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Crisp input and output data are fundamentally indispensable in traditional data envelopment analysis
(DEA). However, the input and output data in real-world problems are often imprecise or ambiguous.
Some researchers have proposed interval DEA (IDEA) and fuzzy DEA (FDEA) to deal with imprecise and
ambiguous data in DEA. Nevertheless, many real-life problems use linguistic data that cannot be used
as interval data and a large number of input variables in fuzzy logic could result in a significant number
of rules that are needed to specify a dynamic model. In this paper, we propose an adaptation of the stan-
dard DEA under conditions of uncertainty. The proposed approach is based on a robust optimization model
in which the input and output parameters are constrained to be within an uncertainty set with additional
constraints based on the worst case solution with respect to the uncertainty set. Our robust DEA (RDEA)
model seeks to maximize efficiency (similar to standard DEA) but under the assumption of a worst case
efficiency defied by the uncertainty set and it’s supporting constraint. A Monte-Carlo simulation is used
to compute the conformity of the rankings in the RDEA model. The contribution of this paper is fourfold:
(1) we consider ambiguous, uncertain and imprecise input and output data in DEA; (2) we address the
gap in the imprecise DEA literature for problems not suitable or difficult to model with interval or fuzzy
representations; (3) we propose a robust optimization model in which the input and output parameters
are constrained to be within an uncertainty set with additional constraints based on the worst case solu-
tion with respect to the uncertainty set; and (4) we use Monte-Carlo simulation to specify a range of
Gamma in which the rankings of the DMUs occur with high probability.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction In the conventional DEA, all the data assume the form of spe-
DEA is a methodology for evaluating and measuring the relative
efficiencies of a set of decision making units (DMUs) that use mul-
tiple inputs to produce multiple outputs. The DEA method is based
on the economic notion of Pareto optimality, which states that a
DMU is considered to be inefficient if some other DMUs can pro-
duce at least the same amount of output with less of the same in-
put and not more of any other inputs. Otherwise, a DMU is
considered to be Pareto efficient. Due to its solid underlying math-
ematical basis and wide applications to real-world problems, much
effort has been devoted to the DEA models since the pioneering
work of Charnes, Cooper, and Rhodes (1978).
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cific numerical values. However, the observed values of the input
and output data in real-life problems are sometimes imprecise or
vague. The imprecise or vague data in the DEA models have been
examined in the literature in different ways. Some DEA applica-
tions propose the exclusion of the units that have imprecise or
vague values from the analysis (O’Neal, Ozcan, & Yanqiang,
2002). This approach is not suitable for DEA as it affects the
efficiency of the other DMUs due to the comparative evaluation
which may possibly disturb the statistical properties of the
relative efficiencies of the DMUs (Simar & Wilson, 2000). Other
approaches use imputation techniques to estimate the exact
approximations of the imprecise or vague values. The imputation
techniques used in DEA may lead to misleading efficiency results
because of the stability problems where a unit accepting an infin-
itesimal perturbation may change its classification from an effi-
cient to an inefficient status or vice versa (Cooper, Seiford, &
Tone, 1999).

The stochastic approach is also used to model uncertainty in the
DEA literature. This approach involves specifying a probability
distribution function (e.g., normal) for the error process (Sengupta,
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1992). However, as pointed out by Sengupta (1992), the stochastic
approach has two drawbacks:

(a) Small sample sizes in DEA make it difficult to use stochastic
models.

(b) In stochastic approaches, the decision maker is required to
assume a specific error distribution (e.g., normal or expo-
nential) to derive specific results. However, this assumption
may not be realistic because on an a priori basis there is very
little empirical evidence to choose one type of distribution
over another.

More recently, the imprecise or vague data are expressed by
two approaches; the interval DEA first proposed by Cooper, Park,
and Yu (1999) and the fuzzy DEA first proposed by Sengupta
(1992). Cooper, Park, et al. (1999) has developed an interval ap-
proach that permits mixtures of imprecise and precise data by
transforming the DEA model into an ordinary linear programming
(LP) form. One of the difficulties in the interval approach is the
evaluation of the lower and upper bounds of the relative efficien-
cies of the DMUs. In spite of this difficulty, several researchers have
proposed different variations of the interval approach (Despotis &
Smirlis, 2002; Entani, Maeda, & Tanaka, 2002; Kao, 2006; Kao & Liu,
2000; Wang, Greatbanks, & Yang, 2005). Despotis and Smirlis
(2002) have developed an interval approach for dealing with
imprecise data in DEA by transforming a non-linear DEA model
to an LP equivalent. The upper and lower bounds for the efficiency
scores of the DMUS are defined. They use a post-DEA model and
the endurance indices to discriminate among the efficient DMUs.
They further formulate another post-DEA model to determine in-
put thresholds that turn an inefficient DMU into an efficient one.

The concerns related to the lack of robustness of the efficiency
frontier and the probabilistic feasibility of the inequality constraints
in DEA motivated Sengupta (1992) to propose a fuzzy approach and
use a fuzzy linear programming transformation as a viable approach
in such situations. In the fuzzy approach, several fuzzy mathemati-
cal programming approaches are proposed such as possibilistic pro-
gramming and a-cut approaches to assess the relative efficiency of
the DMUs (Guo & Tanaka, 2001; Lertworasirikul, Fang, Joines, &
Nuttle, 2003; León, Liern, Ruiz, & Sirvent, 2003; Saati, Memariani,
& Jahanshahloo, 2002). However, sometimes the complexity of the
fuzzy approach can grow exponentially. Soleimani-damaneh, Jahan-
shahloo, and Abbasbandy (2006) have addressed the pitfalls of some
fuzzy DEA models in the literature.

