. An
advanced traveler information system is perhaps the most
recognized subgroup of intelligent transportation systems.
An advanced traveler information system aims to provide
travelers with updated information about the road net-
work conditions with the expectation that an informed
traveler makes better decisions, ultimately alleviating traf-
fic congestion. The advanced traveler information systems
have the greatest value during dynamic traffic conditions.

It is clear that real-life traffic never evolves according to
an a priori or static scheme. As advanced traveler informa-
tion systems and intelligent vehicle navigation systems are
being increasingly used, tackling routing problems with
realistic assumptions becomes increasingly important. A
great deal of real-time traffic information is available to
the drivers courtesy of the advances in information tech-
nology. This information can provide drivers with turn-
by-turn directions and more realistic travel times. In this
regard, Ardakani and Sun [2] proposed an adaptive
approach to tackle the continuous dynamic shortest path
problem. They developed a decremental algorithm to
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reduce optimization time and evaluated the impact of the
proposed adaptive routing and the performance of the dec-
remental approach in static and dynamic networks under
different traffic conditions.

This article has two main objectives: (1) to apply the A⁄

algorithm in the decremental approach to speed-up the
optimization of the dynamic shortest path problem; and
(2) to utilize multidimensional scaling to convert costs
(times) into distances. In other words, the main contribu-
tions of this study are: (1) employing the A⁄ algorithm in
decremental algorithm to boost up the optimization speed;
(2) applying the weighted metric multidimensional scaling
technique to define the potential function of the A⁄

algorithm. Here, we assume that travelers know the
realizations of all link travel times up to the current time.
Also, link travel times change in an unpredictable fashion
and the first-in-first-out (FIFO) property or other simplifi-
cations in link travel times are not applicable. These
assumptions are particularly pertinent to road networks
especially in the presence of intelligent vehicle navigation
systems.

The paper is organized as follows. In Section 2, the liter-
ature and background on transportation routing networks
is presented. A formal description of the problem and the
proposed approach are described in Section 3. Section 4
discusses the weighted metric multidimensional scaling
and its application in using the A⁄ algorithm. Section 5
demonstrates experimental results and comparisons. Con-
cluding remarks are summarized in Section 6.
2. Literature review

Shortest path problems are classical network optimiza-
tion problems with many applications such as communica-
tion networks, transportation systems, and computer
networks among others. Several authors have studied the
static shortest path problems in transportation networks.
More recently, Bast et al. [6] reported on an extensive
review of the transportation routing literature with
emphasis on contemporary algorithms. They categorize
these algorithms into basic techniques [16]; goal-directed
techniques [21,18]; separator-based techniques [14,30]);
hierarchical techniques [20,17]; bounded-hop techniques
[13,1]; and combination techniques [19,8,15].

The dynamic (time-dependent) shortest path problem
is a generalized shortest path problem with network char-
acteristics such as link cost changes over time. Time
dependencies can be represented by travel time functions
on the links. In other words, the cost of a link depends on
the time with which it is traversed. The dynamic shortest
path problems can be categorized based on their character-
istics such as discrete/continuous representation of time,
overtaking/non-overtaking notion, and waiting/no-waiting
time at nodes. These assumptions are usually incorporated
either to properly represent the problem or to reduce the
complexity of the problem. The non-overtaking assump-
tion, FIFO, states that later departures cannot lead to
earlier arrivals. Sometimes, if the FIFO condition is not
met, the problem might be simplified by allowing
waiting (resting) at nodes before the next departure. Also,
sometimes, the FIFO property might be justified by assum-
ing that each road lane is a separate arc and vehicles can-
not overtake each other in such networks. However, due to
advances in infrastructure and transportation technology,
fewer assumptions should be considered in network opti-
mization; e.g., vehicles can maneuver freely on roads. Orda
and Rom [27] considered a general analysis of time-depen-
dent shortest paths under several waiting constraints. They
showed that the shortest-path problem can be efficiently
solved if travel time functions are nonnegative and follow
the FIFO assumption. In addition, they showed that the
non-FIFO assumption cannot be solved polynomially since
it makes the problem at least NP-hard. A fair body of
research such as Nannicini [25], Delling [12], and Batz
et al. [7] can be found on the speed-up time-dependent
shortest path problems requiring the FIFO property.

