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A B S T R A C T   

The efficiency measurement with traditional data envelopment analysis (DEA) requires precise input and output 
data. However, the input and output data is imprecise in many real-world problems. Various imprecise methods 
are developed to estimate the lower and upper bound efficiency scores in the presence of interval and weak 
ordinal data. We show the existing methods provide an estimation of the lower or upper bound efficiency score 
and cannot find their exact values in the presence of weak ordinal data. As a result, the ranking of decision 
making units (DMUs) may not be reliable since they are based on estimated efficiency scores. We propose a pair 
of DEA models to find the lower and upper bound efficiency scores. We prove the proposed models can find the 
exact values of the lower and upper bound efficiency scores in the presence of weak ordinal data. However, these 
exact values depend on a set of parameters in the presence of ordinal data. Therefore, we further propose a novel 
measure, fathoming the robustness of the efficiency function for the parameter space, to select the best practice 
DMUs in the presence of imprecise data. We present a real-world application in the space industry to demonstrate 
the applicability and superiority of the proposed method over the existing methods.   

1. Introduction 

Data envelopment analysis (DEA) is a non-parametric and data- 
driven programming method for performance measurements among a 
set of entities or decision-making units (DMUs) with multiple inputs and 
outputs built on the pioneering work of Debreu (1951), Shephard 
(1953), and Farrell (1957). DEA incorporates multiple inputs and out-
puts without any underlying assumption of a functional form. In this 
sense, DEA constructs its functional form and avoids the danger of 
misspecification of frontier technology. 

The concept of DEA has attracted a broad audience in both research 
and application to various fields of science and engineering, in private 
and public sectors. There are numerous reviews of DEA. For example, 
Emrouznejad et al. (2008) evaluated the research in efficiency and 
productivity by surveying the first 30 years of scholarly research in DEA. 
They found that there has been an exponential and continuous growth in 
the number of publications in the field ever since the publication of the 

seminal paper by Charnes et al. (1978). Emrouznejad and Yang (2018) 
report that the number of publications in the theory and application of 
DEA has been exponentially increasing. For further details, the reader is 
referred to the studies by Dyson et al. (2001), Ray (2004), Coelli et al. 
(2005), Cooper et al. (2007), Zhu and Cook (2007), Zhu (2009), Liu et al. 
(2013), and Hwang et al. (2016). 

A DEA model is only as good as its data because DMUs compete 
against each other by calculating the efficiency scores based on their 
input and output data (Ehrgott et al., 2018). The importance of accurate 
data is thus critical in calculating the performance of a DMU. This is why 
conventional DEA models have traditionally assumed that the values of 
input and output data are known precisely; however, in real-world 
problems, we may encounter imprecise data. Imprecise or inexact data 
can be expressed in ordinal (weak and strong), difference order, multi-
plied order, interval (bounded), ratio bound, or fuzzy data. 

Many DEA models are proposed to evaluate and rank the DMUs with 
imprecise data. Cooper et al. (1999) were first to investigate the 
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bounded (interval) and weak ordinal in DEA by proposing imprecise 
DEA (IDEA). They developed a simple procedure based on scale trans-
formation and variable alteration by converting the nonlinear model 
with imprecise data into a linear programming (LP) model. However, 
their approach only calculates the upper-bound efficiency scores and is 
unable to find the lower-bound efficiency scores. Cooper et al. (2001) 
further added the assurance region type one (ARI) to this model. Kim 
et al. (1999) considered the DEA model in the presence of weight re-
strictions, and imprecise and partial data, and proposed a nonlinear 
model. They considered both weak ordinal data and the ARI. They 
further used a procedure similar to the one developed by Cooper et al. 
(1999) to convert their model into an LP model. They applied their 
model to evaluate performance in the Korean telecommunication in-
dustry. Cooper et al. (2001) further added the ARI to the proposed IDEA 
model of Cooper et al. (1999). Lee et al. (2002) then extended the IDEA 
model to an additive model to identify inefficiencies. Despotis and 
Smirlis (2002) considered bounded data in DEA and presented a pair of 
LP models to determine the lower and upper bound efficiency scores. 
Zhu (2003) showed that the scale transformation in the approach 
developed by Cooper et al. (1999, 2001) is redundant and proposed a 
simple variable alteration method to convert the IDEA model into an LP 
model. Zhu (2003) also proposed a new procedure to convert the 
imprecise data into a set of exact data to calculate the relative efficiency 
scores. Later, Zhu (2004) used the Zhu’s (2003) model to measure the 
efficiency in the Korean Telecommunication industry. 

Wang et al. (2005) illustrated that the LP models developed by 
Despotis and Smirlis (2002) use different production frontiers to calcu-
late the efficiency scores. They presented a pair of new LP models to 
estimate the lower and upper bound efficiency scores with a unique 
production frontier. Park (2007) developed a mathematical model to 
calculate the lower bound efficiency score, which involves ‘sup’ and ‘inf’ 
functions that can be replaced with exact numbers. Ebrahimi et al. 
(2018) showed that Park’s (2007) model uses a set of infeasible integer 
numbers of zero and one instead of ordinal data. Moreover, they 
showed, in some cases, Park’s (2007) model is unable to calculate the 
lower bound efficiency scores. Ebrahimi and Toloo (2020) further 
studied Park’s (2007) model and illustrated this model might lead to free 
or unlimited production output and unreliable results when finding the 
lower bound efficiency score. They explained other drawbacks in Park’s 
(2007) model and developed a new approach to eliminate those 
drawbacks. 

Kao (2006) developed two nonlinear models to estimate the lower 
and upper bounds efficiency scores in the presence of ordinal (weak and 
strict) and interval data. Ebrahimi et al. (2019) showed in Kao’s (2006) 
model; the lower and upper bound efficiency scores are equal in the 
presence of strict ordinal data, which is unacceptable. They proposed a 
new pair of IDEA models by utilizing the ‘inf’ and ‘sup’ functions to 
eliminate the problem. Park (2010) studied the dual model of DEA in the 
presence of imprecise data and its relationship with the primal model 
based on the duality theorems. Hatami-Marbini et al. (2014) studied the 
efficiency measure in the presence of interval data without sign re-
strictions. He et al. (2016) proposed a pair of DEA models to improve the 
inputs and outputs of the inefficient DMUs such that their upper-bound 
efficiency scores become one. 

