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A large number of existing research studies on reliability redundancy allocation problems do not take
into consideration the time value of the money and the inflations costs associated with the component
inventories. In this study, we formulate a multi-component multi-period series-parallel inventory redun-
dancy allocation problem (SPIRAP) as a mixed-integer nonlinear mathematical model where: (a) the costs
are calculated by considering the time value of money and inflation rates; and (b) the total warehouse
capacity to store the components, the total budget to purchase the components and the truck capacity
are subject to constraints. The primary goal in this study is to find the optimal order quantity of the com-
ponents for each subsystem in each period such that the total inventory costs are minimized and the sys-
tem reliability is maximized, concurrently. A controlled elitism non-dominated ranked genetic algorithm
(CE-NRGA), a NSGA-II, and a multi-objective particle swarm optimization (MOPSO) are presented to solve
the proposed SPIRAP. A series of numerical examples are used to demonstrate the applicability and exhi-
bit the efficacy of the procedures and algorithms. The results reveal that the CE-NRGA outperforms both
NSGA-II and MOPSO.

� 2016 Published by Elsevier Ltd.
1. Introduction

The implementation of redundancy plays an important role in
elevating the reliability of a system. The redundancy allocation
problem (RAP) engages the selection process of components and
a series, parallel or series-parallel design configuration to simulta-
neously optimize some objective functions, such as system reliabil-
ity, cost and weight, given certain design constraints (Zhang &
Chen, 2016). RAP is crucial to design any modern complex systems
such as safety systems, electrical power systems, transportation
systems, satellite systems, and telecommunication systems with
very strict reliability requirements (Wang & Xu, 2009). In the
recent decade RAP has been common issue for investigation among
the researchers. Salmasnia, Ameri, and Niaki (2016) modeled a
series-parallel RAP in which the system reliability was maximized
and the total cost became minimized. An electromagnetism-like
mechanism meta-heuristic algorithm was developed by
Teimouri, Zaretalab, Niaki, and Sharifi (2016) to solve a RAP.
Kong, Gao, Ouyang, and Li (2015) introduced a RAP with multiple
strategy choices at which both active redundancy and cold standby
redundancy could be considered. They used a particle swarm opti-
mization to optimize their problem. Mousavi, Alikar, Niaki, and
Bahreininejad (2015b) formulated a multi-objective multi-state
RAP in a series-parallel system in a fuzzy environment where the
component types in each subsystem were identical. Mousavi,
Alikar, and Niaki (2015) Optimized a fuzzy series-parallel RAP in
which all types of the components in each subsystem were
homogenous. A fruit fly optimization population-based meta-
heuristic algorithm was derived to solve the problem.

Supplying the products and handling the products are the most
important factors in today’s businesses to reduce the total cost
which is an essential goal for most companies. The companies try

http://crossmark.crossref.org/dialog/?doi=10.1016/j.cie.2016.12.006&domain=pdf
http://dx.doi.org/10.1016/j.cie.2016.12.006
mailto:Najme.alikar@gmail.com
mailto:Mousavi.mohsen8@gmail.com
mailto:Mousavi.mohsen8@gmail.com
mailto:mousavi@qiau.ac.ir
mailto:r_ariffin@um.edu.my
mailto:tavana@lasalle.edu
mailto:olugu@ucsiuniversity.edu.my
http://dx.doi.org/10.1016/j.cie.2016.12.006
http://www.sciencedirect.com/science/journal/03608352
http://www.elsevier.com/locate/caie


52 N. Alikar et al. / Computers & Industrial Engineering 104 (2017) 51–67
to utilize the best methods and approaches to reach this purpose
given the constraints of real world applications. Therefore, more
attention should be given by researchers to studying the inventory
management aspects of business systems. In RAP the authors have
focused more on the installation and the selection process of the
components on the system and there is only a few works in the
literature studying the production or preparing process of
the components. Sadeghi, Sadeghi, and Niaki (2014) addressed a
two-objective vendor managed inventory and redundancy alloca-
tion problem in a vendor-retailer supply chain problem. The aim
of the problem was to obtain the optimal number of machines
working in series to manufacture a single product. Xie, Liao, and
Jin (2014) solved the system reliability of a repairable k-out-of-n
RAP where the spares inventory in addition to redundancy alloca-
tion of components were taken into account.

In this work the costs imposed on the system are calculated
under the time value of money and inflation rates which are two
important factors associated with costs. Dey, Mondal, and Maiti
(2008) developed an inventory problem for deteriorating items
under inflation and time value of money at which two storages
i.e. the one owned by the company and the rented one were avail-
able to store the items. A production repairing inventory control
problem under inflation and the time value of money in a fuzzy
environment was proposed by Mondal, Maity, Maiti, and Maiti
(2013) where some parts of the spoiled items were repaired to
be sold out. Mousavi, Hajipour, Niaki, and Alikar (2013) considered
a multi-item multi-period inventory control problem in which the
shortages were not allowed and both the time value of money and
inflation rates were investigated to compute the total inventory
costs. They used the genetic algorithm (GA), the simulated anneal-
ing (SA) algorithm and the branch and bound method to solve their
problem. Wu, Skouri, Teng, and Hu (2016) modeled a seasonal/-
fashionable inventory control problem under the time value of
money where the items were deteriorating during the time.
Yadav, Singh, and Kumari (2015) presented an inventory control
problem in which the buyers could pay for the items at the end
of period. The inflation rate, the deterioration rate and the delay
in payment were considered in their model. Pareek and Dhaka
(2014) formulated an inventory control problem for deteriorating
products where shortages were not allowed, the deterioration
rates were fuzzy values and the inflation and time value of money
were calculated in modeling the total costs. An inventory control
system was proposed by Duari and Chakraborti (2015) for deterio-
rating items with an exponentially increasing demand rate where
shortages were allowed with inflation discount rates and delay in
payment.

There are a variety of the related works on the inventory control
problem recently in the literature (Cárdenas-Barrón, Sarkar, &
Treviño-Garza, 2013; Kumar & Kumar, 2016; Sarkar, 2012, 2013,
2016; Sarkar & Majumder, 2013; Sarkar, Sana, & Chaudhuri,
2010; Sarkar & Saren, 2015; Sarkar, Saren, & Cárdenas-Barrón,
2015; Sarkar, Saren, & Wee, 2013; Sarkar & Sarkar, 2013; Sarkar,
Sarkar, & Yun, 2016; Sett, Sarkar, & Goswami, 2012). Furthermore,
Mousavi, Sadeghi, Niaki, and Tavana (2016) formulated a bi-
objective multiple items multiple period inventory control prob-
lem in which shortages were allowed. The aim was to find out
the optimal order quantity of items so that the total inventory
costs and the total storage space were minimized simultaneously.
The model was optimized using the three algorithms of MOPSO,
NSGA-II and NRGA where the results were in the favor of MOPSO.
Moreover, there are also some supply chain works related to this
research performed recently in the literature (Pasandideh &
Asadi, 2016; Pasandideh, Niaki, & Maleki, 2015). In addition, a
number of works have recently considered the economic
production order quantity problem (Jawla & Singh, 2016; Saxena,
Singh, & Sangal, 2016; Shukla, Tripathi, & Sang, 2016).