Lertworasirikul et al. (2003) have proposed a possibility ap-
proach to the treatment of various fuzzy DEA models. However,
Soleimani-damaneh et al. (2006) showed that their model results
in unbounded optimal values and has limited applicability in
real-world problems. In another paper, Guo and Tanaka (2001)
introduced an a-cut based approach that changed a fuzzy DEA
model to a bi-level LP model. Soleimani-damaneh et al. (2006)
showed that their model cannot be generalized as the provided
model has an optimal solution under a specific restrictive condi-
tion. In spite of the concerns raised by Guo and Tanaka (2008)
and Soleimani-damaneh et al. (2006) used the fuzzy DEA model
proposed by Guo and Tanaka (2001) and introduced a fuzzy aggre-
gation framework for integrating multiple attribute fuzzy values.
Furthermore, Guo (2009) used the model proposed by Guo and
Tanaka (2001, 2008) in a case study for a restaurant location prob-
lem in China. Kao and Liu (2000) proposed a technique which
transforms a fuzzy DEA model into a family of crisp DEA models
by applying the a-cut approach. Their technique requires solving
multiple LP problems to approximate the membership function
of the efficiency measure and to assess a DMU. Soleimani-damaneh
et al. (2006) show their model is computationally expensive. This
considerable shortcoming holds for some other fuzzy DEA models
(Guo & Tanaka, 2001; Jahanshahloo, Soleimani-damaneh, & Nasra-
badi, 2004; León et al., 2003).

Liu (2008) developed a fuzzy DEA model to find the efficiency
measures embedded with the assurance region (AR) concept. He
applied an alpha-cut approach and Zadeh’s extension principle to
transform the fuzzy DEA/AR model into a pair of parametric math-
ematical programs in order to work out the lower and upper
bounds of the efficiency scores of the DMUs. The membership
function of efficiency was approximated by using different possi-
bility levels. Jahanshahloo, Sanei, Rostamy-Malkhalifeh, and Saleh
(2009) commented on the fuzzy DEA model proposed by Liu
(2008) and corrected the proof of his theorem. Liu and Chuang
(2009) further used the fuzzy DEA/AR model suggested by Liu
(2008) to evaluate the performance of 24 university libraries in
Taiwan. Soleimani Damaneh (2008) used a fuzzy signed distance
and fuzzy upper bound concepts to formulate a fuzzy additive
model in DEA with fuzzy input–output data. Soleimani-damaneh
(2009) put forward a theorem on the fuzzy DEA model proposed
by Soleimani Damaneh (2008) to show the existence of a dis-
tance-based upper bound for the objective function of the model.
Hatami-Marbini and Saati (2009) proposed a fuzzy DEA model to
assess the efficiency scores in fuzzy environments. They applied
the proposed fuzzy number ranking method proposed by Asady
and Zendehnam (2007) and obtained the precise efficiency scores
at sixteen bank branches in Iran. Wang, Luo, and Liang (2009) pro-
posed two fuzzy DEA models with fuzzy inputs and outputs by
means of fuzzy arithmetic. They converted each proposed fuzzy
model into three linear programming models in order to calculate
the efficiencies of the DMUs as fuzzy numbers and rank them.
Although these studies have made great strides in DEA research,
none of them address the gap in the imprecise DEA literature for
problems not suitable or difficult to model with interval or fuzzy
representations.

In this paper, we propose a robust optimization method for
dealing with data uncertainties that covers the interval approach
results with less complexity than the fuzzy approach. This method
is based on the adaptation of recently developed robust optimiza-
tion approaches proposed by Ben-Tal and Nemirovski (2000) and
Bertsimas, Pachamanova, and Sim (2004). Robust optimization
was first introduced by Soyster (1973) who discussed, in a very
specific setting, uncertain hard constraints in linear programming
models. This topic was widely discussed successively by Ben-Tal
and Nemirovski (1998, 1999) who proved, in relation to some
specified uncertain data sets, that the robust counterpart of convex
programming is a computationally solvable optimization problem.
An additional attempt was taken by Bertsimas and Sim (2004),
El-Ghaoui and Lebret (1997) and El-Ghaoui, Oustry, and Lebret
(1998) to further develop a theory for robust optimization. Sadjadi
and Omrani (2008) have proposed a robust DEA model with con-
sideration of uncertainty on output parameters for the perfor-
mance assessment of electricity distribution companies. They
show their robust DEA approach is a more usable method for rank-
ing alternative strategies compared to the existing DEA methods.

This paper is organized into five sections. In Section 2, we pres-
ent the fundamentals of the DEA model with precise and interval
data. In Section 3, we illustrate the mathematical details of the pro-
posed robust DEA framework. In Section 4, we demonstrate some
attractive features of the proposed model with experimental re-
sults. Finally, in Section 5, we sum up our conclusions and future
research directions.

2. The DEA model with precise and interval data

In this section, we present the basic concepts of the DEA model
with precise and interval data. Let us assume that n DMUs convert
m inputs into s outputs. The following procedure is used to obtain
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the relative efficiency of each DMU. Suppose xij (i = 1, . . . , m, j =
1, . . . , n) and yrj (r = 1, . . . , s, j = 1, . . . , n) are the ith input ant the
rth output of DMUj, respectively. The relative efficiency of DMUp,
p e {1, . . . , n}, is defined as the maximum value of hp and can be
obtained by using the following linear programming (LP) model
(called CCR) proposed by Charnes et al. (1978):

max hp ¼
Xs

r¼1

uryrp;

s:t:
Xm

i¼1

v ixip ¼ 1;

Xs

r¼1

uryrj �
Xm

i¼1

v ixij 6 0; 8j;

ur ;v i P e; 8r; i:

ð1Þ

where vi and ur are the input and output weights assigned to the ith
input and rth output and e > 0 is a non-Archimedean element smal-
ler than any positive real number.