The IDEA models are used in many applications. Farzipoor Saen 
(2007) used the approach proposed by Zhu (2003) to evaluate and rank 
the suppliers in the presence of both cardinal and imprecise data. 
Furthermore, Farzipoor Saen (2008) added the ARI to the models pro-
posed by Wang et al. (2005) and developed new models for performance 
evaluation in the supplier selection problem. Khalili-Damghani et al. 
(2015) used the DEA model in the presence of interval data for the 
performance evaluation of a combined cycle power plant. Asosheh et al. 
(2010) used the concept proposed by Zhu (2003) and developed several 
mixed-integer IDEA models to find the most efficient information tech-
nology projects. More recently, Chen et al. (2017) used IDEA to estimate 
the efficiency scores in the presence of the Likert scale and interval data. 

They utilized these models to measure the efficiency of the regional 
energy sector in China. Toloo et al. (2018) developed an IDEA model 
with imprecise data involving dual-role factors to measure efficiency in 
the banking industry. Ebrahimi and Toloo (2020) applied the IDEA 
model to the supplier selection problem in the space industry. 

As the literature review shows, different approaches have been 
developed to estimate the lower and upper bound efficiency scores in the 
presence of imprecise data. We propose a new pair of LP models to 
determine the exact values of the lower and upper bound efficiency 
scores. The main contributions of our approach are fivefold:  

(i) we show the existing models are unable to find the exact value of 
the lower or upper bound efficiency scores in the presence of 
weak ordinal data since they provide an estimation of the lower 
bound or upper bound efficiency scores which may lead to an 
unreliable ranking of the DMUs,  

(ii) we prove our models are always feasible and able to find the exact 
values of the lower and upper bound efficiency scores in the 
presence of weak ordinal data,  

(iii) we mathematically discuss the impact of the small positive 
number as the lower bound of normalized ordinal input and 
output data on the lower and upper bound efficiency scores for 
the first time. In addition, we propose sensitivity analysis to help 
decision-makers in selecting the most efficient DMUs by consid-
ering different values for the lower bound of normalized ordinal 
data,  

(iv) we further develop a new model to find a suitable value for the 
non-Archimedean infinitesimal epsilon to be used in the model in 
the presence of weak ordinal data, and  

(v) we show the impact of parameter variations on the lower and 
upper bound efficiency scores in the context of a real-world 
application in the space industry where we present a robust 
measure for ranking the suppliers; here, we calculate a 
hypervolume-based score, fathoming and compressing the lower 
and upper bound efficiency functions with respect to the pa-
rameters mentioned above. In short, for all DMUs, we calculate a 
normalized average efficiency of lower and upper bound effi-
ciency scores with respect to all possible parameter variations. 

We should note finding an appropriate value for epsilon is a chal-
lenging problem in the DEA literature. Charnes et al. (1993), for 
example, showed that using an unsuitable value for epsilon may lead to 
serious problems such as infeasibility or unboundedness in DEA models. 
We refer readers to Ali & Seiford (1993) and Podinovski & Bouzdine- 
Chameeva (2017) for more details on selecting a suitable value for the 
non-Archimedean infinitesimal epsilon. 

The remainder of the paper is organized as follows: Section 2 ex-
plains the shortcomings of the existing DEA models with weak ordinal 
data. Section 3 introduces several novel DEA models for finding the 
exact values of the lower and upper bound efficiency scores that address 
the shortcomings of the existing DEA models. In Section 4, we present a 
real-world application to validate our proposed models and present a 
new robust measure for supplier selection. Section 5 concludes the paper 
with our conclusions and futures research directions. 

2. The flaws of the methods to deal with weak ordinal data 

This section illustrates the drawbacks of the existing DEA models 
used for efficiency measurement in the presence of weak ordinal data. 
The weak ordinal data state a particular relation among the observations 
when their real values are not known. The general mathematical rep-
resentation of the weak ordinal data is 0≤ xi,j1 ≤ xi,j2 ≤ ⋯≤ xi,jk ≤ ⋯ 
≤ xi,jn , for input i and DMU j1 to jn. In this paper, we use the notation 
employed by Zhu (2003) for the sake of simplifying the presentation, i. 
e., 0≤ xi1 ≤ xi2 ≤ ⋯ ≤ xik ≤ ... ≤ xin. We show that most of the existing 
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approaches fail to calculate the exact value of the lower bound or upper 
bound efficiency scores in the presence of weak ordinal data. Cooper 
et al. (1999) considered Model (1) to obtain the upper bound efficiency 
score of DMUk in the presence of weak ordinal data. 

max
∑s

r=1
uryrk

s.t.
∑m

i=1
vixik = 1

∑s

r=1
uryrj −

∑m

i=1
vixij ≤ 0 j = 1, ..., n

0≤ xi1 ≤ xi2 ≤ ⋯ ≤ xik ≤ ... ≤ xin for some i

0≤ yr1 ≤ yr2 ≤ ... ≤ yrk ≤ ... ≤ yrn for some r

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(1)  

where ur and vi are the weights of rth output and ith input, respectively, 
and n is the number of DMUs. Also, xij and yrj are the ith input and rth 

output of DMUj, respectively, and ε is non-Archimedean infinitesimal 
epsilon. 

Cooper et al. (1999) used normalization and variable alterations 
techniques to convert the nonlinear Model (1) into an LP model. Their 
approach can successfully calculate the upper bound efficiency score; 
however, it cannot calculate the lower bound efficiency score. In the 
following, we analyze the existing methods commonly used to solve 
Model (1) and explain some of their properties and drawbacks. Without 
loss of generality and for simplicity of notation, suppose that the first 
input and the first output data are weak ordinal data and the other data 
are precise. In other words, consider Model (2): 

max u1y1k +
∑s

r=2
uryrk

s.t.

v1x1k +
∑m

i=2
vixik = 1

u1y1j +
∑s

r=2
uryrj − v1x1j −

∑m

i=2
vixij ≤ 0 j = 1, ..., n

0≤ x11 ≤ x12 ≤ ⋯ ≤ x1k ≤ ... ≤ x1n

0≤ y11 ≤ y12 ≤ ... ≤ y1k ≤ ... ≤ y1n

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(2) 

Zhu (2003) showed Model (1) could be converted into an equivalent 
LP model with simple variable alterations Xij = vixij,Yrj = uryrj,∀i,r,j. By 
applying the variable alterations X1j = v1x1j,Y1j = u1y1j,∀j, the nonlinear 
Model (2) can be converted into the LP Model (3): 

max Y1k +
∑s

r=2
uryrk

s.t.