Meta-heuristic algorithms have been common for solving the
complex problems which have been hard to be optimized by exact
solution methods. Multi-objective problems are not exempted
from this complexity while many of researchers have implemented
the multi-objective version of meta-heuristic algorithms to solve
their problems. While the RAP is shown to be strongly NP-hard, a
multi-objective meta-heuristic algorithm called the controlled
elitism non-dominated ranked genetic algorithm (CE-NRGA) is
developed to find the Pareto solutions of the problem under inves-
tigation. This algorithm is an elite version of NRGA has been used
in many works in the literature. Pasandideh, Niaki, and Asadi
(2015) addressed a multi-product multi-period inventory problem
for a three-echelon supply chain problem in which a non-
dominated sorting genetic algorithm (NSGA-II) and a NRGA were
applied to solve their problem. Jalali, Seifbarghy, Sadeghi, and
Ahmadi (2015) utilized a NRGA, a multi-objective biogeography-
based optimization algorithm and a multi-objective simulation
annealing algorithm to optimize a stochastic multi-facility location
allocation-supply chain problem. A multi-objective vendor
managed inventory was modeled by Sadeghi and Niaki (2015) for
a single vendor multiple retailers supply chain problem in which
NRGA and NSGA-II were used to find the Pareto solutions of the
problem. Shahsavar, Najafi, and Niaki (2015) applied a NRGA to
solve a multi-objective project scheduling problem with a triple-
objective including (i) the minimization of the makespan, (ii) the
minimization of the total cost associated with the resources, and
(iii) the minimization of the variability in resources usage.
Govindan, Jafarian, Khodaverdi, and Devika (2014) presented a
multi-objective facility location problem for a two-echelon multi-
ple vehicles routing problem by integrating sustainability in
decision-making, on distribution in a perishable food supply chain
network. NRGA, NSGA-II, and multi-objective particle swarm
optimization (MOPSO) algorithms were implemented to solve the
problem. Table 1 shows the recent literature most related to the
current study.

The main novelties of the current work are: (i) considering a
multi-components multi-period inventory control system for a
series-parallel RAP, (ii) calculating the total inventory costs under
the time value of money and inflation and (iii) deriving an elite ver-
sion of NRGA called CE-NRGA, a NSGA-II and MOPSO to solve the
problem.

The rest of the paper is organized as follows. In Section 2, we
define the parameters, notations and decisions variables applied
to formulate the problem. We also outline the proposed problem
in detail along with a flowchart in this section. In Section 3, we
describe and formulate the bi-objective SPIRAP problem. In Sec-
tion 4, we present the multi-objective meta-heuristic algorithms
proposed in this study. Some numerical examples and the analyt-
ical comparisons of the algorithms are generated in Section 5.
Finally, in Section 6, we present our conclusion and future research
directions.
2. The problem parameters and definition

In this section, we first define the parameters, notation and
decision variables then outline the problem.
2.1. Notations

The indices, notations, parameters and the decision variables
used to formulate the SPIRAP are described below:



Table 1
Recent literature most related to the current study.

Reference Inventory costs System reliability Inflation & Time value of money Discount
policy

Design of
experiment

Solving methodology

Dey et al. (2008) Deteriorating items – Both – – FEMGA
Mondal et al. (2013) Production repairing inventory – – – – Gradient method
Mousavi et al. (2013) Multi-item multi period – Both AUD, IQD Taguchi GA and SA
Sarkar (2013) Deteriorating production-inventory – – – – Probabilistic deterioration

function
Pareek and Dhaka (2014) Deteriorating inventory – Inflation Fixed discount – DCF approach
Sadeghi et al. (2014) Production-inventory machines Series machines – AUD, IQD Taguchi NSGA-II, NRGA
Xie et al. (2014) Spares logistics Repairable Series

system
– – – Branch and bound

Duari and Chakraborti
(2015)

Pricing and deteriorating inventory – Both – – Weibull distribution

Kong et al. (2015) – Series – – – PSO
Mousavi et al. (2015) – Series-parallel – AUD, IQD Taguchi Fruit fly optimization
Mousavi et al. (2015b) – Series-parallel – AUD, IQD Taguchi CE-NRGA, NSGA-II
Sadeghi and Niaki (2015) Fuzzy bi-objective VMI – – – Taguchi NSGA-II, NRGA
Yadav et al. (2015) Trade credit inventory – Inflation – – Fuzzy method
Mousavi et al. (2016) Multi-objective seasonal inventory – Inflation AUD Taguchi NSGA-II, MOPSO, NRGA
Pasandideh and Asadi (2016) Bi-objective multi-periodic supply chain

network
– – – – SA, GA, ICA

Salmasnia et al. (2016) – Series-parallel – – – Loss function
Teimouri et al. (2016) – Series – – – Electromagnetism-like

mechanism
Wu et al. (2016) Seasonal deteriorating inventory – Time value of money Fixed discount – Fuzzy method
Current paper Bi-Objective Multi-Period Inventory Series-Parallel RAP Both AUD, IQD Taguchi NSGA-II, CE-NRGA, MOPSO

Note: all-unit discount (AUD); controlled elitism (CE); fast and elitist multi-objective genetic algorithm (FEMGA); genetic algorithm (GA); incremental quantity discount (IQD); multi-objective particle swarm optimization
(MOPSO); non-dominated ranked genetic algorithm (NRGA); non-dominated sorting genetic algorithm (NSGA-II); particle swarm optimization (PSO); and simulated annealing (SA).
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Indices

i = 1, 2, . . . , I
 Index for the components (products)

j = 1, 2, . . . , ns
 Index for the subsystems (s = 1, 2, . . . , S)

t = 0, 1, . . . , T
 Index for the time periods

k = 1, 2, . . . , K
 Index for the price break-points

Notation

hoijt
 Inventory holding cost per unit of ith

component for subsystem j in period t

aijt
 Ordering cost (transportation cost) per unit of

ith component for subsystem j in period t

pijtk
 Purchasing cost per unit of ith component for

subsystem j at kth price break-point in period
t

f ijt
 Required warehouse space to store per unit of
ith component for subsystem j in period t
F
 Available warehouse capacity

S
 Total number of subsystems

Tt
 Total time elapsed up to and including the tth

replenishment cycle of components

kijtk
 kth price break-point for purchasing ith

component for subsystem j in period t
(kijt1 ¼ 0)
lij
 Reliability of component i purchased for
subsystem j
wij
 Weight of component i purchased for
subsystem j
R
 System reliability

dijt
 Demand quantity of component i purchased

for subsystem j in period t

Et
 Capacity of the transportation vehicle in

period t

W
 Total system weight

M
 Upper bound for each order quantity

r
 Interest rate representing TVM ($/$/year)

b
 Constant annual inflation rate ($/$/year)