Several researchers have attempted to determine the exact or an
interval value for the non-Archimedean e (e.g., Ali & Seiford, 1993;
Alirezaee, 2005; Alirezaee & Khalili, 2006; Amin & Toloo, 2004,
2007; Jahanshahloo & Khodabakhshi, 2004; Mehrabian, Jahanshah-
loo, Alirezaee, & Amin, 2000; Mirhassani & Alirezaee, 2005; Shang &
Sueyoshi, 1995; Tone, 1993). Amin and Toloo (2004) have presented
an algorithm for computing the Archimedian infinitesimal e in DEA
models. Alirezaee (2005) have proposed an algorithm for determin-
ing the overall assurance interval of the non-Archimedean e in the
DEA models. Ali and Seiford (1993) have proposed an upper bound
on e for the feasibility of the multiplier side and boundedness of
the envelopment side in the CCR and BCC models. Mehrabian et al.
(2000) have shown that Ali and Seiford’s (1993) bound of e is invalid
for feasibility (for the multiplier model) and invalid for boundedness
(for the envelopment model) of the respective linear programming.
They proposed a method for determining an assurance interval for
the non-Archimedean e. In order to obtain the value of e, we apply
Mehrabian et al.’s (2000) model to this paper, which is expressed
as follows:

max ep;

s:t:
Xm

i¼1

v ixip ¼ 1;

Xs

r¼1

uryrj �
Xm

i¼1

v ixij 6 0; 8j;

ur ;v i P ep; 8r; i:

ð2Þ

where ep is a variable and e�p is an optimal solution for DMUp.
e� ¼ min e�1; . . . ; e�n

� �
is an intersection of all e�p for the assessment

of all DMUs. The interval [0, e�] is feasible and bounded for the mul-
tiplier and envelopment CCR model, respectively (see Mehrabian
et al. (2000) for more details).

Crisp input and output data are essentially indispensable in the
aforementioned DEA model. However, the input and output data in
real-world problems are often imprecise or ambiguous and cannot
be estimated exactly. Consider imprecise input and output levels,
xij and yrj, and are known to lie within the upper and lower bounds

represented by the intervals xij 2 xL
ij; x

U
ij

h i
and yrj 2 yL

rj; y
U
rj

h i
, where

xL
ij > 0 and yL

rj > 0. In this case, the relative efficiency of DMUp is
an interval represented by an upper limit obtained from the opti-
mistic viewpoint and a lower limit obtained from the pessimistic
viewpoint. Despotis and Smirlis (2002) have proposed the follow-

ing two LP formulations to generate a bounded interval hL
p; h

U
p

h i
:

max hU
p ¼

Xs

r¼1

uryU
rp;

s:t:
Xm

i¼1

v ixL
ip ¼ 1;

Xs

r¼1

uryU
rp �

Xm

i¼1

v ixL
ip 6 0;

Xs

r¼1

uryL
rj �

Xm

i¼1

v ixU
ij 6 0; 8j – p;

ur;v i P e; 8r; i:

ð3Þ

and

max hL
p ¼

Xs

r¼1

uryL
rp;

s:t:
Xm

i¼1

v ixU
ip ¼ 1;

Xs

r¼1

uryL
rp �

Xm

i¼1

v ixU
ip 6 0;

Xs

r¼1

uryU
rj �

Xm

i¼1

v ixL
ij 6 0; 8j – p;

ur;v i P e; 8r; i:

ð4Þ
A careful examination of models (3) and (4) shows that hL
p 6 hU

p .
Furthermore, we should note that analyzing the efficiency changes

in the obtained interval hL
p; h

U
p

h i
is a complex process requiring

sophisticated analysis. The method proposed by Despotis and
Smirlis (2002) and other similar DEA methods with interval data
have used hL

p and hU
p for the final decision. However, we have shown

that the maximum conformity may not always occur in optimistic
and pessimistic cases, and the analyst can search the maximum
conformity in the rankings between hL

p and hU
p .
3. The robust DEA model

In this section, we present the mathematical details of the ro-
bust DEA model proposed in this paper. Let us consider the DMUj

and assume that Jx
j and Jy

j are the index sets of the imprecise input
and output values, respectively. Let us further consider parameters
cx

j and cy
j , not necessarily integer, that assume values in the

bounded intervals 0; jJx
j j

h i
and 0; jJy

j j
h i

, where, |�| is the cardinal of

a set. The role of the parameters cx
j and cy

j is to adjust the robust-
ness of the proposed model against the conservatism level of the
solution. In reality, it is unlikely that all of the imprecise or uncer-
tain inputs and outputs (i 2 Jx

j and r 2 Jy
j ) will change simulta-

neously. Our intention is protection against changes in all cx
j

h i

and cy
j

h i
combinations, and changes in xtxj and ytyj by

cx
j � cx

j

h i� �
xU

tx
j
j � xL

tx
j
j

� �
and cy

j � cy
j

h i� �
yU

ty
j
j
� yL

ty
j
j

� �
, respectively.