X1k +
∑m

i=2
vixik = 1

Y1j +
∑s

r=2
uryrj − X1j −

∑m

i=2
vixij ≤ 0 j = 1, ..., n

0 ≤ X11 ≤ X12 ≤ ... ≤ X1k ≤ ... ≤ X1n

0 ≤ Y11 ≤ Y12 ≤ ... ≤ Y1k ≤ ... ≤ Y1n

ur ≥ ε r = 2, ..., s

vi ≥ ε i = 2, ...,m

(3) 

Solving Model (3) gives the exact value of the upper bound efficiency 
score. Zhu (2003) proposed another approach for estimating the upper 

bound efficiency score using Model (2) by converting the weak ordinal 
data into a set of exact data as follows. 

Suppose that the nonlinear Model (2) is solved and the following 
optimal solution is obtained for the ordinal data: 

x*
11 ≤ x*

12 ≤ ⋯ ≤ x*
1,k− 1 ≤ x*

1k ≤ x*
1,k+1 ≤ ⋯ ≤ x*

1n  

y*
11 ≤ y*

12 ≤ ... ≤ y*
1,k− 1 ≤ y*

1k ≤ y*
1,k+1 ≤ ... ≤ y*

1n 

Zhu (2003) notes that by considering the unit-invariant property of 
DEA, ρx*

1j and γy*
1j, j = 1, 2,⋯, n, are also optimal solutions (ρ, γ > 0). 

Therefore, he considered the optimal solution for ordinal data as 
follows: 

0 ≤ x*
11 ≤ x*

12 ≤ ⋯ ≤ x*
1,k− 1 ≤ x*

1k = 1 ≤ x*
1,k+1 ≤ ⋯ ≤ x*

1n ≤ M1  

0 ≤ y*
11 ≤ y*

12 ≤ ... ≤ y*
1,k− 1 ≤ y*

1k = 1 ≤ y*
1,k+1 ≤ ... ≤ y*

1n ≤ M2 

where M1 and M2 are positive large numbers. Zhu (2003) suggested 
that M1 and M2 could be considered the number of DMUs, i.e., M1 =

M2 = n. Then, based on the above relations, he replaced the following 
exact data of 0, 1 and M1 instead of ordinal data in Model (2). 

x1j = 1, ∀j ≤ k; x1j = M1, ∀j > k  

y1j = 0, ∀j < k; y1j = 1, ∀j ≥ k 

In the following, we explain some properties and drawbacks of Zhu’s 
(2003) approach. 

Remark 1. The proposed method by Zhu (2003) is unable to calculate 
the lower bound efficiency scores. This method ranks the DMUs solely 
based on their upper bound efficiency scores, which may lead to an 
unreliable ranking. Considering the lower bound efficiency scores can 
lead to a more rational ranking. 

Remark 2. The efficiency score is dependent on the value of M1. As 
can be seen, by increasing the value of M1, the efficiency score of DMUk 
will increase and vice versa. We illustrate the matter with a simple hy-
pothetical example. 

Example 1. Consider 3 DMUs in Table 1, where each uses one weak 
ordinal input to produce one precise output. 

Solving Model (3) shows the efficiency score of DMU1 is equal to one. 
In the second approach, Zhu (2003) uses the precise data given in 
Table 2 to evaluate DMU1. 

As shown in Fig. 1, DMU1 is efficient for M1 ≥ 16, and inefficient for 
M1 < 16. According to Zhu’s (2003) model, if we set M1 = 3, then DMU1 
will be inefficient, which is inconsistent with the results obtained by 
solving Model (3). By varying M1 in the interval [1, ∞), the efficiency 
score of DMU1 will vary in [0.0625,1]. Fig. 1 shows the variation of the 
efficiency score of DMU1 while M1 varies in the interval of [1,∞). 

Table 1 
Data for 3 DMUs.  

DMU No. Input (ordinal)* Output (exact) 

1 x11  2 
2 x12  10 
3 x13  32  

* Ranking such thatx11 ≤ x12 ≤ x13. 
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Remark 3. The result of Model (3) is different from the results ob-
tained from the method of replacing the ordinal data with precise 
numbers. As explained in Example 1, the solution for Model (3) shows 
DMU1 is efficient; while the second approach shows DMU1is inefficient 
for M1 < 16. 

Remark 4. The efficiency score does not depend on the value of M2. 
The weak ordinal data are replaced by y1j = 0, ∀j < k; y1j = 1,∀j ≥ k. In 
other words, we could replace M2 with any arbitrary positive number. 

Lemma 1. Suppose there is only one ordinal output data as 
y11 ≤ y12 ≤ ... ≤ y1n. In this case, Zhu’s (2003) approach implies that 
DMUn is always efficient without considering the values of input data. 

Proof. When DMUn is under evaluation, Zhu (2003) replaces the 
ordinal data with (y11, y12, ..., y1,n− 1, y1n) = (0, 0, ..., 0, 1). As a result, 
Model (1) is equivalent to Model (4). 

max u1

s.t.
∑m

i=1
vixin = 1

u1 −
∑m

i=1
vixin ≤ 0

−
∑m

i=1
vixij ≤ 0 j = 1, ..., n − 1

0≤ xi1 ≤ xi2 ≤ ⋯ ≤ xik ≤ ... ≤ xin for some i

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(4) 

Let v be a vector that satisfies the first constraint in Model (4), i.e., 

∑m
i=1vixin = 1, in this case, a trivial verification shows that (v, u1 = 1) is a 

feasible solution of Model (4), which completes the proof. 
Wang et al. (2005) proposed the following procedure to obtain the 

lower and upper bound efficiencies in the presence of weak ordinal data. 
For the sake of notational simplicity, suppose the first input and output 
are in the following ordinal format, and the other data are precise. 

0 ≤ x11 ≤ x12 ≤ ⋯ ≤ x1n  

0 ≤ y11 ≤ y12 ≤ ... ≤ y1n 

They normalized the data as follows: 

α1 ≤ x̂11 ≤ x̂12 ≤ ⋯ ≤ x̂1n ≤ 1  

β1 ≤ ŷ11 ≤ ŷ12 ≤ ... ≤ ŷ1n ≤ 1  

where α1 and β1 are the small positive numbers that are used to reflect 
the ratio of the possible minimum of {x1j : j = 1, ..., n} and {y1j : j = 1, .
.., n} to their possible maximum, respectively; that can be estimated 
approximately by the decision-maker. Using the above normalization, 
Wang et al. (2005) proposed Models (5) and (6) to estimate the upper 
and lower bound efficiency scores, respectively. 

max u1 +
∑s

r=2
uryrk

s.t.

v1α1 +
∑m

i=2
vixik = 1

u1 +
∑s

r=2
uryrj − v1α1 −

∑m

i=2
vixij ≤ 0 j = 1, ..., n

ur ≥ ε r = 2, ..., s

vi ≥ ε i = 2, ...,m

(5)  

max u1β1 +
∑s

r=2
uryrk

s.t.

v1 +
∑m

i=2
vixik = 1

u1 +
∑s

r=2
uryrj − v1α1 −

∑m

i=2
vixij ≤ 0 j = 1, ..., n

ur ≥ ε r = 2, ..., s

vi ≥ ε i = 2, ...,m

(6) 

In the following, we explain the problems of Wang et al.’s (2005) 
method. 