B
 Net discount rate of inflation (B ¼ r � b)

AiðtÞ
 Inventory level of component i in period t

Decision variables

qijt
 Ordering quantity of ith component

purchased for subsystem j in period t
(qijT ¼ 0)
yijtk
 A binary variable that is set to 1 if component
i is purchased for subsystem j at kth price
break-point in period t, and set to 0 otherwise
lijt
 A binary variable that is set to 1 if component
i is ordered for subsystem j in period t, and set
to 0 otherwise
xijt
 Initial (remained) positive inventory of ith
component purchased for subsystem j in
period t (xij1 ¼ 0)
2.2. Problem formulation

In the current study, a mixed-integer nonlinear mathematical
programming is considered for a multi-component multi-period
inventory control problem in a binary-state series-parallel RAP.
The components are manufactured in different types and periods
and stored in a warehouse with a specific capacity wherein the
particular spaces for each component exist. The components are
purchased under all-unit discount (AUD) and incremental quantity
discount (IQD) with an available budget to be installed on a series-
parallel system in which subsystems are designed in series and the
components are installed on each subsystem in parallel. The series-
parallel system can carry a specific total weight with regards to the
weight of the components installed on each subsystem. Once an
order occurs in each period the components are delivered by the
vehicles which are different than each other in different periods
because of the capacity due to renting these vehicles from different
transportation companies with different rental costs. The objective
is to find the optimal order quantity of each component for each
subsystem in each period so that the total inventory costs are min-
imized and the system reliability is maximized. In order to solve
the proposed mathematical model, an elite version of NRGA i.e.
CE-NRGA is utilized to find the optimal Pareto fronts where a
NSGA-II and a MOPSO are also used to validate the performance
of CE-NRGA as well. A Taguchi analysis is derived on the algorithms
to set the optimal levels of these algorithms’ parameters. A real
world example is to consider the case of the engines installed on
each wing of an airplane as a subsystem. The components (engi-
nes) of each wing work in parallel, meaning that the engine subsys-
tem operates if at least one of the engines of a wing operates.

Fig. 1 shows some scenarios imposed on the inventory problem.
In the first period of Fig. 1, the order quantity (qij1) arrives and is
consumed by customers with the demand rate of dij1 during the
period. As a result, the remaining inventory in the first period
(xij2) plus qij2 are stored for the next period until the demand rate
dij2 is met. The description for the remaining periods is the same
as the first period. Also, the series-parallel system configuration
studied in this work is represented by Fig. 2.

In Fig. 2, the components with different types are installed on
each subsystem in parallel while the subsystems are connected
to each other in series. A flowchart of the definition of the problem
is shown by Fig. 3. In Fig. 3, first the different types of the compo-
nents are purchased from the related suppliers and then they are
sent to the storage according to the scenarios mentioned in
Fig. 1. At the end, components are installed on the subsystems
based on the requested demand.

3. The bi-objective SPIRAP

The problem model is formulated under the following
assumptions:

� The planning horizon is finite and known which includes T peri-
ods. It means the number of periods is limited and equal to T
periods.

� The components are purchased under AUD and IQD and then
installed on a series-parallel system. In other words, the suppli-
ers sell some of the components under the AUD policy where
the rest of the components are sold under the IQD policy to
encourage the customers to purchase more.

� The components are delivered with the vehicles with different
capacities in different periods. In fact, in each period different
suppliers transfer the components with different trucks in
terms of their capacity.

� The lead time is considered to be zero. It means that the dura-
tion time from ordering the components until they reach the
storage is negligible.

� Order quantity is limited for each component in each period due
to some production limitation. The suppliers are not able to pro-
duce an infinite amount of components due to their production
capacity.



Fig. 1. A presentation of some scenarios of the proposed inventory problem.

Fig. 2. A configuration of the designed system.

Fig. 3. The flowchart of the definition of the problem.
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� There is no supply constraint for the components. This means
that there are plenty of suppliers to supply the components.

� Failed components are not repairable. In other words, the bro-
ken down components are useless and unrepairable.

� Reliability, weight, and cost of all the components are determin-
istic and known. These attributes are usually labeled on the
components.
� The number of subsystems is fixed. Each system has the pre-
specified number of subsystems.

� The beginning inventory level at the first period is zero (xij1 ¼ 0)
and also the order quantity in the last period is assumed to be
zero (qijT ¼ 0). This means there is no stock in the first storage
while no order is made in the end period.
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� Shortages are not allowed. In other words, all customers’
demands are satisfied during each period.

The objectives of the developed SPIRAP are formulated as follows.

3.1. The objectives

The first objective is minimizing the total inventory costs
including ordering cost (Oc), holding cost ðHcÞ and purchasing cost
ðPcÞ. The ordering cost comprises transportation and labor costs is
modeled as follows:

XI

i¼1

Xns
j¼1

XT�1

t¼1

qijtaijtlijt ð1Þ

The total ordering cost under the time value of money and infla-
tion is calculated as:

Oc ¼
XI

i¼1

Xns
j¼1

XT�1

t¼1

qijtaijtlijte
�BTt ð2Þ

The ordering cost includes all the costs carried once a compo-
nent is ordered from the supplier while entering the storage. All
costs as well as the labors for loading and uploading the products,
negotiations for making an order, the cost related to transporta-
tion, etc. are included in this cost.

If AiðTtÞ ¼ xijt þ qijt and xijtþ1 ¼ xijt þ qijt � dijtTt the holding cost
is calculated using the aggregation of the areas of the trapezoid
in Fig. 1 as follows:

hoijt

Z tþ1

t
AiðtÞe�Btdt ð3Þ

After simplification of Eq. (3), the total holding cost under the
time value of money and inflation is computed as:

Hc ¼
XI

i¼1

Xns
j¼1

XT�1

t¼1

hoijte�BTt e�BTtþ1 � e�BTt

B
dijt

1
B
� Tj �

xijt þ qijt

dijt

� ���

þ Tjþ1e�BTtþ1 � Tje�BTt

e�BTtþ1 � e�BTt

� ���
ð4Þ

This cost consists of all the costs associated with the storage
such as the storage cost per unit of product in each period, the
transportation cost, the labor cost, the rental cost of the ware-
house, and the maintenance cost.

In order to motivate the customers to purchase more products,
the suppliers encourage the owner of the system to buy all the
components from them by using the AUD and IQD discount poli-
cies. Therefore, some of the components come up with the AUD
policy and the rest of them with the IQD policy.