The discrete-time dynamic shortest path problems have
been applied especially in public transit networks, which
are inherently time-dependent. In public transit networks,
certain parts of the network need to be traversed at partic-
ular, discrete points in time (see Müller-Hannemann et al.
[24] for more details). In continuous-time dynamic net-
works, time is treated as real numbers. Accordingly, a
timetable, which is usually used as the input to the time-
dependent algorithms, cannot be constructed unless time
is discretized. Another approach for dealing with the con-
tinuous-time dynamic problems is to approximate the
time function with a piecewise linear function which still
requires the FIFO property. For instance, Dean [11] pro-
vided a good review of the continuous-time dynamic
shortest path problems and proposed the linear approxi-
mation of link travel times with the FIFO assumption. He
also considered a more general setting. The FIFO assump-
tion makes the problem less practical in real road traffic
networks. Although the FIFO property is useful for systems
such as train networks, it is not applicable for road trans-
portation where overtaking occurs frequently. The contin-
uous-time dynamic network has been primarily used in
the network flow problems [23]. The problem formulated
here is related to the continuous-time dynamic shortest
path problem with the assumption of unpredictable link
travel times where the link travel times cannot be discret-
ized or piecewise approximated.

The majority of the research in transportation networks
assumes that changes occur in a predictable way with the
non-overtaking assumption. However, by virtue of
advances in technology, particularly during the use of
intelligent vehicle navigations using advanced traveler
information systems, time-dependent cost functions with
frequent, instantaneous, and sometimes-unpredictable
changes need to be taken into consideration. In accordance
with the adaptive routing notion, these assumptions
require solving a series of static shortest path problems.
The adaptive approach adopted here is developed by
Ardakani and Sun [2]. It allows incorporating the most gen-
eral travel time functions and relaxing the non-overtaking
constraint in the continuous-time dynamic shortest path
problem. It should be mentioned that although the decre-
mental approach is not guaranteed to find the optimal
routes, it provides a fast computation speed with negligible
cost increases.
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3. Adaptive routing and decremental algorithm

A road network is defined by a graph where links repre-
sent road segments and nodes signify intersections with an
origin O and a destination D. A random network G = (N, A,
P) is described by a triple notation consisting of a set of
nodes N (|N| = n), a set of links A (|A| = m), and a link char-
acterization P specifying the mean link travel times, which
are time-dependent random variables. This way, the time
dependency of travel times is considered in the problem.
The network can be assumed directed or undirected
depending on the topology of the road network. For exam-
ple, a one-way street can be represented in a direct net-
work. The general setting assumes a single-vehicle origin
and destination. However, due to the overtaking assump-
tion, driver B can arrive at the destination node before dri-
ver A even if driver B leaves the origin node later. This
assumption relaxes the FIFO constraint. ljk(t) is the mean
travel time (cost) of link j_k at time t. It is assumed that
decisions are made at nodes. The decision determines what
link must be chosen next at each node based on the current
state x = {j, t, I} where j is the current node, t is the current
time, and I is the current information. The current informa-
tion I contains the mean link travel times. The mean travel
time from node j to node k, ljk(t), is assumed to be avail-
able at any time. Note that ljk(t) is not probabilistic. It is
a time-dependent function representing the expected tra-
vel time from node j to node k. For instance,
l12(10:30 a.m.) = 5 indicates that the expected travel time
from node 1 to 2 at 10:30 a.m. is 5 min. It is assumed that
an intelligent vehicle navigation system estimates and pro-
vides the expected travel times for any given link at any
time. Also, in the routing decision process, the origin node
changes adaptively. In other words, the current node j is
also the origin node when determining the shortest path
between j and the destination node using dynamic
optimization.