In other words, we stipulate that only a subset of the input and
output data should change to affect the solution that was defined
by Bertsimas and Sim (2004). Then, considering the robust optimi-
zation approach in (3), we change it as follows:
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max hp ¼
Xs

r¼1

uryU
rp � by

p;

s:t:
Xm

i¼1

v ixL
ip þ bx

p ¼ 1;

Xs

r¼1

uryL
rj �

Xm

i¼1

v ixU
ij þ by

j þ bx
j 6 0; 8j – p;

hp 6 1;
ur; v i P e; 8r; i:

ð5Þ

We use the robust optimization approach to introduce by
j y; cy

j

� �
and bx

j x; cx
j

� �
to move from the optimistic to the pessimistic view-

point. In other words, these variables protect the constraints
against data uncertainty and keep them feasible. If:

Cy
j ¼ Sy

j [ ty
j

n o
Sy

j # Jy
j ;

��� Sy
j

��� ��� ¼ cy
j

j k
; ty

j 2 Jy
j n Sy

j

n o

then:

by
j y; cy

j

� �
¼max

Cy
j

X
r2Sy

j

ur yU
rj � yL

rj

� �
þ cy

j � cy
j

j k� �
uty

j
yU

ty
j
j � yL

ty
j
j

� �8><
>:

9>=
>;
ð6Þ

and, if:

Cx
j ¼ Sx

j [ tx
j

n o
Sx

j # Jx
j ;

��� Sx
j

��� ��� ¼ cx
j

j k
; tx

j 2 Jx
j n Sx

j

n o
;

then:

bx
j x; cx

j

� �
¼max

Cx
j

X
i2Sx

j

v i xU
ij � xL

ij

� �
þ cx

j � cx
j

j k� �
v tx

j
xU

tx
j
j � xL

tx
j
j

� �8<
:

9=
;
ð7Þ

Therefore, we may consider the non-linear effect of this ap-
proach in (5).

If cx
j and cy

j are chosen as an integer, this restriction is protected
by:

by
j ðy; c

y
j Þ ¼ max

Sy
j

Sy
j

# Jy
j
;

��� Sy
j

��� ���¼ cy
j

j kn o X
r2Sy

j

ur yU
rj � yL

rj

� �
8><
>:

9>=
>; ð8Þ

and

bx
j x; cx

j

� �
¼ max

Sx
j Sx

j # Jx
j ;

�� Sx
jj j¼ cx

j

j kn o X
i2Sx

j

v i xU
ij � xL

ij

� �8<
:

9=
; ð9Þ

If we consider cy
j ¼ 0 and cx

j ¼ 0 then by
j y; cy

j

� �
¼ 0 and

bx
j x; cx

j

� �
¼ 0. Hence, the constraints of (5) are equivalent to the

constraints of (3) (optimistic viewpoint) and similarly, when

cx
j ¼ Jx

j

��� ��� and cy
j ¼ Jy

j

��� ��� then by
j y; cy

j

� �
¼
Ps

r¼1ur yU
rj � yL

rj

� �
and

bx
j x; cx

j

� �
¼
Pm

i¼1v i xU
ij � xL

ij

� �
, so that the constraints are equivalent

to (4) (pessimistic viewpoint).

Therefore, by varying cx
j 2 0; jJx

j j
h i

and cy
j 2 0; jJy

j j
h i

, we have the
flexibility of adjusting the robustness of the method against the le-
vel of conservatism of the solution. In this paper, we use the prop-
osition of Bertsimas and Sim (2004) to transform the non-linear
effect into the following linear constraints:
Xs

r¼1

uryL
rj �

Xm

i¼1

v ixU
ij þ zy

j c
y
j þ zx

j c
x
j þ

Xs

r¼1

prj þ
Xm

i¼1

qij 6 0

zy
j þ prj P ur yU

rj � yL
rj

� �

zx
j þ qij P v i xU

ij � xL
ij

� �
zx

j ; z
y
j ; qij;prj P 0

ð10Þ

Similarly, the other constraints and the objective function in (5)
are changed. Finally, the robust DEA model (RDEA) is mathemati-
cally formulated as follows:

max hp ¼
Xs

r¼1

uryU
rp � zy

pc
y
p �

Xs

r¼1

prp;

s:t:
Xm

i¼1

v ixL
ip þ zx

pc
x
p þ

Xm

i¼1

qip ¼ 1;

Xs

r¼1

uryL
rj �

Xm

i¼1

v ixU
ij þ zy

j c
y
j þ zx

j c
x
j

þ
Xs

r¼1

prj þ
Xm

i¼1

qij 6 0; 8j – p; ðIÞ

zy
j þ prj P ur yU

rj � yL
rj

� �
; 8r; j; ðIIÞ

zx
j þ qij P v i xU

ij � xL
ij

� �
; 8i; j; ðIIIÞ

hp 6 1;
v i;ur P e; 8i; r;
zx

j ; z
y
j ; qij; prj P 0; 8i; j; r: ð11Þ

To reduce the complexity, one can consider the simple substitu-
tion zx

j ¼ zy
j ¼ zjðj ¼ 1; . . . ;nÞ to calculate the cjðj ¼ 1; . . . ;nÞ values.

Therefore, by defining Cj ¼ cx
j þ cy

j ðj ¼ 1; . . . ;nÞ, (11) will become as
follows:

max hp ¼
Xs

r¼1

uryU
rp � zpcy

p �
Xs

r¼1

prp;

s:t:
Xm

i¼1

v ixL
ip þ zpcx

p þ
Xm

i¼1

qip ¼ 1;

Xs

r¼1

uryL
rj �

Xm

i¼1

v ixU
ij þ zjCj

þ
Xs

r¼1

prj þ
Xm

i¼1

qij 6 0; 8j – p;

zj þ prj P ur yU
rj � yL

rj

� �
; 8r; j;

zj þ qij P v i xU
ij � xL

ij

� �
; 8i; j;

hp 6 1;
v i;ur P e; 8i; r;
zj; qij;prj P 0; 8i; j; r:

ð12Þ

The obtained value for Cj represents a set of uncertain inputs
and outputs which have the most effect in maximizing the objec-

tive function and it is obvious Cj 2 0; Jx
j

��� ���þ Jy
j

��� ���h i
.