The purchasing cost under the AUD policy, the time value of
money and inflation is formulated as:

Pca ¼
XI

i¼1

Xns
j¼1

XT�1

t¼1

XK
k¼1

qijtpijtkyijtke
�BTt ð5Þ

Also, the purchasing cost under the IQD policy, the time value of
money and inflation is as:

Pci ¼
XI

i¼1

Xns
j¼1

XT�1

t¼1

XK
k¼1

yijtkpijikðqijt � kijtkÞe�BTt

þ
XI

i¼1

Xns
j¼1

XT�1

t¼1

yijtKpijiKðqijt � kijtKÞe�BTt ð6Þ

Therefore, the total purchasing cost is formulated as Eq. (7).

Pc ¼ Pcaþ Pci ð7Þ
Eq. (8) expresses the total inventory cost of the proposed prob-
lem as the first objective function.

TC ¼ Oc þ Hc þ Pcaþ Pci ð8Þ
According to Fig. 2, the second objective i.e. maximizing the sys-

tem reliability is calculated as Eq. (9).

R ¼
YI
i¼1

1�
Yns
j¼1

ð1� lijÞ

XT�1

t¼1

qijt

0
BBB@

1
CCCA ð9Þ
3.2. The constraints

The problem is modeled under some constraints to make the
model more real as follows. The total storage capacity is restricted
while there are particular places for each component in each per-
iod shown as:

XI

i¼1

Xns
j¼1

XT
t¼1

ðqijt þ xijtÞf ijt 6 F ð10Þ

Eq. (10) depicts that the total order quantity of all the compo-
nents in each period in addition to the components remained from
the previous period should not exceed the total storage capacity.

The total budget allocated to purchase the components is lim-
ited. The budget available for purchasing the components under
the time value of money, inflation and both the AUD and IQD poli-
cies are formulated as Eq. (11).

XI

i¼1

Xns
j¼1

XT�1

t¼1

XK
k¼1

pijtkyijtkðqijt � kijtkÞ þ
XI

i¼1

Xns
j¼1

XT�1

t¼1

yijtKpijtKðqijt � kijtKÞ
 !

e�BTt

þ
XI

i¼1

Xns
j¼1

XT�1

t¼1

qijtaijtlijte
�BTt 6 Tb ð11Þ

The total weight of the series-parallel system cannot exceed W
which is formulated as:

XI

i¼1

Xns
j¼1

XT�1

t¼1

qijtlijtwij 6 W ð12Þ

where the weight of the total components ordered to be installed on
the series-parallel system should not exceed the total system
weight. To deliver the components ordered to be installed on the
system, the owner of the system has to rent the vehicles can be dif-
ferent than each other in each period in terms of their capacity to
choose the cheaper ones. This limitation is shown by Eq. (13).

XI

i¼1

Xns
j¼1

qijtlijt 6 Et ð13Þ

Eq. (13) shows that all the components ordered from the sup-
plier are transferred by trucks with a limited capacity in each per-
iod. Also, due to some production restrictions, the order quantity of
each component is limited which is formulated as:

qijt 6 M ð14Þ

Finally, since at most one order can be placed for a component
for a subsystem in a period and it can be purchased at one price
break point, we have

XK
k¼1

yijtk ¼ 1 ð15Þ
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In other words, each component ordered for each subsystem in
each period should be at one price break point. Therefore, the pro-
posed mixed-integer nonlinear mathematical model of SPIRAP is:
MinTC ¼
XI

i¼1

Xns
j¼1

XT�1

t¼1

qijtaijtlijte
�BTt þ

XI

i¼1

Xns
j¼1

XT�1

t¼1

hoijte�BTt e�BTtþ1�e�BTt

B dijt
1
B � Tj � xijtþqijt

dijt

� �
þ Tjþ1e

�BTtþ1�Tje
�BTt

e�BTtþ1�e�BTt

� �� �� �

þ
XI

i¼1

Xns
j¼1

XT�1

t¼1

XK
k¼1

qijtpijtkyijtke
�BTt þ

XI

i¼1

Xns
j¼1

XT�1

t¼1

XK
k¼1

pijtkðqijt � kijtkÞe�BTt þ
XI

i¼1

Xns
j¼1

XT�1

t¼1

yijtKpijtKðqijt � kijtKÞe�BTt

 !
8>>>>><
>>>>>:

Max R ¼
YI
i¼1

1�
Yns
j¼1

ð1� lijÞ

XT�1

t¼1

qijt

0
BBB@

1
CCCA

Subject to :

xijtþ1 ¼ xijt þ qijt � dijtTtXI

i¼1

Xns
j¼1

XT
t¼1

ðqijt þ xijtÞsijt 6 F

XI

i¼1

Xns
j¼1

XT�1

t¼1

XK
k¼1

pijtkðqijt � kijtkÞ þ
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4. Solving methodologies

Due to complexity of SPIRAP under investigation, some well-
known meta-heuristic algorithms are applied to solve the problem.
To do that, a CE-NRGA algorithm is applied to obtain the optimal
order quantities of the components purchased for each subsystem
in each period. A NSGA-II and a MOPSO algorithm are also utilized
to validate the results of the CE-NRGA. According to the related
works done in the literature reviewed above, these three meta-
heuristic algorithms are the most appropriate algorithms for solv-
ing the problem formulated in Eq. (16).
4.1. The proposed CE-NRGA

The following steps are included in the proposed CE-NRGA:
Initialize the parameters and chromosomes: the number of

population (np), the crossover probability ðPcÞ, the mutation prob-
ability (Pm) and the number of generation (ng) are the CE-NRGA
parameters assumed in this step. Furthermore, the chromosomes
of the population np are initialized randomly in the range ½0;M�.
The rest of decision variables as well as yijtk, lijt and xijt are
Fig. 4. The chromosom
automatically initialized in accordance with the values determined
for qijt . Fig. 4 depicts a chromosome structure of the proposed CE-
NRGA including all the decision variables mentioned in Eq. (16).
Fig. 5 shows a presentation of a population generated by CE-
NRGA where the number of the population is np.

Evaluate the chromosomes: All the chromosomes initialized in
the prior step are evaluated using both objectives shown in Eqs. (8)
and (9). The infeasible solutions are penalized by the following
functions:

U1ðxÞ þ ðuðxÞ � QÞd
U2ðxÞ=ðuðxÞ � QÞg

(
ð17Þ

where U1ðxÞ and U2ðxÞ are the first (Min-type) and second objec-
tives (Max-type) in Eq. (16) respectively, uðxÞ and Q is the left
and right hand sides of constraint uðxÞ 6 Q and d and g are the pen-
alty coefficients respectively. According to Eq. (17), if a constraint
exceeds the upper bound, a coefficient of the extra amount will
be added to the Min-type objective while the Max-type objective
is penalized as much as the objective value divided by this extra
amount.

Fast non-dominated sorting process: In this step, the np popu-
lations that were generated in the previous steps are compared and
sorted. To do that, all solutions in the first non-dominated front are
first found where the solutions are chosen using the concept of
e representation.