Fig. 1 illustrates a hypothetical network with six nodes
(i.e., |N| = 6) and eight links (i.e., |A| = 8). There are four
paths for this network from the origin node 0 to the des-
tination node 5: path 1 = 0_1_3_5, path 2 = 0_1_5, path
3 = 0_2_4_5, and path 4 = 0_2_5. The left figure shows
the expected link travel times in minutes at t = 0. The
dashed lines indicate optimal paths. Path 0_1_3_5 is sug-
gested as the shortest path according to the link travel
times available at t = 0. Following the suggested path,
the driver arrives at node 1 after t

0
, although 12 min

was the expected time for link 0_1. In practice, this dis-
crepancy is commonly due to new traffic situations and/
or inaccurate link travel time estimates. Now, consider
00
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Fig. 1. Two consecutive steps of an
the right network demonstrating the new position of the
driver at t

0
. The driver needs to find the optimal path from

1 to 5 according to the newly updated link travel times.
For example, the travel time for link 1_5 is l15(t

0
) = 29,

which is different from l15(0) = 30. Based on updated link
travel times at t

0
, 1_5 is chosen as a new optimal path. The

reason 1_3_5 was not considered as the optimal path
could be due to a congestion occurrence on the link 3_5
within t

0
. Note that anticipatory information is not avail-

able. In other words, the shortest path is based on cur-
rently-observed travel times, and does not account for
the changes that may occur between the present moment
and the time a traveller actually arrives at the next node.
It emphasizes the distinction between instantaneous and
experienced travel times (see Yildirimoglu and Geroliminis
[31] for more details).

This adaptive routing scheme can be expressed by a
recursive equation. The following dynamic problem is
defined for a given node j.

k� ¼ arg min gðkÞ þ ljkðtÞj8k 2 BðjÞ & x
n o

; ð1Þ

where g(k) is the expected travel time from node k to the
destination node D; the boundary condition is g(D) = 0.
B(j) represents the outgoing adjacent nodes from node j,
that is, B(j) = {(j, k) e A; k e N}. x is the current state con-
taining information I. The decision is made at node j to
determine which adjacent node k must be selected to have
a minimum total travel time from node j to the destination.
There is no rest time assumed at nodes; therefore, arriving
and departing times are identical. Here, the goal is to heu-
ristically solve a time-dependent shortest path problem
using a dynamic shortest path algorithm.

In order to find the shortest path from the current node
to the destination, a straightforward approach is to simply
update all of the links by arriving at each node and then
applying a single-pair algorithm. This approach requires
updating all the links and optimizing the whole network
from scratch. Instead, we herein advocate another
approach decrementing the network size at each node
prior to applying a single-pair algorithm. As the driver
travels toward the destination, the network size becomes
smaller, and consequently the optimization process
becomes faster. The proposed decremental approach is
capable of reducing the network size by deleting noncriti-
cal nodes. Noncritical refers to nodes that are unlikely to be
part of the optimal route. The logic behind the decremental
approach is that the chance of finding better routes
through backward nodes is small and drivers try to travel
toward the destination located at the end of the x-axis.
2 4

1 3

5

µ(t’)=29
µ(t’)=18

µ(t’)=15

adaptive routing algorithm.
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The decremental approach proposed by Ardakani and Sun
[2] consists of the following notable features:

i. Node labeling is based on the Cartesian coordinate
system; x (or y) axis. The origin node label is 1 and
the destination node label is n (sorted topology).

ii. Delete (j) deletes nodes whose labels are smaller
than the current node j.

iii. Update (j, k, t) returns updated costs (link travel
times) from the current node j to node k at time t;
k belongs to the decremented network.

iv. Path (j) finds the shortest path from the current node
j to the destination.

v. Traverse to the next node and repeat from ii.

In Path (j), the decremented network is optimized to
find the shortest path. Any classical or speed-up algorithm
can be utilized in this step. Optimization algorithms
applied in Path (j) directly affect the speed of the decre-
mental approach. Ardakani and Sun [2] evaluate Dijkstra’s
algorithm. Here, a variant of the A⁄ algorithm is utilized for
speed-up purposes and compared to Dijkstra’s algorithm.

The idea of a goal-directed technique such as the A⁄

search [21] is to push the search toward the destination.
Dijkstra’s algorithm is a special case of A⁄ when reduced
costs are considered. The A⁄ search removes nodes based
on a defined priority. The priority key for removing a node
v is made up of two parts: the length of the tentative short-
est path from the origin to node v (as in Dijkstra’s algo-
rithm), and an underestimation of the distance to reach
the destination from node v. The function that gives prior-
ity to nodes and estimates the distance between a node
and the destination is called the potential function. The
A⁄ algorithm searches no more nodes than Dijkstra’s algo-
rithm, particularly if the potential function significantly
underestimates distances to the destination. Different
algorithms have been embedded or developed based on
the A⁄ concept to speed-up or improve shortest path prob-
lems. For instance, the A⁄ search has been applied to the
time-dependent model on public transit networks [28];
multimodal journey planning [5]; obtaining bounds on
the search space size [29]; and speed-up [26]. The follow-
ing statistical technique is adopted here to define the
potential function based on the reconstructed network.
4. Weighted metric multidimensional scaling