Remark 5. Model (6) violates the assumed relation β1 ≤ ŷ11 ≤ ŷ12 ≤ .

.. ≤ ŷ1n ≤ 1 among the ordinal data. When DMUk is under the lower 
bound evaluation, it uses both values of β1 and 1 for the output of DMUk 

concurrently, and 1 for other DMUs (ŷ1k = 1&ŷ1k = β1, ŷ1j = 1,∀j ∕= k), 
that is unacceptable. It also uses both values of α1 and 1 for the input of 
DMUk, and α1 for other DMUs in the model, which violates the assumed 
relation among the x̂1j, j = 1, 2, ⋯, n. As a result, the obtained lower 
bound efficiency score is incorrect. We use the data presented in 
Example 1 to illustrate this problem. Let α1 = 0.1 and calculate the 
lower bound efficiency score of DMU1 by using two sets of exact data 
(x11, x12, x13) = (1,0.1, 0.1) and (x11, x12, x13) = (0.1,0.1, 0.1) in the 
first and second type constraints of Model (6), respectively. It is evident 
that (x11, x12, x13) = (1,0.1, 0.1) violates the relation x11 ≤ x12 ≤ x13. 

Remark 6. The result of Model (5) is different from Model (3) when 
calculating the upper bound efficiency scores. To show this problem, 
consider the data in Example 1. Applying Model (5) shows the upper 
bound efficiency score of DMU1 is equal to 0.0625. However, Model (3) 

Table 2 
Precise data for 3 DMUs.  

DMU No. Input (ordinal) Output (exact) 

1 1 2 
2 M1  10 
3 M1  32  

0.0625 0.125
0.1875

0.625

1 1

0

0.2

0.4

0.6

0.8

1

1.2

1 2 3 10 16 20

Efficieny score of DMU1

Efficieny score

Fig. 1. The variation of the efficiency score of DMU1.  
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shows DMU1 is efficient, which means the result of Model (5) is incon-
sistent with Model (3). Therefore, Model (5) is unable to find the correct 
value for the upper bound efficiency score. As mentioned before, Model 
(3) finds the exact value of the upper bound efficiency score. 

Park (2007) proposed a procedure to convert the weak ordinal data 
into the exact numbers of zero and one to estimate the lower bound 
efficiency score. Ebrahimi and Toloo (2020) investigated the Park’s 
(2007) method in detail and showed that this model might be infeasible 
in the presence of pure ordinal data (absence of interval and exact data). 
Also, this method may lead to free and unlimited production problems. 
They illustrated some other drawbacks of Park’s (2007) method and 
proposed a new pair of mathematical models by considering a fixed 
production frontier (similar to Wang et al.’s (2005) method) used for 
estimating the lower and upper bound efficiency scores. It should be 
noted the proposed approach by Ebrahimi and Toloo (2020) has similar 
problems as Wang et al.’s (2005) method. 

Ebrahimi et al. (2018) proposed a new approach to obtain the effi-
ciency distributions and the expected value of the efficiency score for 
ranking the DMUs. They generated uniform random data in the interval 
of (0, 1) to use in DEA model instead of ordinal data 
0 ≤ x11 ≤ x12 ≤ ... ≤ x1n. They then calculated the efficiency scores for 
each generated data. Their approach gives an estimation for the lower 
and upper bound efficiency scores and is unable to find the exact values. 
Also, the accuracy of their approach depends on the level of data gen-
eration. By increasing the number of generated data, the accuracy of the 
obtained lower and upper bound efficiency scores will increase, and vice 
versa. It should be emphasized their approach has a heavy calculation 
burden and impractical for solving large problems. 

As the literature review shows, the existing methods are unable to 
find the exact values of the lower or upper bound efficiency score in the 
presence of weak ordinal data. In the next section, we introduce a novel 
approach for finding the exact values of the lower and upper bound 
efficiency scores. 

3. Proposed models 

In this section, we present two nonlinear models for obtaining the 
lower and upper bound efficiency scores in the presence of weak ordinal 
data. We then convert these two models into equivalent LP models. We 
show that the LP models can find the exact values of the lower and upper 
bound efficiencies. We also present a new model to obtain suitable value 
for the non-Archimedean infinitesimal epsilon to use in these models. 

The exact values of the lower and upper bound efficiency score of 
DMUk can be obtained by solving the two-level Models (7) and (8), 
respectively. Model (7) determines the least favorable data for DMUk to 
obtain the lowest possible efficiency score, and Model (8) determines the 
most favorable data for it to obtain the highest possible efficiency score. 

EL
k = Inf

(xij)∈ϕ−
i

(yrj)∈ϕ+
r

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
∑s

r=1
uryrk

s.t.
∑m

i=1
vixik = 1

∑s

r=1
uryrj −

∑m

i=1
vixij⩽0, ∀j

ur, vi⩾ε, ∀r, i

(7)  

EU
k = Sup

(xij)∈ϕ−
i

(yrj)∈ϕ+
r

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
∑s

r=1
uryrk

s.t.
∑m

i=1
vixik = 1

∑s

r=1
uryrj −

∑m

i=1
vixij⩽0, ∀j

ur, vi⩾ε, ∀r, i

(8)  

where (xij) ∈ ϕ−
i and (yrj) ∈ ϕ+

r shows the ordinal input and output data, 
respectively. It should be noted that “inf” and “sup” functions can be 
replaced with “min” and “max” functions in the presence of weak 
ordinal data, respectively. Models (7) and (8) can be converted into 
equivalent one-level Models (9) and (10), respectively; considering to 
obtain the highest efficiency score for DMUk, we should use the highest 
possible output data for it (and the lowest possible output data for the 
other DMUs), and the lowest possible input data for it (and the highest 
possible input data for the other DMUs), and vice versa. 