Fig. 5. A presentation of the population generated by CE-NRGA.
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domination, in which a solution Ym is said to dominate solution Yn,
if 8e 2 f1;2g we have f eðYmÞ 6 f eðYnÞ for e 2 f1;2g such that
f eðYmÞ < f eðYnÞ. In this case, we say Ym is the non-dominated solu-
tion within the solution set fYm; Yng. Otherwise, it is not. In addi-
tion, to find the solutions in the next non-dominated front, the
solutions of the previous fronts are disregarded temporarily. This
procedure is repeated until all solutions are set into fronts.

Crowding distance: After sorting the populations based on their
ranks, a measure called the crowding distance (CD) is defined to
evaluate solution fronts of populations in terms of the relative den-
sity of individual solutions. To do this, let Vb; (b ¼ 1;2; . . . ; L) be the
b-th front, where Vb is the number of non-dominated solutions in
the particular front b, and f 1 and f 2 are the objective functions.
Besides, let dzt ; (zb ¼ 1;2; . . . ;Vb) be the value of crowding distance
for the solution mt . Then, the crowding distance is obtained using
the steps proposed in Fig. 6. At the end, the populations are sorted
based on their ranks and crowding distances.

Selection process: In this study, in order to select the chromo-
somes, the roulette wheel method is utilized. The roulette wheel
process is performed using the following formulas.

Pf ¼ 2� Rankf
NF � ðNF þ 1Þ ; f ¼ 1; . . . ;NF ð18Þ

Pfs ¼ 2� Rankfs
NSf � ðNSf þ 1Þ ; f ¼ 1; . . . ;NF; s ¼ 1; . . . ;NS ð19Þ

where NF and NSf are the number of fronts and the number of solu-
tions in front f , respectively. Also, Pf is the selection probability of
fronts, and Pfs is the selection probability of solutions. Eq. (18)
ensures that a front with highest rank has the highest probability
to be selected. Similarly, based on Eq. (19), solutions with more
crowding distance are assigned a higher selection probability. The
roulette wheel selection is iterated until a desired number of solu-
tions are selected. At the end, the algorithm stops when a predeter-
mined number of iterations is reached.

Do crossover operator: Let PC be the crossover probability and
r1 be a uniform random number between zero and one. For each of
the np populations, if r1 is less than PC , select two parent chromo-
somes q1 and q2 randomly. Then, the crossover operator of the pro-
Fig. 6. A pseudo code to determ
posed CE-NRGA algorithm is performed based on the following
equations.

q0
1 ¼ Roundðtq1 þ ð1� tÞq2Þ ð20Þ

q0
2 ¼ Roundðð1� tÞq1 þ tq2Þ ð21Þ

where q0
1 and q0

2 are offspring and t is a uniform random number
between zero and one.

Do mutation operator: The rest of chromosomes are selected
with the probability Pm to enter the mutation operator. To perform
the mutation process on a chromosome, a gene of a value of qijkt is
selected randomly and changed in the range ½0;M�.

Combine and update the population: First, evaluate the chro-
mosomes obtained from the operators ðPÞ and combine it with
the chromosomes obtained in the first step ðQÞ to generate a pop-
ulation ðQt [ PtÞ, which represents a combination of populations P
and Q in generation t.

To propose diversity in the new population of size np, the max-
imum number of individuals allowed in the f th front, pf , is gener-
ally given by

pf ¼ np
1� r
1� rnf

rf�1 ð22Þ

where r is the reduction rate, a user-defined value, that is less than
1 and nf is the number of non-dominated fronts (Bharti,
Maheshwari, & Sharma, 2012).

The policy used here allows the solutions from all non-
dominated fronts to distribute in the population. If a particular
front has more solutions than required (to fill up the np, then Eq.
(22) is employed to limit the number of solutions which come from
the relevant front. However, if the number of solutions (in a partic-
ular front) is less than the value of np, the difference is added to the
maximum allowed solutions in the next front and so on. After fill-
ing up the np solutions in the new population, the same process is
repeated over a number of generations and the Pareto-optimal
solutions are obtained. Since the solutions from all non-
dominated fronts co-exist in the population, the diversity is main-
tained and the solutions obtained are true optimal solutions
(Bharti et al., 2012; Mousavi et al., 2015b). Fig. 7 depicts a graphical
ine the crowding distance.



Fig. 7. The CE-NRGA procedure.
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representation of the proposed CE-NRGA. In Fig. 7, in the fast non-
dominated sorting stage the old and new populations P and Q are
combined and then the chromosomes are allocated to the fronts
while the crowding distance of the chromosomes is obtained in
the second stage. Finally, a population of chromosomes is selected
using the formula expressed by Eq. (22) for the next generation.

4.2. The proposed NSGA-II

The steps of the NSGA-II employed in this research are
explained briefly as follows:

1. Initializing the parameters and chromosomes as well as the
process done for CE-NRGA.

2. Evaluating the solutions which are the same as CE-NRGA.
Fig. 8. The CE-NRG
3. Fast non-dominated sorting and crowding distance process are
done exactly similar to CE-NRGA.

4. Selection process in which a two-chromosome tournament
selection operator is used to find the best solutions for the next
generation in which two chromosomes are selected randomly
and then compared in terms of the front rank and crowding dis-
tance. The one with least front rank is chosen. In case of the
front ranks being equal, the one with maximum crowding dis-
tance will be chosen.

5. Crossover and mutation operators are performed similar to the
process explained in CE-NRGA.

6. Combining the populations at which both np solutions and new
solutions (after updating the population according to their
ranks and crowding distance) are combined to generate a pop-
ulation of size (2 � np) to ensure elitism. Then, (2 � np) popula-
A procedure.



Table 4
The obtained response values of CE-NRGA and NSGA-II.

Run order Parameter levels Response value

np Pc Pm ng CE-NRGA NSGA-II

1 1 1 1 1 9.82657146 2.4425818
2 1 2 2 2 13.1061369 3.2166137
3 1 3 3 3 8.91801678 9.7222129
4 2 1 2 3 14.5691781 2.2194309
5 2 2 3 1 4.94753202 5.5990300
6 2 3 1 2 8.48109848 2.8011139

Table 2
The input data of the generated numerical examples.