Multidimensional scaling is a statistical technique that
represents measurements of dissimilarity (or similarity)
of objects as distances between points most likely in a
low dimensional space [9]. Multidimensional scaling has
its origins in psychometric studies and obtained popularity
in science and engineering. In transportation, there are
several usages of multidimensional scaling particularly
concentrating on road network visualizations [10,22]. Mul-
tidimensional scaling can be categorized into classical scal-
ing, metric scaling, nonmetric scaling, and generalized
scaling. In regular classical scaling, also known as Torger-
son–Gower scaling, the input are dissimilarities between
pairs of items, weights are not allowed, and Strain is cho-
sen as a loss function (see [9]. If dissimilarities are mea-
sured in metric such as distances, more flexible loss
functions and weights can be employed. In non-metric
scaling, the data are at the ordinal level of measurement.
Generalized scaling, which might also be categorized in
metric scaling, is recently developed and mainly used to
recognize deformable objects.

In order to fit the data in a new configuration (struc-
ture), a loss function needs to be minimized. Borg and
Groenen [9, pp. 253] mention the following general loss
function:

rðXÞ ¼
X
i<j

wij f ðd2
ijÞ � f ðd2

ijðXÞÞ
h i2

ð2Þ

This loss function sums the differences of squared dis-
similarities d2

ij , and squared distances d2
ij of pairs ij. f(z) is

an increasing scalar function; for instance, f(z) equal toffiffiffi
z
p

, z, and log(z) are known as Stress, SStress, and Multi-
scale loss functions, respectively. X denotes a new configu-
ration of points, which is the coordinates of nodes in the
reconstructed network. Also, link travel costs are assumed
as dissimilarities. In multidimensional scaling, weights
play important roles such as underlining different aspects
of the data, or taking the reliability of the data into
account. For instance, wij = 1 indicates that for pair ij dis-
similarity is observed, whereas wij = 0 can be used when
dissimilarity is missing (undefined dij). The missing data
are excluded in optimization. If there is no link between
node i and node j, wij is considered to be a missing value
and is set equal to zero.

Weighted metric multidimensional scaling is applied to
form a new network whose link lengths are equal to the
corresponding costs (times) in the original network. In
other words, the basic idea is to find the coordinates of
nodes given link travel costs. Also, dimension reduction
is not considered here; thus, the data remain in two
dimensions. The approach is analogous to laying out a
map for a city if the only available information is the dis-
tances between all pairs of intersections. After the new
network is formed using weighted metric multidimen-
sional scaling, the potential function in the A⁄ algorithm
can be defined based on the Euclidian distance between a
node and the destination in the reconstructed network.

The following example shows how weighted metric
multidimensional scaling can be applied to reconstruct a
network. Fig. 2 demonstrates a random network with 10
nodes. The optimal route with the minimum distance from
the origin node to the destination is 1_3_7_10 with the
total distance of 243.7 + 281.7 + 252.7 = 778.1.

Now, suppose distances in Fig. 2 change to costs and a
visualization of a network whose link lengths are costs is
assumed. Fig. 3 presents two reconstructed networks after
applying the weighted metric multidimensional scaling
technique. In the left figure, the link costs are 1.5 times
of distances for all links, which leads to the optimal dis-
tance of 1.5 � 778.1. In the right figure, the costs of links
1_2 and 9_10 are twice as much as their distances and
the rest of the costs are identical to their corresponding
distances. The optimal path has the distance of 778.1. Note
that in the reconstructed networks, link lengths represent



Fig. 2. A random network with 10 nodes and 21 links along with its
optimal route.
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the desired costs, although the node coordinates are differ-
ent from Fig. 2.