EL
k =max

∑

r∈OO
urinf{yrk}+

∑

r∈PO
uryrk

s.t.
∑

i∈OI
visup{xik}+

∑

i∈PI
vixik = 1

∑

r∈OO
urinf{yrk}+

∑

r∈PO
uryrk −

∑

i∈OI
visup{xik} −

∑

i∈PI
vixik ≤ 0

∑

r∈OO
ursup

{
yrj
}
+
∑

r∈PO
uryrj −

∑

i∈OI
viinf

{
xij
}
−
∑

i∈PI
vixij ≤ 0 j= 1, ...,n, j∕= k

(
xij
)
∈ϕ−

i ;
(
yrj
)
∈ϕ+

r i∈OI,r∈OO,∀j

ur ≥ ε r = 1, ...,s

vi ≥ ε i= 1, ...,m
(9)  

EU
k =max

∑

r∈OO
ursup{yrk}+

∑

r∈PO
uryrk

s.t.
∑

i∈OI
viinf{xik}+

∑

i∈PI
vixik = 1

∑

r∈OO
ursup{yrk}+

∑

r∈PO
uryrk −

∑

i∈OI
viinf{xik} −

∑

i∈PI
vixik ≤ 0

∑

r∈OO
urinf

{
yrj
}
+
∑

r∈PO
uryrj −

∑

i∈OI
visup

{
xij
}
−
∑

i∈PI
vixij ≤ 0 j= 1, ...,n, j∕= k

(
xij
)
∈ϕ−

i ;
(
yrj
)
∈ϕ+

r i∈OI,r∈OO,∀j

ur ≥ ε r= 1, ...,s

vi ≥ ε i= 1, ...,m
(10)  

where OO is the index set for ordinal outputs, PO is the index set for 
precise outputs, OI is the index set for ordinal inputs, and PI is the index 
set for precise inputs. 

Here, we present a procedure for converting Models (9) and (10) into 
their equivalent LP models. Let the ordinal data are normalized, and the 
following relations among them are obtained: 

αi ≤ xi1 ≤ xi2 ≤ .... ≤ xin ≤ 1, i ∈ OI  

βr ≤ yr1 ≤ yr2 ≤ .... ≤ yrn ≤ 1, r ∈ OO 

As mentioned in the previous section, αi and βr (i ∈ OI, r ∈ OO) are 
small positive numbers that are used to reflect the ratio of the possible 
minimum of {xrj : j = 1, ..., n} and {yrj : j = 1, ..., n} to their possible 
maximum, respectively, which can be estimated approximately by the 
decision-maker. In other words, decision-maker should evaluate the 
values of xi1/xin and yr1/yrn to obtain αi i ∈ OI, and βr, r ∈ OO, respec-
tively. Therefore, αi and βr can be interpreted as the magnitude of the ith 

and the rth weak ordinal input and output data, respectively (see Ebra-
himi and Toloo (2020)). 

The following theorem shows that Models (9) and (10) can be con-
verted into LP models. 

Theorem 1. Models (9) and (10) are equal to the LP Models (11) and 
(12), respectively. 
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EL
k = max

∑

r∈OO
urβr +

∑

r∈PO
uryrk

s.t.
∑

i∈OI
vi +

∑

i∈PI
vixik = 1

∑

r∈OO
urβr +

∑

r∈PO
uryrk −

∑

i∈OI
vi −

∑

i∈PI
vixik ≤ 0

∑

r∈OO
urβr +

∑

r∈PO
uryrj −

∑

i∈OI
viαi −

∑

i∈PI
vixij ≤ 0 ∀j ≤ k − 1

∑

r∈OO
ur +

∑

r∈PO
uryrj −

∑

i∈OI
vi −

∑

i∈PI
vixij ≤ 0 ∀j ≥ k + 1

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(11)  

EU
k = max

∑

r∈OO
ur +

∑

r∈PO
uryrk

s.t.
∑

i∈OI
viαi +

∑

i∈PI
vixik = 1

∑

r∈OO
ur +

∑

r∈PO
uryrk −

∑

i∈OI
viαi −

∑

i∈PI
vixik ≤ 0

∑

r∈OO
urβr +

∑

r∈PO
uryrj −

∑

i∈OI
viαi −

∑

i∈PI
vixij ≤ 0 ∀j ≤ k − 1

∑

r∈OO
ur +

∑

r∈PO
uryrj −

∑

i∈OI
vi −

∑

i∈PI
vixij ≤ 0 ∀j ≥ k + 1

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(12)   

Proof. We show that Model (9) is equal to Model (11). The proof to 
show the equality of Models (10) and (12) is similar. For simplicity of 
notation, assume that only the first output is weak ordinal, and the 
remaining outputs and inputs data are precise. In this case, Model (9) is 
equal to Model (13). 

EL
k = maxu1inf{y1k} +

∑s

r=2
uryrk

s.t.
∑m

i=1
vixik = 1

u1inf{y1k} +
∑s

r=2
uryrk −

∑m

i=1
vixik ≤ 0

u1sup
{

y1j
}
+
∑s

r=2
uryrj −

∑m

i=1
vixij ≤ 0 ∀j ∕= k

β1 ≤ y11 ≤ .... ≤ y1k ≤ ... ≤ y1n ≤ 1

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(13) 

We first show that Model (13) is equal to the nonlinear Model (14). 

EL
k = maxu1β +

∑s

r=2
uryrk

s.t.
∑m

i=1
vixik = 1

u1β +
∑s

r=2
uryrj −

∑m

i=1
vixij ≤ 0 ∀j ≤ k

u1 +
∑s

r=2
uryrj −

∑m

i=1
vixij ≤ 0 ∀j ≥ k + 1

β1 ≤ β ≤ 1

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(14) 

For k = 1, we obtain inf{y1k} = β1, sup{y1j} = 1,∀j ≥ 2. For k ≥ 2, 
suppose that Model (13) is solved and the optimal solution of the ordinal 
data obtained as β1 ≤ y*

11 ≤ .... ≤ y*
1k ≤ ... ≤ y*

1n ≤ 1. It is evident y*
1j =

1,∀j ≥ k + 1. Suppose y*
1k = β ≥ β1, in this case, we should have y*

1j = β,
∀j ≤ k. 

We now demonstrate we have β1 = β in Model (14), which implies 
this Model is equal to the LP Model (15). We show that for β1 < β, the 
optimal objective function value of Model (14) is less than or equal to 
the optimal objective function of Model (15). Suppose that (v*, u*) are 
the optimal solution of Model (15). In this case, we can conclude: 

u*
1β1 +

∑s

r=2
u*

r yrj −
∑m

i=1
v*

i xij ≤ u*
1β+

∑s

r=2
u*

r yrj −
∑m

i=1
v*

i xij ≤ 0,∀j ≤ k 

In other words, (v*, u*) is a feasible solution for Model (14). 