Problem No. (I, ns, T) d ho f w l Et a W F Tb T p q

1 (3,3,3) [1,4] [1,8] [1,5] [3,8] [0.03,0.15] [500,700] [1,5] [500,800] [500,700] [500,700] [1,2] [1,5] [1,10]
2 (1,3,3) [1,3] [1,8] [1,5] [3,8] [0.03,0.15] [200,300] [1,5] [100,200] [200, 300] [200, ,300] [1,2] [1,5] [1,5]
3 (2,2,2) [1,4] [1,8] [1, 5] [3,8] [0. 2,0.5] [150,200] [1,5] [100,200] [150,200] [150,200] [1,2] [1,5] [1,5]
4 (3,2,2) [1,4] [1,8] [1,5] [3,8] [0.4,0.8] [250,300] [1,5] [250,300] [250,300] [250,300] [1,2] [1,5] [1,5]
5 (3,3,2) [1,4] [1,8] [1,5] [3,8] [0.4,0.8] [250,300] [1,5] [250,300] [250,300] [250,300] [1,2] [1,5] [1,5]
6 (4,1,2) [1,4] [1,8] [1,5] [3,8] [0.15,0.45] [300,400] [1,5] [300,400] [300,400] [300,400] [1,2] [1,5] [1,5]
7 (4,2,2) [1,4] [1,8] [1,5] [3,8] [0.25,0.55] [300,500] [1,5] [300,500] [300,500] [300,500] [1,2] [1,5] [1,5]
8 (4,2,3) [1,4] [1,8] [1,5] [3,8] [0.25,0.55] [300,500] [1,5] [300,500] [300,500] [300,500] [1,2] [1,5] [1,5]
9 (4,3,3) [1,4] [1,8] [1,5] [3,8] [0.1,0.25] [800,1000] [1,5] [800,1000] [800,1000] [800,1000] [1,2] [1,5] [1,5]
10 (4,4,4) [1,4] [1,8] [1,5] [3,8] [0.1,0.25] [1100,1300] [1,5] [1000,1200] [1000,1200] [1000,1200] [1,2] [1,5] [1,5]
11 (5,3,3) [1,4] [1,8] [1,5] [3,8] [0.1,0.25] [1100,1300] [1,5] [1000,1200] [1000,1200] [1000,1200] [1,2] [1,5] [1,5]
12 (5,5,5) [1,4] [1,8] [1,5] [3,8] [0.1,0.25] [1500,1800] [1,5] [1400,1600] [1400,1600] [1400,1600] [1,2] [1,5] [1,5]
13 (6,4,4) [1,4] [1,8] [1,5] [3,8] [0.1,0.25] [1500,1800] [1,5] [1400,1600] [1400,1600] [1400,1600] [1,2] [1,5] [1,5]
14 (6,6,6) [1,4] [1,8] [1,5] [3,8] [0.1,0.25] [1900,2200] [1,5] [1900,2100] [1900,2100] [1900,2100] [1,2] [1,5] [1,5]
15 (7,7,7) [1,4] [1,8] [1,5] [3,8] [0.1,0.25] [2500,2800] [1,5] [2500,2800] [2500,2800] [2500,2800] [1,2] [1,5] [1,5]
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tions are evaluated and sorted based on their ranks and crowd-
ing distance. Finally, according to the sorted solutions, np solu-
tions are selected as an initial population for the next
generation. Fig. 8 demonstrates the approach taken in NSGA-II
to combine the populations and to select np solutions for the
next generation where the solutions in first fronts have the pri-
ority to be selected for the next generation.

The algorithm stops when a predetermined number of itera-
tions is reached.

4.3. The MOPSO

The proposed MOPSO is briefly explained as follows:

– Initializing the parameters i.e. np, number of generation ng, and
two parameters C1 and C2 and also articles randomly in the
range.

– Evaluating the objectives modeled in Eq. (16) for each article of
the population.

– Fast non-dominated sorting process wherein np articles are
compared and ranked as well as the process explained in step
3 of the CE-NRGA.

– Crowding distance is also done the same as in step 4 of the CE-
NRGA.

– The articles of the population are updated as the position and
velocity, which are two variables in the MOPSO algorithm,
and are initialized using Eqs. (23) and (24), respectively.

v l
nþ1 ¼ x � v l

n þ C1 � u1 � ðpBestln � zlnÞ þ C2 � u2 � ðgBestn � zlnÞ ð23Þ
Table 3
The parameters of the algorithms and their levels.

Algorithm Parameter Low (1) Medium (2) High (3)

CE-NRGA Np (A) 20 30 40
Pc (B) 0.6 0.7 0.8
Pm (C) 0.05 0.1 0.2
Ng (D) 100 200 300

NSGA-II Np (A) 20 30 40
Pc (B) 0.6 0.65 0.75
Pm (C) 0.05 0.1 0.2
Ng (D) 100 300 400

MOPSO Np (A) 40 60 80
C1 (B) 1.5 2 2.5
C2 (C) 1.5 2 2.5
Ng (D) 400 500 600
zlnþ1 ¼ zln þ g � v l
nþ1 ð24Þ

In Eq. (24), u1 and u2 are two numbers generated randomly in
the interval of (0, 1), the coefficients C1 and C2 are the given accel-
eration constants towards pBest and gBest, respectively, and x is
the inertia weight where is expressed as Eq. (25) (Naka, Genji,

Yura, & Fukuyama, 2001). Furthermore, pBestln and gBestn are the
best fitness value for particle l until time n, (n = 1, 2, . . . , np) and
the best particle among all until time n, respectively.

x ¼ xmax � ðxmax �xminÞ
ng

� n ð25Þ

In Eq. (25), nog is the maximum number of iterations and n is
the current number of iteration. Shi and Eberhart (1999) and
Naka et al. (2001) have claimed the best result will be obtained
since ½xmin;xmax� ¼ ½0:4;0:9�.

– Combining the populations is done as in Step 8 mentioned in
NSGA-II.
7 3 1 3 2 13.4993125 3.4846371
8 3 2 1 3 13.9708680 2.8315674
9 3 3 2 1 14.8876788 7.2266019

Table 5
The obtained response values of MOPSO.

Run order Parameter levels Response value

C1 C2 np ng MOPSO

1 1 1 1 1 9.95241
2 1 2 2 2 3.37730
3 1 3 3 3 4.41263
4 2 1 2 3 7.89612
5 2 2 3 1 3.93310
6 2 3 1 2 5.43368
7 3 1 3 2 9.44769
8 3 2 1 3 4.15401
9 3 3 2 1 2.69597



Table 6
The optimal levels of the algorithms’ parameters.

Algorithm Parameter Optimal level

CE-NRGA np 30
Pc 0.7
Pm 0.2
ng 100

NSGA-II np 30
Pc 0.6
Pm 0.05
ng 300

MOPSO np 80
C1 2.5
C2 2.5
ng 400
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5. Results and discussion

This section represents the application of the proposed CE-
NRGA along with the NSGA-II and MOPSO algorithms on some test
problems. To accomplish so, first, some well-known multi-
objective metrics are introduced. Then, the parameters of the algo-
rithms are adjusted via the Taguchi method. Finally, the defined
metrics are compared statistically and graphically.
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Fig. 9. Mean S/N ratios of the parameters of the proposed algorithms.
5.1. The proposed multi-objective metrics

This work implements six metrics to make comparisons
between the algorithms. These metrics are briefly explained as
follows:

MID: This metric is the mean ideal distance introduced by
Zitzler and Thiele (1998) that gauges the convergence rate of
the Pareto fronts towards a specific point (0, 0).
NOS: Displays the number of non-dominated solutions.
MS: The maximum spread or diversity proposed by Zitzler and
Thiele (1998) employed to measure the diagonal length of a
hyper box that is formed by extreme function values observed
in the Pareto curve.
SNS: It is the diversity measure of the Pareto archive solutions
(Karimi, Zandieh, & Karamooz, 2010).
CT (Sec): This is a metric to measure the CPU time taken by run-
ning the algorithms.
SP: This metric calculates the closest distance of pairwise solu-
tions in the set of solutions (Schott, 1995). In other words, the
spacing metric measures the standard deviation of the dis-
tances among the solutions belonging to the Pareto front
(Hajipour, Fattahi, Tavana, & Di Caprio, 2016; Zitzler & Thiele,
1998).