In simulation, weighted metric multidimensional scal-
ing is utilized using the mdscale command in the MATLAB
statistics toolbox. It assumes the traveling cost matrix as
input and generates a new configuration of nodes. The
two-dimensional link cost matrix is assumed to be the dis-
similarity matrix. The command treats NaN’s as missing
values, and ignores them in the minimization of the loss
function. The metric scaling criterion metricsstress is set
to apply the SStress loss function that is normalized with
the sum of 4th powers of the dissimilarities. The initial
node locations are considered to be starting points in opti-
mization. The outputs are the Cartesian coordinates of
nodes and the optimal value of the SStress loss function.

5. Simulation case study

This section evaluates the decremental approach using
the A⁄ algorithm in different dynamic networks. It is
assumed that traffic information is fully available up to
the current time. The most updated information is utilized
at each node to make a decision and choose the next link.
Fig. 3. Two reconstructed networks using wei
Thus, at each node, the shortest path problem is executed
using the last updated information. It is assumed that link
cost functions are contingent upon time and link length.
The following quadratic functions are used to generate
the mean travel times (costs). This time-dependent func-
tion and its parameters are arbitrarily chosen and can be
in other forms. These functions do not affect the computa-
tional aspects of algorithms and only concerns the accu-
racy of estimated travel times. Note that in a real
situation there is no need of assuming these functions
since the real values are provided by the intelligent naviga-
tion system. Nonetheless, the sensitivity analyses of esti-
mated travel times are performed in Ardakani and Sun [2].

lijðt; dijÞ ¼ dij �
U

ðTRÞ2
t2 þ 2U

TR
t þ 1

 !
; ð3Þ

where U and R are random variables following uniform dis-
tributions with range of (�0.3, 0.3) and (0.5, 1), respec-
tively to generate different quadratic functions. The dij is
the distance between node i and node j. Also, T is a param-
eter adjusting travel times according to the length of the
network, which is here assumed to be 1000.

In simulation, networks are randomly generated in a
two-dimensional Cartesian system. Random points repre-
senting nodes are generated in a predefined area of
1000 � 1000. In order to generate links, Delaunay triangu-
lations using random points as vertices are employed.
Node labeling is formed based on sorted nodes along the
x-axis. As a result, the origin and destination nodes are
labeled 1 and n, which have minimum and maximum val-
ues on the x-axis respectively (e.g., see Fig. 2). All analyses
and simulations are conducted using the MATLAB software
with a Dual-Core 3.0 GHz CPU. It should be mentioned that
using C++ might increase the optimization speed; particu-
larly if we do not call a series of built-in functions in MAT-
LAB. However, we are more interested in relative
comparisons regardless of language programing.

At each run, two approaches are considered before
applying A⁄ or Dijkstra’s algorithm. The first approach
applies all nodes with the original network size. The
second one, hereafter called Decremental, utilizes the
ghted metric multidimensional scaling.
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following method to reduce the network size. According to
the decremental approach, all nodes whose labels are
smaller than the current label are removed from the
network. Thus, four approaches, namely Dijkstra (D),
Decremental-Dijkstra (DD), A⁄, and Decremental-A⁄ (DA⁄),
are considered to optimize the adaptive routing problem.
The Dijkstra approach applies Dijkstra’s algorithm in a
dynamic network using the most updated data at each
node to select the next link. The Decremental-Dijkstra
approach is similar to the Dijkstra approach except that
it implements the decremental approach to reduce the
network size before applying Dijkstra’s algorithm. The A⁄

approach uses the weighted multidimensional scaling
technique to define the potential function for the whole
network and optimizes the network based on prioritized
nodes. The Decremental-A⁄ approach utilizes the A⁄ algo-
rithm, after it reduces the network size by applying the
decremental approach at each iteration. Note that since it
is assumed that no waiting time is allowed at the nodes,
the arriving and departing times are the same. Also, the
weighted multidimensional scaling technique is re-run at
each iteration to update the potential functions to employ
the A⁄ algorithm.

Different networks with sizes of 500, 1000, 1500, 2000,
2500, and 3000 nodes are selected. In order to increase the
reliability of results, each set of simulations is executed 11
times. For instance, Table 1 presents 11 runs of random
networks with size of n = 3000 in the Decremental-A⁄

approach. It illustrates runs that are sorted based on the
CPU time, number of links in network (m), number of tra-
versed links on optimal routes, CPU times in second scale
to find the optimal routes, the optimal values of the SStress
loss function, and total cost. Note that setup times such as
matrix preparations and other initializations are not
included in the CPU times. They just signify the required
times to find the optimal routes by applying the shortest
path algorithms with the available inputs.