Model (12) is solved for different combinations of Cs, and val-
ues of weights and rankings for each DMU are saved by using the
obtained values for h. The DMU efficiencies obtained for each Gam-
ma through the RDEA model may result in different rankings of the
DMUs. In such cases, many analysts allow a decision maker to use
his or her preferences in selecting a suitable Gamma. We utilize a
graphical presentation of the results enhanced with a Monte-Carlo
simulation to provide additional insight for making a final decision
about Gamma and the overall rankings of the DMUs. For each input
and output of DMUs, a number is randomly generated by using
Monte-Carlo simulation, and by the resulting weights fromPs

r¼1uryrp

	Pm
i¼1v ixip, efficiencies of DMUs are recalculated and
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ranked again. The conformity value between the rankings resulting
from the mathematical model and the simulations is computed
and analyzed.

We should note that, the complexity in model (11) arises from
the level of conservatism in the input and output data which have
to be discretely determined by the decision maker (or expert). In
order to reduce this complexity, we assume that all Cj are equal
to C. Consequently, the decision maker’s intervention is not re-
quired to determine the level of conservatism (Cj). Furthermore,
we add the constraint cx

p þ cy
p ¼ C to model (13) because in model

(12), cx
p and cy

p are the parameters indicating the level of conserva-
tism of the inputs and outputs for the DMUs. However, cx

p and cy
p

are decision variables in model (13) and according to the parame-
ter C, their values indicate the total level of conservatism (both in-
puts and outputs). Consequently, the total level of conservatism
(C) has to equal the sum of cx

p and cy
p. The constraint cx

p 6 m is
added because cx

p cannot be larger than the number of imprecise
inputs (assuming m interval inputs). Similarly, the constraint
cy

p 6 s is added to control the number of imprecise outputs. As a re-
sult, we formulate the following non-linear model:

max hp ¼
Xs

r¼1

uryU
rp � zpcy

p �
Xs

r¼1

prp;

s:t:
Xm

i¼1

v ixL
ip þ zpcx

p þ
Xm

i¼1

qip ¼ 1;

Xs

r¼1

uryL
rj �

Xm

i¼1

v ixU
ij þ zjC

þ
Xs

r¼1

prj þ
Xm

i¼1

qij 6 0; 8j – p;

zj þ prj P urðyU
rj � yL

rjÞ; 8r; j;
zj þ qij P v iðxU

ij � xL
ijÞ; 8i; j;

cx
p þ cy

p ¼ C;
hp 6 1;
cx

p 6 m;
cy

p 6 s;
cx

p; c
y
p P 0;

v i;ur P e; 8i; r;
zj; qij;prj P 0; 8i; j; r:

ð13Þ

Although, the performance of the DMUs could theoretically be
determined with model (11), model (13) is more applicable to
the real-world problems. Furthermore, although prj and qij may
take different values in models (11) and (12), the final results
remain without change. When the level of conservatism takes the
value 0 (the minimum value), the values of zx

j and zy
j are equivalent

for the right hand side in constraints (II) and (III) in model (11),

respectively. Therefore, zj ¼max zy
j ; z

x
j

� �
and also C ¼ cy

j þ cx
j ¼

0þ 0 ¼ 0, so that constraint (I) in model (11) and its counterpart
in model (12) remains unchanged. However, if the conservatism
level takes the maximum value (zx

j ¼ zy
j ¼ zj), according to its

objective function, prj and qij will take different values so that
constraints (II) and (III) in model (11) become zj þ prj ¼

ur yU
rj � yL

rj

� �
and zj þ qij ¼ v i xU

ij � xL
ij

� �
. Note that we used the model

(2) for determining the value of e� in model (13). Thus, at first the

value of e�ðCÞp ; p 2 f1; . . . ;ng, is computed for each C and then

e� ¼ min e�ðCÞ1 ; . . . ; e�ðCÞn

n o
.

4. The experimental results

In this section, we will explain some attractive aspects of our
framework through two examples. In the first example, we present
a problem with five DMUs, one interval input and one interval out-
put. Initially, we utilize a pictorial view of the problem followed by
a solution based on (13) using the generalized algebraic modeling
system (GAMS) for different combinations of C s. Then, we deter-
mine the optimal weight of each DMU and the overall ranking or-
der of the DMUs based on the obtained hj values. Next, for each
input and output of the DMUs, a random number is generated in
its interval uniformly using a Monte-Carlo simulation as depicted
in Fig. 1.

In the first phase, for each Gamma, we run model (13) and ob-
tain the optimal weights and the overall rankings of the DMUs. In
the second phase, we generate 10,000 random numbers between

xL
ij; x

U
ij

h i
and yL

rj; y
U
rj

h i
for each Gamma. Following the random num-

ber generation, in the third phase, we first recalculate the efficien-
cies of the DMUs by using the optimal weights obtained in the first
phase and the random numbers generated in the second phase
from

Ps
r¼1uryrp

	Pm
i¼1v ixip. Next, we determine a new overall rank-

ing based on the efficiencies of the DMUs obtained in the third
phase. This results in two overall rankings for the DMUs, one from
the model in phase 1 and another from the simulation in phase 3.
For example, if DMU 1 is ranked first in both rankings from phase 1
and phase 3, we assign a 1 to this simulation run, otherwise, we as-
sign a 0. We repeat this procedure for each Gamma 10,000 times
and calculate the percent of conformity for each DMU and for each
Gamma. For example, the conformity of DMU 1 is 0.9 (90%) for a
given Gamma if in 9000 out of the 10,000 simulation runs DMU
1 is placed first in both rankings.