5.2. Numerical illustrations

In order to evaluate the proposed CE-NRGA, NSGA-II and
MOPSO algorithms on the SPIRAP, some numerical examples are
generated randomly while there is no benchmark in the literature
used to assess the algorithms on the problem. In this study, 15
numerical examples are generated randomly with different num-
ber of components, subsystems and periods in the range ½1;7�.
The rest of the parameters involved in formulating the problem
are generated randomly according to Table 2. In order to solve
the numerical examples generated randomly, the interest rate (r)
and inflation rate (b) values are considered to be 0.2 and 0.15,
respectively.
5.3. The parameter tuning procedure

The parameters of meta-heuristic algorithms play an important
role to achieve solutions with better qualities. Therefore, tuning
the parameters using a design of experiments is an effective way
to reach better results. The Taguchi method is one approach to cal-
ibrate the parameters. Since this method has received more atten-
tion in the literature recently, it is utilized in this study as well to
set the parameters of the three algorithms (Mousavi et al., 2015;
Mousavi, Alikar, Niaki, & Bahreininejad, 2015a, 2015b; Mousavi,
Bahreininejad, Musa, & Yusof, 2014). A multi-objective version of
the Taguchi method is defined as:



Table 9
The ANOVA for the metrics resulting from the three algorithms.

Metric Response value

P-value Result

MID 0.00009 H0 is rejected
NOS 0.00089 H0 is rejected
MS 0.00009 H0 is rejected
SP 0.84442 H0 is accepted
SNS 0.00013 H0 is rejected
CT (Sec) 0.00008 H0 is rejected

Table 10
The Pareto solution of the algorithms for Problem No. 1.

Sol. No. CE-NRGA NSGA-II MOPSO

Cost Reliability Cost Reliability Cost Reliability

1 1373 0.743 1473 0.777 1381 0.678
2 1447 0.771 1482 0.781 1354 0.662
3 1357 0.737 1442 0.767 1567 0.766
4 1379 0.746 1522 0.794 1594 0.773
5 1169 0.664 1364 0.73 1428 0.731
6 1210 0.671 1532 0.796 1474 0.734
7 1448 0.772 1425 0.761 1418 0.705
8 1366 0.739 1478 0.779 1389 0.691
9 1431 0.766 1506 0.786 1502 0.747
10 1469 0.781 1462 0.772 1514 0.75
11 1425 0.765 1378 0.739 1416 0.704
12 1488 0.782 1395 0.744 1527 0.754
13 1286 0.705 1384 0.744 1534 0.761
14 1355 0.732 1295 0.711 1487 0.742
15 1293 0.712 1403 0.748 1405 0.698
16 1222 0.678 1456 0.768 1546 0.765
17 1424 0.763 1565 0.799 1591 0.769
18 1252 0.693 1315 0.714 1364 0.671
19 1264 0.700 – – – –
20 1392 0.754 – – – –

Table 7
Experimental results of different test problems obtained by CE-NRGA and NSGA-II.

Problem No. CE-NRGA NSGA-II

MID NOS MS SP SNS CT (sec) MID NOS MS SP SNS CT (sec)

1 34700.90 20 34 86,350,045 13571.18 14.81204 51319.68 18 52 24,536,988 16856.39 24.56135
2 20427.89 14 44 41,569,850 9242.359 15.55318 59928.16 13 36 34,567,896 23444.89 21.43876
3 36680.65 13 43 76,980,050 5040.945 15.68972 57377.64 11 50 425,786,325 15659.91 24.10777
4 32952.51 10 47 156,980,045 8191.715 16.06494 56857.17 6 58 135,469,857 19031.48 24.32600
5 37286.41 14 22 76,582,200 5026.488 16.94644 50792.33 13 83 73,587,589 18466.15 22.04509
6 22857.26 16 23 98,553,020 8614.854 15.95958 54371.63 12 57 45,236,852 18103.08 23.07782
7 27919.75 15 27 95,500,500 14072.76 16.21237 45618.31 13 63 56,984,236 19000.32 21.26250
8 21729.60 17 35 86,450,012 11352.84 16.63901 56466.96 12 37 136,850,025 21174.97 21.84416
9 36666.32 15 45 358,972,005 12141.91 16.33359 51864.87 13 69 200,132,560 23722.28 24.48584
10 33913.50 18 32 135,682,202 7595.678 15.96771 56306.96 16 77 145,873,258 20761.26 23.08330
11 30413.35 14 33 88,699,218 13440.58 16.36229 53112.19 10 92 95,638,954 23068.57 24.40818
12 25195.18 13 45 32,556,984 14855.26 15.40642 48534.43 12 60 982,436,581 18734.24 21.75041
13 28558.01 16 23 233,565,002 12715.34 16.16357 48727.48 13 63 72,563,687 15690.84 21.03034
14 39460.87 17 25 58,997,530 13615.94 16.58055 59661.75 13 45 48,693,254 19572.75 21.66396
15 22829.10 15 21 754,233,690 13992.86 19.43500 55467.94 14 49 654,869,321 23846.84 24.71812

Ave. 30106.1 15.1333 33.26 158,778,156 10,898 16.0494 53760.5 12.6 59.4 208,881,825 19808.9 22.9202

Table 8
Experimental results of different test problems obtained from MOPSO.

Problem No. MOPSO

MID NOS MS SP SNS CT (sec)

1 64254.89 18 79 33,164,466 31580.44 34.33206
2 69177.62 6 76 21,354,602 31012.85 36.72862
3 59473.30 4 74 98,013,620 27856.97 32.11887
4 61718.01 4 67 125,980,310 29723.81 32.71135
5 79038.62 4 69 85,324,569 31299.49 32.34423
6 52880.24 12 64 20,302,655 27309.52 35.43016
7 55230.45 14 78 865,321,233 34384.33 34.15378
8 71464.50 11 73 64,589,856 29623.15 34.82747
9 76500.45 10 74 112,362,100 33941.97 33.54657
10 57781.57 12 75 113,256,465 29022.19 35.73251
11 75700.39 11 65 631,322,625 26067.91 36.41034
12 76165.98 10 70 74,565,420 31434.73 36.38742
13 67008.11 12 75 83,644,656 27960.46 32.67796
14 71570.36 13 71 36,549,800 26308.99 36.39700
15 74083.90 10 74 589,255,000 34489.36 34.58421

Ave. 67469.9 10.0667 72.2667 197,000,492 30134.4 34.5588
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S=N ¼ �10 log
Xn
i¼1

ðMID=SNSÞ2i
n

 !
ð26Þ

In Eq. (26),MID=SNS is the response in ith experiment and n rep-
resents the number of orthogonal arrays, based on which the
experiments are performed.