Further analyses are based on the median of CPU times
chosen from 11 random samples. For instance, in Table 1
2.15 is the median of the CPU times; accordingly, the 9th
sample is selected to represent the results for the Decre-
mental-A⁄ approach with a size of 3000. This network has
8980 links and the optimal route is obtained by traversing
52 links from the origin node to the destination node with
the total cost of 1116.4. The SStress value is approximately
zero, which indicates that the loss function is properly
Table 1
The Decremental-A⁄ approach for 11 random networks with n = 3000.

Run m Traversed links

6 8975 50
2 8979 53
4 8974 50

11 8974 55
1 8973 58
9 8980 52
3 8979 56

10 8977 56
8 8969 56
7 8976 65
5 8977 60
minimized in the weighted multidimensional scaling tech-
nique. This column indicates that in all runs, the new net-
works are accurately reconstructed.

Fig. 4 displays 24 median sample runs obtained from
four approaches and six networks. It is assumed that the
median sample runs can represent the corresponding net-
works. Fig. 4 indicates that the decremental approach
reduces the CPU times significantly and that the A⁄ algo-
rithm is superior to Dijkstra’s algorithm in all cases. How-
ever, reconstructing the network to define the potential
function may be expensive either due to preprocessing
time or memory consumption, depending on the link
travel times and the topology of the network. Also,
Fig. 4 shows that regardless of network size, the
performance of Decremental-A⁄, A⁄, Decremental-Dijkstra,
and Dijkstra approaches are in decreasing order, i.e.,
DA⁄ > A⁄ > DD > D.

CPU time reductions illustrated in Fig. 4 are quantita-
tively compared in Table 2. For instance, for the network
with 3000 nodes, A⁄ and Decremental-A⁄ approaches
require 4.07 and 2.15 seconds CPU time, respectively. Thus,
compared to A⁄, DA⁄ has the advantage of ((4.07 � 2.15)/
4.07)100% = 47% reduction in CPU time, which is shown
in column DA⁄ > A⁄. As a whole, the results in each column
indicate quite homogeneous reductions in different net-
works. The last row shows the average reductions of six
networks. The columns DA⁄ > A⁄ and DD > D indicate that
the decremental approach saves approximately 40–45%
of CPU time when compared to its non-decremental
counterparts. Also, columns DA⁄ > DD and A⁄ > D signify
about 70% CPU time reduction for A⁄ in comparison to
the Dijkstra approach. Moreover, A⁄ is superior to the
Decremental-Dijkstra approach; note that A⁄ > DD. As is
specified in DA⁄ > D, the Decremental-A⁄ approach outper-
forms the Dijkstra approach.

The decremental approach decreases the number of
evaluated links, which eventually leads to CPU time
reductions. Fig. 5 illustrates CPU times and the number of
evaluated links in detail for networks with n = 3000. The
x-axis represents iterations or traversed nodes. The left
figure shows that the CPU times in the Decremental
approaches are less than their non-decremental counter-
parts. Also, A⁄ speeds up the optimization time signifi-
cantly. The right figure exemplifies the decreasing
number of evaluated links using the decremental
approach. The number of evaluated links is always about
CPU time (s) SStress Cost

1.13 2.87 � 10�15 1070.3
1.82 2.72 � 10�15 1183.4
1.91 3.38 � 10�14 1052.3
1.98 2.97 � 10�15 1065.4
2.03 3.26 � 10�15 1115.8
2.15 2.10 � 10�15 1116.4
2.16 1.15 � 10�15 1144.0
2.29 2.35 � 10�15 1057.4
2.34 2.52 � 10�15 1118.2
2.5 4.33 � 10�15 1187.7
3.13 1.06 � 10�15 1244.5



Fig. 4. CPU time of median sample runs in four approaches.

Table 2
Rounded CPU time reduction percentages.