In the second example, a general (extended) problem is pre-
sented as given in Despotis and Smirlis (2002) and the above pro-
cedure is repeated to demonstrate some attractive aspects of our
framework. Let us consider the first numerical example. Each input
and output data are a variable which lies in the related interval
presented in Table 1.

The feasible region of all data for each DMU is depicted in Fig. 2
as a square. The circular points (�) and the triangular points (N) de-
note the best and worst situation for each DMU, respectively. Each
DMU under consideration is analyzed with regards to an optimistic
scenario and a pessimistic scenario. In the optimistic scenario, lines
1 and 2 are obtained as the frontiers when calculating the effi-
ciency of the DMUs with model (3). Moreover, in the pessimistic
scenario, lines 1 and 2 are obtained as the frontiers by calculating
the efficiency of the DMUs with model (4).

Table 2 presents the best and the worst situation values for each

DMU denoted by xL
1j; y

U
1j

� �
and xU

1j; y
L
1j

� �
, respectively.

Consider the DMUp evaluation. In the optimistic scenario, the
best situation (circle point in Fig. 2) for DMUp and the worst situ-
ation (triangle points in Fig. 2) for DMUj(j – p) are used by model
(3) to form the production frontier for DMUp. On the other hand,
in the pessimistic scenario, the worst situation for DMUp and the
best situation for DMUj (j – p) are used by model (4) to form the
production frontier for DMUp.

In other words, in the optimistic scenario, the data sets
{(20, 110), (70, 28), (10, 21), (19, 21), (6, 33)}, {(47, 25.5), (10, 55),
(10, 21), (19, 21), (6, 33)}, {(47, 25.5), (70, 28), (6, 29), (19, 21),
(6, 33)} and {(47, 25.5), (70, 28), (10, 21), (12, 25), (6, 33)} are used
by model (3) to form the production frontier for DMU 1, DMU 2,
DMU 3 and DMU 4, respectively, denoted by the dotted line 2 in
Fig. 2. In addition, the data set {(47, 25.5), (70, 28), (10, 21),
(19, 21), (5, 40)} is utilized by model (3) to form the production
frontier for DMU 5 denoted by the dotted line 1 in Fig. 2.

On the other hand, in the pessimistic scenario, the data sets
{(47, 25.5), (10, 55), (6, 29), (12, 25), (5, 40)}, {(20, 110), (70, 28),
(6, 29), (12, 25), (5, 40)}, {(20, 110), (10, 55), (10, 21), (12, 25), (5, 40)}
and {(20, 110), (10, 55), (6, 29), (19, 21), (5, 40)} are used by model



PHASE 3

PHASE 4

PHASE 2

PHASE 1

Step 1.3
Determine the overall rankings of the 

DMUs for model (13)

Step 2.0
Generate random numbers in the ranges 

of [ , ]L Ux x and [ , ]L U
ij ij rj rj

y y for the 

DMUs

Step 3.0
Recalculate the efficiencies of the DMUs 
by using the weights obtained in Step 1.1 
and the random numbers generated for 

each Gamma

Step 3.1
Determine the overall rankings of the 

DMUs for each simulation run for each 
Gamma

Step 4.0
Obtain the average conformity between 
the rankings of the DMUs using model 

(11) and the simulation runs for different 
Gammas

Step 1.0
Run the RDEA model (13) for different 

Gammas

Step 1.1
Obtain the input and output weights of 

the DMUs 

Step 1.2
Obtain the efficiencies of the DMUs

Fig. 1. The Monte-Carlo simulation model.

Table 1
The input and output values in example 1.

DMUj Inputs Outputs

X Y

1 [20, 47] [25.5, 110]
2 [10, 70] [28, 55]
3 [6, 10] [21, 29]
4 [12, 19] [21, 25]
5 [5, 6] [33, 40]
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(4) to form the production frontier for DMU 1, DMU 2, DMU 3 and
DMU 4, respectively, denoted by the dotted line 1 in Fig. 2. In addi-
tion, the data set {(20, 110), (10, 55), (6, 29), (12, 25), (6, 33)} is uti-
lized by model (4) to form the production frontier for DMU 5
denoted by the dotted line 2 in Fig. 2. The results are summarized
in Table 3.

Note that, as shown in Fig. 2, DMU 5 lies between the two afore-
mentioned dotted lines. In other words, if we consider the worst
situation for DMU 5 and the best situation for the other DMUs,
DMU 5 is efficient. This can be also observed in Fig. 3 as the effi-
ciency of DMU 5 is equal to unity for all the C value. The input
and output levels of each DMU are uncertain so C can vary be-
tween 0 and 2. We increase C by 0.01 for each iteration in model
(13) and achieve the h values given in Fig. 3. Note that the value
of e in model (13) is 17 � 10�4, which is obtained by using the
Mehrabian et al.’s (2000) model.



Fig. 2. The feasible regions for the four DMUs in example 1.

Table 2
The best and the worst situation values for each DMU.

DMU The best situation The worst situation

1 (20, 110) (47, 25.5)
2 (10, 55) (70, 28)
3 (6, 29) (10, 21)
4 (12, 25) (19, 21)
5 (5, 40) (6, 33)

Table 3
The production frontiers in example 1.