EL
k = maxu1β1 +

∑s

r=2
uryrk

s.t.
∑m

i=1
vixik = 1

u1β1 +
∑s

r=2
uryrj −

∑m

i=1
vixij ≤ 0 ∀j ≤ k

u1 +
∑s

r=2
uryrj −

∑m

i=1
vixij ≤ 0 ∀j ≥ k + 1

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(15) 

Next, by using the above procedure, it is evident that Model (9) is 
equal to the following Model (16) in the presence of just one ordinal data 
(first input) α1 ≤ x11 ≤ x12 ≤ .... ≤ x1n ≤ 1. 

EL
k = max

∑s

r=1
uryrk

s.t.

v1 +
∑m

i=2
vixik = 1

∑s

r=1
uryrj − v1α1 −

∑m

i=2
vixij ≤ 0 ∀j ≤ k − 1

∑s

r=1
uryrj − v1 −

∑m

i=2
vixij ≤ 0 ∀j ≥ k

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(16) 

Therefore, the LP Model (17) is equal to Model (9) in the presence of 
one ordinal input and one ordinal output: 

EL
k = maxu1β1 +

∑s

r=2
uryrk

s.t.

v1 +
∑m

i=2
vixik = 1

u1β1 +
∑s

r=2
uryrk − v1 −

∑m

i=2
vixik ≤ 0

u1β1 +
∑s

r=2
uryrj − v1α1 −

∑m

i=2
vixij ≤ 0 ∀j ≤ k − 1

u1 +
∑s

r=2
uryrj − v1 −

∑m

i=2
vixij ≤ 0 ∀j ≥ k + 1

ur ≥ ε r = 1, ..., s

vi ≥ ε i = 1, ...,m

(17) 

The extension of Model (17) is straightforward for the situation of 
more than one factor of ordinal input and output data, which means 
Model (9) is equal to the LP Model (11). 

Several researchers have applied αi, i ∈ OI and βr, r ∈ OO, as the 
lower bound of ordinal input and output data, respectively (Wang et al., 
2005; Farzipoor Saen, 2008; Ebrahimi and Toloo, 2020). However, in 
the DEA literature, there is no reference for analyzing the impact of αi,

i ∈ OI and βr, r ∈ OO, on the efficiency scores. Lemma 2 explains the 
significant impact of these values on the lower and upper bound effi-
ciency scores. 

Lemma 2. The obtained lower and upper bound efficiency scores by solving 
Models (11) and (11) are dependent on the values of αi, i ∈ OI and βr, r ∈
OO as follows:  

a. By increasing the values of βr,r ∈ OO, the upper bound efficiency scores in 
Model (12) will decrease, and vice versa. 

B. Ebrahimi et al.                                                                                                                                                                                                                               



Expert Systems With Applications 164 (2021) 113835

7

b. By decreasing the values of αi,i ∈ OI, the lower bound efficiency scores in 
Model (11) will decrease, and vice versa. 

Proof. It is evident that by increasing the values of βr, r ∈ OO, the 
feasible region of Model (12) will shrink. Therefore, the upper bound 
efficiency score that could be found in a smaller feasible region will be 
worse. In contrast, decreasing the values of βr,r ∈ OO, the feasible region 
of Model (12) will expand, and we could find a better upper bound ef-
ficiency score in a larger feasible region. The proof for the second point, 
the variation of αi, i ∈ OI, is similar. □ 

Lemma 2 is summarized in Table 3. 
It should be mentioned that there is no analytical relation between 

the values of βr, r ∈ OO and αi, i ∈ OI, and the optimal objective value of 
Models (11) and (12), respectively. 

Our proposed LP Models (11) and (12) are epsilon based. In the 
following, we present a new model to find a suitable value for the 
epsilon. Selecting a proper value for the epsilon is a challenging problem 
in the DEA literature because choosing a very large value for epsilon 
may cause infeasibility in the DEA models, and selecting a very small 
value for epsilon may lead to excluding some factors in the performance 
evaluation process. Therefore, the LP Model (18) is proposed to find a 
suitable value for the epsilon to be used in Models (11) and (12). 

ε* = maxε
s.t. ∑

i∈OI
vi +

∑

i∈PI
vixij ≤ 1 j = 1, ..., n

∑

r∈OO
ur +

∑

r∈PO
uryrj −

∑

i∈OI
αivi −

∑

i∈PI
vixij ≤ 0 j = 1, ..., n

ur ≥ ε r = 1, ..., s
vi ≥ ε i = 1, ...,m

(18)  

Lemma 3. Model (18) is feasible and 0 < ε* < ∞. 

Proof. A proof is given in Mehrabian et al. (2000). □ 

Theorem 2. Models (11) and (12) are feasible taking ε = ε*, where ε* is 
the optimal value of Model (18). 

Proof. We present the proof for Model (12), and the proof for Model 
(11) is similar. Suppose (v*, u*, ε*) are the optimal solution of Model 
(18). If 

∑
i∈OIαiv*

i +
∑

i∈PIv*
i xik = 1, then it is evident that (v*, u*, ε*) is a 

feasible solution to Model (12). Otherwise, suppose t ∈ OI and select μ >

0 such that αt(v*
t + μ) +

∑

i ∈ OI
i ∕= t

αiv*
i +

∑
i∈PIv*

i xik = 1. In this case, we 

obtain: 
∑

r∈OO
u*

r +
∑

r∈PO
u*

r yrk − αt
(
v*

t + μ
)
−

∑

i∈OI

i∕=t

αiv*
i −

∑

i∈PI
v*

i xik

≤
∑

r∈OO
u*

r +
∑

r∈PO
u*

r yrk −
∑

i∈OI
αiv*

i −
∑

i∈PI
v*

i xik ≤ 0  

and 

∑

r∈OO
u*

r βr +
∑

r∈PO
u*

r yrj − αt
(
v*

t + μ
)
−

∑

i∈OI

i∕=t

αiv*
i −

∑

i∈PI
v*

i xij

≤
∑

r∈OO
u*

r +
∑

r∈PO
u*

r yrj −
∑

i∈OI
αiv*

i −
∑

i∈PI
v*

i xij ≤ 0, ∀j ≤ k − 1  

and 
∑

r∈OO
u*

r +
∑

r∈PO
u*

r yrj −
(
v*

t + μ
)
−

∑

i∈OI

i∕=t

v*
i −

∑

i∈PI
v*

i xij

≤
∑

r∈OO
u*

r +
∑

r∈PO
u*

r yrj −
∑

i∈OI
αiv*

i −
∑

i∈PI
v*

i xij ≤ 0, ∀j ≥ k+ 1 

The above relations demonstrate (v*
1,⋯, v*

t +μ,⋯, v*
m, u*, ε*) is a 

feasible solution of Model (12), which completes the proof. □ 

After finding the exact values of the lower and upper bound effi-
ciency scores, the DMUs could be categorized in the following three 
groups:  

a. Perfectly efficient: the lower bound efficiency score of the units in 
this group is equal to one.  

b. Potentially efficient: the upper bound efficiency score of the units in 
this group is equal to one; however, the lower bound efficiency score 
is strictly less than one.  

c. Inefficient: the upper bound efficiency score of the units in this group 
is strictly less than one. 