N DA⁄ > A⁄ DA⁄ > DD DA⁄ > D A⁄ > DD A⁄ > D DD > D

500 39 66 78 43 64 37
1000 44 75 86 55 74 43
1500 48 78 87 57 74 40
2000 43 71 84 50 71 43
2500 47 70 82 42 67 42
3000 47 70 83 44 67 42

Average 45 72 83 49 70 41

Fig. 6. Corresponding costs in Fig. 4.
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9000 for the non-decremental approaches. As a whole, CPU
times and evaluated links favor the Decremental-A⁄

approach consuming the lowest CPU times.
Another issue that should be addressed is the quality of

obtained optimal routes. Fig. 6 compares the total travel
costs using Dijkstra (D), Decremental-Dijkstra (DD), A⁄,
and Decremental-A⁄ (DA⁄) approaches. The costs are cho-
sen from the median samples sorted based on the CPU time
improvements. The costs of optimal routes obtained from
A⁄ are compared to the costs of the Dijkstra approach.
The percentage amount of cost increases are shown on
Fig. 5. CPU times (left) and evaluate
the plot. For instance, for the network with size of 500
nodes, the optimal costs using the A⁄ approach and the
Dijkstra approach are 1154.2 and 1120.1, respectively,
which leads to (1154.2 � 1120.1)/1120.1 = 3% additional
cost. Fig. 6 signifies that roughly a 5% increase in total cost
occurs when the A⁄ approach is used. The optimal routes
have the same costs in both the Decremental-Dijkstra
and Decremental-A⁄ approaches. Note that costs using
these two approaches are similar to costs using the Dijk-
stra approach except when n = 500. It indicates that the
decremental approach is not guaranteed to find the opti-
mal routes. However, this occurs rarely, and when it does
occur, cost differences are not significant. Table 3 demon-
strates traversed routes in detail to better explain the cost
discrepancies.

Table 3 illustrates the optimal routes and the associated
costs for a random run with n = 500. The last column
shows the associated costs of the corresponding
approaches displayed in the first column. The first row
shows the number of required iterations to reach the des-
tination node 500 from the origin node 1. At each iteration,
the shortest path from the current node to the destination
d links (right) with n = 3000.



Table 3
Traversed nodes and associated total costs for a random run with n = 500.

Iterations 1 2 3 4 5 6 7 8 9 10 . . . 20 21 22 23 Cost

D 1 35 55 82 102 118 142 141 187 215 . . . 485 498 1120.1
DD 1 35 55 82 102 118 142 179 212 239 . . . 485 498 1133.7
A⁄ 1 35 55 82 102 118 142 125 139 141 . . . 430 473 485 498 1154.2
DA⁄ 1 35 55 82 102 118 142 179 212 239 . . . 485 498 1133.7
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node is executed. All approaches traverse 21 nodes on their
optimal routes to reach the destination except the A⁄

approach which requires 23 iterations.
The key point of route differences lies in the direction of

traveling against or toward the destination located at the
last point of the x-axis. Recall that nodes are labeled based
on their locations on the x-axis coordinate. Generally, it is
expected that traveling against the destination does not
reduce the travel cost. However, in rare occasions, as is
observed in Dijkstra approach, re-routing at the 7th itera-
tion from node 142 to node 141 and then traversing a dif-
ferent route leads to a lower travel cost, 1120.1. The
traversed nodes are identical in the Decremental-Dijkstra
and Decremental-A⁄ approaches. The A⁄ approach tends
to have more backward traversing; e.g., see re-routing
from node 142 to node 125 at the 7th iteration. This occurs
because of the poor potential function obtained from an
imprecise reconstructed network. To be more specific,
the link lengths in the reconstructed network do not repre-
sent the cost links in the original network. In other words,
inaccurate results obtained from the weighted multidi-
mensional scaling technique lead to inaccurate coordinates
of nodes, which eventually cause the backward tendency.
It also explains why the cost of the A⁄ algorithm in Fig. 6
is higher. This shortcoming can be remarkably improved
by embedding the A⁄ approach in the decremental
approach. Since the decremental approach removes nodes
whose labels are smaller than the current node, it elimi-
nates all backward possibilities. However, the optimality
of routes still depends on the accuracy of node coordinates
in the reconstructed network.
6. Conclusion and future research directions