DMU 1 2 3 4 5

Optimistic scenario Line 2 Line 2 Line 2 Line 2 Line 1
Pessimistic scenario Line 1 Line 1 Line 1 Line 1 Line 2

Fig. 3. The efficiencies of the five DM
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Now, we calculate the conformity between the results of the
mathematical model (13) and the results of Monte-Carlo simula-
tion for 10,000 simulation runs. The conformities values are pre-
sented in Fig. 4. As is shown in Fig. 4, the maximum conformity
occurs in [0.37, 1.64] for C with the maximum average conformity
of 69%. Therefore, we can conclude that the results based on the
upper and lower bounds of efficiency do not necessarily have max-
imum conformity with reality; but specific values of C can maxi-
mize conformity and thus more authentic final rankings for the
DMUs in this interval of C may be expected.

As was mentioned in the previous section, the proposed robust
DEA model allows the input and output values to diverge in the re-
lated intervals with the least additional complexity in the model.

In the second example, we consider the problem introduced by
Despotis and Smirlis (2002). The input and output values for this
example are presented in Table 4.
Us for different C in example 1.



Fig. 4. The average conformity between the ranking of the DMUs using model (13) and the simulation runs for different C in example 1.

Table 4
The input and output values in example 2.

DMUj Inputs Outputs

X1 X2 Y1 Y2

1 [14, 15] [0.06, 0.09] [157, 161] [28, 40]
2 [4, 12] [0.16, 0.35] [157, 198] [21, 29]
3 [10, 17] [0.10, 0.70] [143, 159] [28, 35]
4 [12, 15] [0.21, 0.48] [138, 144] [21, 22]
5 [19, 22] [0.12, 0.19] [158, 181] [21, 25]
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The C can vary in [0, 4] because each DMU has 2 uncertain in-
puts and 2 uncertain outputs. We solve model (13) for different C
s, by increasing it by 0.01 in each step. The efficiencies of the DMUs
are depicted in Fig. 5.

Next, we provide a comparison between the proposed RDEA
and the method proposed by Despotis and Smirlis (2002). Let us
consider models (2) and (3) proposed by Despotis and Smirlis
(2002) and calculate the bounded interval hL

p; h
U
p

h i
. The bounded

interval results are presented in Table 5.
Despotis and Smirlis (2002) have proposed three classifications

(E++, E+ and E�) with respect to the interval efficiencies of the
DMUs:

I. If the lower efficiency score of a DMU is equal to unity, then,
the DMU is classified as an under E++ DMU.

II. If the lower efficiency score of a DMU is smaller than unity
and its upper efficiency score is equal to unity, then, the
DMU is classified as an under E+ DMU.

III. If the lower efficiency score of a DMU is smaller than unity,
then, the DMU is classified as an under E� DMU.

Accordingly, DMU 1 is placed on the first position in the ranking
order because this DMU is classified as an E++ DMU and it is effi-
cient for all cases (any combination of the input/output data). In
addition, they introduced two indices for ranking the DMUs in
the E+ class. This results in the following ranking of the DMUs:
DMU 1, DMU 3, DMU 2, DMU 4 and DMU 5.

Next, we applied the proposed approach to example 2. In addi-
tion, we used the Mehrabian et al.’s (2000) method to find the va-
lue 10�4 for e used in this example. As shown in Table 6, when
C = 0, the efficiencies of the DMUs are almost identical to the lower
efficiency scores of Despotis and Smirlis (2002). On the other hand,
when C = 4, the obtained efficiencies from the proposed approach
are almost identical to the upper efficiencies scores of Despotis and
Smirlis (2002). In our framework, the decision maker can examine
the ranking of the DMUs for each Gamma whereas the method pro-
posed by Despotis and Smirlis (2002) uses the lower efficiency

score hL
p

� �
and the upper efficiency score hU

p

� �
. In our approach,

we use Monte-Carlo simulation to provide additional insight for
making the final decision about Gamma and the overall rankings
of the DMUs.

The conformity between the mathematical model and the
Monte-Carlo simulation runs is shown in Fig. 6. The average rank-
ing conformity in this figure show that the maximum conformity
occurs while C is 1.65 and the maximum average conformity is
75% while for the optimistic and pessimistic approaches these val-
ues are 24% and 32%, respectively.

Table 7 presents the efficiencies of the DMUs for three cases:
the optimistic case (C = 0), the maximum conformity case
(C = 1.65), and the pessimistic case (C = 4). Furthermore, this table
shows the average percentages of conformity for each case. The
average conformity percent for C = 1.65 is more than twice that
of the optimistic and pessimistic values. We should note that, in
solving this non-linear model we did not encounter any difficulties.
Moreover, we can separately enumerate cx

p and cy
p in large prob-

lems by solving the linear model.
5. Conclusions and future research directions

In the conventional DEA, all the data assume the form of specific
numerical values. However, the observed values of the input and
output data in real-life problems are sometimes imprecise or va-
gue. The imprecise or vague data in the DEA models have been
examined in the literature in different ways. The exclusion of the
units with imprecise or vague values from the analysis, the impu-
tation techniques to estimate the exact approximations of the
imprecise or vague values, and the stochastic approach are among
the methods most commonly used to model uncertainty in the DEA
literature. More recently, the interval DEA and the fuzzy DEA are
used to deal with the imprecise, vague or incomplete information
in DEA. As we discussed in Section 1, each method has certain pit-
falls that can present practical difficulties in applying DEA.



Fig. 5. The efficiencies of the five DMUs for different C in example 2.

Table 5
The results of Despotis and Smirlis (2002).