It should be emphasized the lower bound efficiency score is less than 
or equal to the upper bound efficiency score. Note that Wang et al.’s 
(2005) method could be used to transform the strong (strict) ordinal 
data into weak ordinal data. As a result, the presented approach in this 
paper can be used to deal with strong ordinal data. 

In the next section, we present a real-world case study to show the 
applicability and the superiority of the approach in this study over the 
existing methods. 

4. A DEA-based robust measure in the presence of ordinal data 

In this section, we present a real-world case study in the space in-
dustry to demonstrate the validity and applicability of our new DEA- 
based robust measure in the presence of ordinal data. We study the 
dependency relationship between the lower and upper bound efficiency 
scores and the parameters αi, i ∈ OI, and βr, r ∈ OO, in a real-world 
problem. 

4.1. Data and first results 

The case study presented in this section is taken from Ebrahimi and 
Toloo (2020) and contains real-world data for a set of 28 suppliers under 
consideration to supply reaction wheels (RWs) to the Iranian Space 
Agency (ISA). The RWs are important components used to control the 
satellite’s attitude. The ISA considers the following five criteria for 
evaluating their suppliers:  

a. Total cost (1000$) (TC): This factor reflects the cost of purchasing, 
shipping, and handling measured as a precise input.  

b. Supplier reputation (SR): This factor reflects the reputation of a 
supplier and is measured as an ordinal input.  

c. Cooperation history (CH): This factor determines the quality of the 
earlier cooperation between the ISA and the suppliers measured as 
an ordinal input.  

d. Product heritage (PH): This factor shows the equipment’s flight 
heritage measured as an ordinal output. 

Table 3 
The impact of lower bound of ordinal data on efficiency scores.   

Increasing αi  Decreasing 
αi  

Increasing βr  Decreasing βr  

Lower bound 
efficiency 

Non- 
decreasing 

Non- 
increasing 

– – 

Upper bound 
efficiency 

– – Non- 
increasing 

Non- 
decreasing  
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e. The number of on-time deliveries (OD): This factor shows the his-
torical number of on-time deliveries by a supplier measured as a 
precise output. 

For additional information regarding the case study and the data, 

interested readers can refer to Ebrahimi and Toloo (2020). Table 4 
presents the data for the 28 suppliers under consideration by the ISA. 

We assume α2 = 0.1, α3 = 0.05, and β1 = 0.1 (Ebrahimi and Toloo, 
2020), and use Zhu’s (2003) model, Park’s (2007) model, Ebrahimi and 
Toloo’s (2020) model along with the approach proposed in this study to 
solve this problem and compare the results. 

We start by solving Model (18) and obtain suitable value for the 
epsilon (ε* = 0.019). Table 5 presents the lower and upper bound effi-
ciency scores for Models (11) and (12) proposed in this study and Zhu’s 
(2003) model, Park’s (2007) model, and Ebrahimi and Toloo’s (2020) 
model. Let us highlight the following observation from the results in 
Table 5:  

a. The proposed approach by Zhu (2003) calculates the upper bound 
efficiency scores only and identifies 15 efficient suppliers from a total 
of 28 suppliers. Note the decision-maker cannot identify the best 
DMU with this model. In contrast, the method proposed in this study 
approach finds Supplier 23 as a single, perfectly efficient DMU.  

b. Our approach finds the exact values for the lower and upper bound 
efficiency scores. However, the other approaches are unable to find 
the exact values. These methods provide an estimation of the lower 
(or upper) bound efficiency scores.  

c. In the proposed approach by Ebrahimi and Toloo (2020), there are 
two potentially efficient suppliers; however, our approach provides 
14 potentially efficient suppliers with a single, perfectly efficient 
DMU.  

d. As explained in Section 2, Park’s (2007) method uses infeasible 
numbers of 0 and 1 instead of ordinal data, which leads to incorrect 
efficiency scores. As shown in Table 5, the obtained lower bound 
efficiency scores by Park’s (2007) model are less than their exact 
values obtained by our proposed approach. In addition, the upper 
bound efficiency score of all suppliers are equal to one who is greater 
than their exact values. In other words, the obtained upper bound 
efficiencies in Park’s (2007) method are overestimated. The reason is 
that for DMUk is under the evaluation, Park’s (2007) method assigns 

Table 4 
The data of 28 suppliers.  

Supplier Inputs Outputs 

TC SR* CH* PH* OD 

1 50 12 13 17 5 
2 30 20 8 14 7 
3 40 7 19 8 6 
4 20 15 5 22 10 
5 20 16 11 10 11 
6 15 8 14 21 8 
7 25 2 23 13 5 
8 20 22 3 3 7 
9 18 18 26 20 7 
10 42 25 18 23 9 
11 35 28 6 11 10 
12 32 11 21 9 12 
13 30 1 27 1 6 
14 28 5 1 19 8 
15 18 27 24 12 10 
16 22 9 7 24 9 
17 32 13 20 2 11 
18 20 14 9 27 8 
19 25 17 2 15 10 
20 28 3 16 25 7 
21 25 6 28 16 8 
22 24 10 15 5 6 
23 18 4 22 26 11 
24 24 21 17 18 10 
25 28 26 4 6 6 
26 22 24 10 7 8 
27 45 23 25 28 7 
28 38 19 12 4 8  

* Ordinal ranks (28 = the best; 1 = the worst). 