5.4. Comparisons and discussions

In this subsection, the proposed algorithms are compared
graphically and statistically as well. In order to establish the Tagu-



Table 11
The Pareto solution of the algorithms for Problem No. 2.

Sol. No. CE-NRGA NSGA-II MOPSO

Cost Reliability Cost Reliability Cost Reliability

1 355 0.933 376 0.933 357 0.925
2 317 0.901 376 0.926 337 0.914
3 411 0.951 362 0.914 388 0.937
4 428 0.915 390 0.937 426 0.946
5 329 0.916 426 0.945 391 0.943
6 347 0.928 349 0.908 324 0.899
7 427 0.952 478 0.957 – –
8 410 0.950 442 0.951 – –
9 316 0.898 363 0.920 – –
10 324 0.908 412 0.943 – –
11 375 0.942 441 0.950 – –
12 360 0.939 460 0.954 – –
13 392 0.944 408 0.941 – –
14 396 0.947 – – – –
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Fig. 11. The Pareto fronts obtained by the three algorithms for Problem No. 2.

Table 12
The Pareto solution of the algorithms for Problem No. 3.

Sol. No. CE-NRGA NSGA-II MOPSO

Cost Reliability Cost Reliability Cost Reliability

1 22 0.973 147 0.892 135 0.874
2 182 0.943 247 0.897 193 0.955
3 250 0.983 222 0.973 159 0.925
4 239 0.981 238 0.979 165 0.927
5 135 0.874 181 0.943 – –
6 129 0.850 158 0.915 – –
7 200 0.966 250 0.983 – –
8 210 0.967 158 0.915 – –
9 148 0.901 238 0.983 – –
10 217 0.971 250 0.975 – –
11 227 0.975 250 0.981 – –
12 131 0.859 – – – –
13 200 0.957 – – – –
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Fig. 12. The Pareto fronts obtained by the three algorithms for Problem No. 3.
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Fig. 13. The Pareto fronts obtained by the three algorithms for Problem No. 4.
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Fig. 14. The Pareto fronts obtained by the three algorithms for Problem No. 5.
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Fig. 10. The Pareto fronts obtained by the three algorithms for Problem No. 1.
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Table 13
A partial system configuration of problem No. 2 generated by CE-NRGA.

Sol. No. Period System configuration diagram Cost Reliability

2 1 317 0.901
2

1 1 355 0.933
2

6 1

.

348 0.928
2

Table 14
A partial system configuration of problem No. 3 generated by CE-NRGA.

Sol. No. System configuration diagram Cost Reliability

6 129 0.850

5 135 0.874

2 182 0.943
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Fig. 15. Graphical summary of the performance of the algorithms.
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chi experiments, the values of the parameters are classified into
three levels Low, Medium, and High, coded respectively by 1, 2,
and 3. Table 3 shows the parameters, their denotations in paren-
theses, and their levels.

These values and their levels are obtained after running the
algorithms a multitude of times on the generated numerical exam-
ples. In this work, a Taguchi approach with 9 arrays (L9) is used to
reach the optimal values of the algorithms’ parameters. Table 4
depicts the response values obtained by both the CE-NRGA and
NSGA-II algorithms while these values for MOPSO are presented
in Table 5. The optimal levels of the parameters of the three algo-
rithms resulting from the Taguchi method are shown in Table 6.

The mean S/N ratios of the algorithms’ parameters are shown in
Fig. 9 where the smaller value corresponds to the optimal level in
each. In Fig. 9, characters A, B, C and D are associated with the algo-
rithms’ parameters as mentioned in Table 2. The experimental
results of the applied metrics on the numerical problems obtained
from CE-NRGA and NSGA-II are displayed in Table 7 while the val-
ues for MOPSO are demonstrated in Table 8.

To compare the performance of the algorithms, the averages of
the metrics on the different numerical problems obtained from the
three algorithms are computed which show that CE-NRGA outper-
forms the others in almost all of the cases. Also, the ANOVA test of
an one-way analysis of variance shown in Table 9 depicts that
there is a significant difference among the algorithms’ performance
in terms of metrics MID, NOS, MS, SP, SNS and CT while there is no
significant different among the algorithms in terms of SNS.



Fig. 16. Box-plots of the statistical tests on all metrics.
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To make it clear how the optimal solutions are obtained,
Table 10 shows the Pareto solution of the three algorithms for
Problem No. 1 where Fig. 10 displays it pictorially. Table 11 also
demonstrates the Pareto fronts of the proposed algorithms for
Problem No. 2 where a pictorial representation of these solutions
is shown in Fig. 11. The Pareto solutions of CE-NRGA, NSGA-II
and MOPSO for Problem No. 3 are displayed in Table 12 and
their graphical representation is shown in Fig. 12. Furthermore,
the Pareto fronts of the algorithms for Problem No. 4 and Prob-
lem No. 5 are shown in Figs. 13 and 14, respectively. Figs. 10–14
show the convergence and diversity of the Pareto solutions
obtained by the three algorithms for Problem No. 1 to Problem
No. 4 respectively, as well. To specify how a parallel system is
designed by the Pareto fronts obtained from CE-NRGA, Tables
13 and 14 depict the partial system configuration of Problem
No. 2 and Problem No. 3 generated by CE-NRGA, respectively,
along with their optimum values of the total cost and the sys-
tem reliability. In Table 13, the type of all the components is
identical while the components in Table 14 are in two types.
The graphical summary of the performance of the algorithms
for the metrics is depicted in Fig. 14 where the results are in
the favor of CE-NRGA (see Fig. 15). Fig. 16 displays Box-plots
of the statistical tests on all the metrics which shows CE-NRGA
outperforms NSGA-II and MOPSO.
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6. Conclusion and recommendations for future

In this study, a mixed-integer nonlinear mathematical model
was used to formulate a multi-objective SPIRAP in which the com-
ponents were purchased in multiple types and stored in the stor-
age units with limited capacity. The components were delivered
to the owner of a series-parallel system using the vehicles with dif-
ferent capacities. The aim was to find the optimal number of com-
ponents to be installed on a series-parallel system so that the total
inventory cost is minimized and the system reliability is maxi-
mized. Three well-known algorithms i.e. CE-NRGA, NSGA-II and
MOPSO were used to solve the problem. Some numerical examples
were generated where several metrics were applied to compare
the results of the algorithms graphically and statistically.

As a recommendation for future works, the model can be
improved for a supply chain network. Moreover, the model can
be considered for the case where shortages are allowed. A stochas-
tic or fuzzy model of the problem is also recommended for future
research. In addition, different solution methodologies as well as
other meta-heuristic algorithms can be studied in future research.
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