DMU Lower efficiency

score hL
p

� � Upper efficiency

score hU
p

� � Classification Ranking

1 1 1 E++ 1
2 0.823 1 E+ 3
3 0.227 1 E+ 2
4 0.224 1 E+ 4
5 0.445 0.907 E� 5

Table 6
The efficiency of the five DMUs for different Gamma levels in example 2.

Gamma DMU

1 2 3 4 5

0 1.000 1.000 1.000 1.000 0.900
0.1 1.000 1.000 1.000 0.967 0.881
0.2 1.000 1.000 1.000 0.912 0.862
0.3 1.000 1.000 1.000 0.857 0.846
0.4 1.000 1.000 1.000 0.802 0.831
0.5 1.000 1.000 1.000 0.749 0.816
0.6 1.000 1.000 1.000 0.699 0.801
0.7 1.000 1.000 0.970 0.651 0.787
0.8 1.000 1.000 0.859 0.607 0.773
0.9 1.000 1.000 0.750 0.566 0.758

1 1.000 1.000 0.655 0.528 0.743
1.1 1.000 1.000 0.611 0.506 0.729
1.2 1.000 1.000 0.569 0.484 0.715
1.3 1.000 1.000 0.530 0.462 0.689
1.4 1.000 1.000 0.493 0.438 0.664
1.5 1.000 1.000 0.457 0.416 0.642
1.6 1.000 1.000 0.421 0.393 0.622
1.7 1.000 1.000 0.386 0.371 0.604
1.8 1.000 1.000 0.350 0.350 0.587
1.9 1.000 0.968 0.314 0.325 0.572

2 1.000 0.924 0.284 0.303 0.558
2.1 1.000 0.898 0.275 0.297 0.545
2.2 1.000 0.886 0.266 0.292 0.534
2.3 1.000 0.875 0.257 0.287 0.522
2.4 1.000 0.863 0.248 0.282 0.510
2.5 1.000 0.853 0.240 0.278 0.499
2.6 1.000 0.843 0.232 0.273 0.488
2.7 1.000 0.833 0.223 0.269 0.477
2.8 1.000 0.823 0.214 0.265 0.466
2.9 1.000 0.819 0.205 0.261 0.456

3 1.000 0.817 0.198 0.256 0.446
3.1 1.000 0.815 0.195 0.252 0.444
3.2 1.000 0.814 0.193 0.248 0.443
3.3 1.000 0.813 0.190 0.245 0.442
3.4 1.000 0.812 0.188 0.241 0.440
3.5 1.000 0.811 0.186 0.238 0.439
3.6 1.000 0.810 0.184 0.235 0.438
3.7 1.000 0.809 0.182 0.232 0.437
3.8 1.000 0.809 0.180 0.229 0.435
3.9 1.000 0.809 0.179 0.227 0.434
4 1.000 0.809 0.177 0.224 0.433
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The contribution of this paper is fourfold: (1) we consider
ambiguous, uncertain or imprecise input and output data in DEA;
(2) we address the gap in the imprecise DEA literature for problems
not suitable or difficult to model with interval or fuzzy representa-
tions; (3) we propose a robust optimization model in which the in-
put and output parameters are constrained to be within an
uncertainty set with additional constraints based on the worst case
solution with respect to the uncertainty set; and (4) we use Monte-
Carlo simulation to specify a range of Gamma in which the rank-
ings of the DMUs occur with high probability.

In this paper, we presented a robust optimization method for
encountering data uncertainties that covers the interval approach
and results in less complexity than the fuzzy approach. In this
model, by using the protection level parameters for each DMU,
we can adjust the conservativeness of the model and let their effi-
ciencies vary between optimistic and pessimistic bounds. To illus-
trate the importance of varying efficiencies for different levels of C,
we used Monte-Carlo simulation and computed the conformity of
the rankings resulting from the mathematical model with reality. It
was also shown that the maximum conformity may not occur in
optimistic and pessimistic cases, and the analyst can search the
maximum conformity in rankings by varying the level of C .

The robust optimization method proposed in this study pro-
vides an alternative approach to interval and fuzzy DEA. Most
interval DEA approaches evaluate the performance of the DMUs
based on the lower and upper bounds of the efficiency. However,
we demonstrated that the ranking of the DMUs may not always de-
velop according to the lower and upper bound efficiencies. Even



Fig. 6. The average conformity between the ranking of the DMUs using model (13) and the simulation runs for different C in example 2.

Table 7
The efficiency values of the five DMUs for the three special cases of C in example 2.

C DMU1 DMU2 DMU3 DMU4 DMU5 Fitness (%)

0 1 1 1 1 0.90 24
1.65 1 1 0.40 0.38 0.61 75
4 1 0.81 0.18 0.22 0.43 32
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though the fuzzy DEA deals with data expressed in linguistic form,
most of them use the alpha-cut approach to transform the fuzzy
DEA model into a binary model. Throughout this transformation,
lower and upper bound efficiencies are calculated for each alpha
and the fuzzy DEA approach has the same problem as the interval
DEA approaches. However, this work does not imply that interval
and fuzzy DEA approaches are not useful in uncertain
environments.

The proposed robust optimization method enables analysts to
assimilate the imprecise and vague data in a formal systematic
approach. However, there are a number of challenges involved
in the proposed research that provide a great deal of fruitful
scope for future research. The current paper discusses and devel-
ops a robust optimization method based on the CCR model. Sim-
ilar discussions can be developed for other DEA models. The issue
of dealing with imprecise and vague data in DEA is an important
topic. Modeling other types of imprecise, vague or incomplete
data and developing associated robust optimization methods are
interesting topics for future research. Finally, we plan to imple-
ment the proposed framework in the real-world and write a fol-
low-up paper demonstrating the practical implications of our
model in real-life problems.
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