This study addresses a real and challenging problem
that will become increasingly important as more advanced
traveler information systems are employed. In this respect,
the adaptive routing approach with practical assumptions
is utilized in continuous-time dynamic shortest path prob-
lem. The adopted assumptions consider general travel time
functions and relax the non-overtaking constraint. Also,
the decremental approach deleting noncritical nodes is
employed to reduce the network size. The decremental
approach is heuristic and is not guaranteed to find the opti-
mal routes. However, as the results confirm, it provides an
appropriate trade-off between CPU time reductions and
cost increases. The adaptive routing along with the decre-
mental approach can be applied in an intelligent vehicle
navigation system to provide drivers with turn-by-turn
directions, minimum travel times, and more realistic
estimates.
The A⁄ algorithm is embedded in the decremental
approach to speed-up the optimization of the shortest path
problem. Moreover, the weighted multidimensional scal-
ing technique is employed to define the potential function
in the A⁄ algorithm. It reconstructs a network whose link
lengths are equivalent to travel costs. The A⁄ and Dijkstra’s
algorithms are applied in the decremental approach to find
the shortest paths in continuous-time dynamic networks.
As a result, four approaches, namely, Dijkstra, Decremen-
tal-Dijkstra, A⁄, and Decremental-A⁄, are formed. Their per-
formances are then evaluated in time-dependent networks
with six different sizes. The simulation results indicate that
using the decremental approach significantly decreases the
average of evaluated links, which consequently reduces
CPU times up to 45%. Also, the A⁄ approach reduces CPU
time significantly (about 70%) and even outperforms the
Decremental-Dijkstra approach.

In addition to CPU time, the performance of the differ-
ent approaches is examined with respect to the quality of
obtained routes. The total travel cost is chosen to measure
this feature. The simulation results indicate that the Dijk-
stra, Decremental-Dijkstra, and Decremental-A⁄

approaches have almost the same performances. The costs
of the optimal routes in A⁄ are roughly 5% higher than costs
in the other three approaches. The cost increase is due to
the inaccurate potential function obtained from an impre-
cise reconstructed network. This shortcoming cannot
impact the Decremental-A⁄ approach since the decremen-
tal approach eliminates backward traversing. As a whole,
among the four evaluated approaches, the Decremental-
A⁄ approach, which consumes the least CPU time and
achieves relatively high quality routes, is recommended
for the defined problem.

We are currently considering several extensions of the
method proposed in this study:

Travel cost: As is discussed in Section 3 with regards to
experienced and instantaneous travel times, the total cost
may increase due to later variations in link travel times;
conceivably, more variations would be expected farther
from the destination. Thus, the methods using perfect
real-time information with no prediction ability have a
limitation in this situation. In order to alleviate this short-
coming, it is helpful to develop techniques to predict link
travel times utilizing historical data, which improves the
accuracy of travel time estimates and alleviate the sub-
optimality of routes.

Different topology: In simulation, networks are ran-
domly generated in a two-dimensional Cartesian system.
Delaunay triangulations using random points as vertices
are employed to generate links. Although it is common to
generate random networks using Delaunay triangulations
for computational purposes, it is recommended to test
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other topologies, especially ones representing the real
transportation networks. As a result, the proposed decre-
mental approach needs to be evaluated using new
topologies.

Multi-objective optimization: Algorithm designs in rout-
ing optimization for the minimum expected travel time
problems are different from those where variance is taken
into consideration. In multi-objective optimization, the
standard deviation and mean link travel times can be trea-
ted as two individual objective functions. The goal is then
to minimize these two objective functions simultaneously.
Accordingly, instead of optimal routes, Pareto optimal
routes need to be obtained. Ardakani and Wulff [3] briefly
review multi-objective decision making for multi-response
optimization problems. Those techniques can also be
applied in this subject. In case of constructing responses,
measurement errors should be taken into account [4].

Evolutionary algorithms: In simulations, the scale of
optimization is a network with 3000 nodes. At this scale,
any traditional optimization method seems appropriate.
However, in real world problems or large scale networks,
applying evolutionary approaches can provide significant
advantages regarding the computational aspect of optimi-
zation. For instance, evolutionary approaches can be
employed in shortest path optimization or multidimen-
sional scaling optimization. Another justification to use
evolutionary algorithms is to include the time required
for optimization of multidimensional scaling. Recall that
estimating the potential function (i.e., reconstructing the
network) may be expensive either due to preprocessing
time or memory consumption depending upon the link
travel times and the topology of the network.
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