Table 5 
Comparative analysis of efficiency scores for 28 suppliers  

DMU Zhu (2003) Park (2007) Ebrahimi and Toloo (2020) New approach 

Upper bound 
efficiency score 

Lower bound 
efficiency score 

Upper bound 
efficiency score 

Lower bound 
efficiency score 

Upper bound 
efficiency score 

Lower bound 
efficiency score 

Upper bound 
efficiency score 

1  0.388  0.149  1.000  0.169  0.270  0.161  0.386 
2  1.000  0.355  1.000  0.479  0.693  0.396  1.000 
3  0.743  0.226  1.000  0.307  0.482  0.258  0.731 
4  1.000  0.769  1.000  0.859  0.942  0.821  1.000 
5  1.000  0.846  1.000  0.944  0.962  0.884  1.000 
6  1.000  0.825  1.000  0.860  1.000  0.843  1.000 
7  1.000  0.306  1.000  0.387  0.750  0.378  1.000 
8  1.000  0.539  1.000  0.602  0.885  0.573  1.000 
9  0.941  0.600  1.000  0.626  0.923  0.603  0.923 
10  0.616  0.322  1.000  0.427  0.501  0.362  0.616 
11  0.721  0.432  1.000  0.597  0.654  0.491  0.712 
12  1.000  0.569  1.000  0.779  0.796  0.620  1.000 
13  1.000  0.304  1.000  0.411  0.674  0.401  1.000 
14  1.000  0.436  1.000  0.576  0.750  0.563  1.000 
15  0.990  0.857  1.000  0.894  0.981  0.861  0.981 
16  1.000  0.628  1.000  0.742  0.885  0.673  1.000 
17  0.919  0.522  1.000  0.714  0.731  0.568  0.919 
18  1.000  0.615  1.000  0.687  0.904  0.698  1.000 
19  1.000  0.612  1.000  0.771  0.846  0.744  1.000 
20  1.000  0.381  1.000  0.504  0.731  0.504  1.000 
21  0.811  0.490  1.000  0.618  0.808  0.494  0.808 
22  0.789  0.383  1.000  0.474  0.789  0.407  0.789 
23  1.000  1.000  1.000  0.983  1.000  1.000  1.000 
24  0.923  0.638  1.000  0.789  0.866  0.677  0.923 
25  0.871  0.327  1.000  0.432  0.712  0.387  0.866 
26  0.923  0.558  1.000  0.659  0.866  0.594  0.923 
27  1.000  0.233  1.000  0.296  0.405  0.304  1.000 
28  0.598  0.317  1.000  0.436  0.558  0.347  0.597  
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a zero value to the ordinal output of other DMUs, which are less than 
their true values. Moreover, Park’s (2007) method allocates a one to 
the ordinal input of other units, which are more than their exact 
values. 

The obtained results and findings of this study are not far-fetched 
because, in contrast to other existing methods, our proposed models 
determine the exact values of the lower and upper bound efficiency 
scores. 

4.2. Simulation study for α2, α3 and β1 

In the previous section, we reported the results with respect to α2 =

0.1, α3 = 0.05, and β1 = 0.1. However, the important concern is the 
impact of changing parameters. To address this concern, we perform an 
extensive simulation by drawing 10,000 uniformly distributed random 
numbers from [0, 1] for each of the three parameters. All calculations 
were done on a Windows 10 PC, using MATLAB R2018b (64-bit). 
Table 6 presents a summary of the lower and upper bound efficiency 
scores. 

The most interesting observation in Table 6 is – in all scenarios – 
DMU 23 is perfectly efficient. DMU 1 is rather inefficient since, in the 
best case of the 10,000 scenarios, it attains a score of 0.392. The 
remaining DMUs show a mixed picture. In some cases, the lower and 
upper bound efficiency scores vary considerably (e.g., DMU 7 and DMU 
27). In other cases, the efficiency score does not differ significantly (e.g., 
DMUs 4, 5, and 6). To gain a better understanding of the relationships 
between the parameters and the efficiency score and to validate Lemma 
2, we determined the linear correlation coefficients presented in Table 7. 
As shown in Table 7, the correlations between the three parameters are 
nearly zero for all scenarios as expected. Moreover, we can see the lower 
bound efficiency scores are positively correlated with all parameters on 
average and conversely for the upper bound efficiency scores. This result 
is consistent with Lemma 2. 

Figs. 2 and 3 show that the statements regarding the dependencies do 
not apply on an average basis. Fig. 2a shows the lower and upper bound 

efficiency scores, calculating Eqs. (11) and (12) as a function of the 
parameter α2, the remaining two parameters are fixed to its former level 
(i.e. α3 = 0.05, and β1 = 0.1). When focusing on the upper bound ef-
ficiency scores (i.e., the red line), we see that the efficiency level of DMU 
3 is constant in the first area; next, the function displays a decreasing 
efficiency below 0.5. On the other hand, the lower bound efficiency 
scores (i.e., the blue line) are monotonically increasing very marginally. 
The other figures can be interpreted analogously, with one difference, 
which is, we fixed two of the remaining parameters to their former level 
– i.e., α2 = 0.1, α3 = 0.05, and β1 = 0.1. In summary, Figs. 2 and 3 
reveal that the lower and upper bound efficiency scores are weakly 
monotone functions of the three parameters. 

To validate the behavior as mentioned above, we now vary two pa-
rameters keeping the third constant. Again, the efficiency scores 
depicted in Figs. 4 and 5 are weakly monotone functions of the 
parameters. 

The results indicate that in the presence of ordinal data, the effi-
ciency scores are strongly dependent on the parameters. From a man-
agement perspective, this result does not help management choose the 
most suitable supplier. We have one perfectly efficient DMU and, hence, 
DMU 23 might be the most suitable supplier. However, there is no 
guarantee that we can always identify a perfectly efficient DMU in the 
presence of ordinal data. Consequently, we need to determine the most 
reliable or robust supplier from our DMU set. This is the subject of the 
next section. 

4.3. A new DEA-based robust measure 

As discussed earlier, the lower and upper bound efficiency scores can 
vary widely, depending on the chosen parameters. In the case of a given 
predetermined parameter tuple (e.g., given by a manager or stake-
holder), one can determine the lower and upper bound efficiency scores 
and rank all DMUs. However, if the manager or stakeholder is uncertain 
about the parameters, we need to define a measure to classify the 
robustness of the suppliers’ efficiencies regarding all possible parameter 
groups in support of the manager or stakeholder and the selection 
process. 

In this section, we consider the fact that a perfectly efficient DMU has 
a lower and upper bound efficiency score of one in any arbitrary com-
bination of the parameters. In other words, we can measure the hyper-
volumes enclosed by these efficiency bounds and the respective 
parameter space – the domain of our efficiency function (see Figs. 2–5). 

In the case of a perfectly efficient DMU, the level for the lower bound 
efficiency is determined by an n-dimensional hypercube – or in our 4- 
dimensional case simply a tesseract – which equals one. The same 
reasoning applies to the upper bound efficiency. Consequently, a 
perfectly efficient DMU has an overall efficiency hypervolume of two – 
the n-dimensional hypervolume of two unit hypercubes. Therefore, we 
propose the following fraction to measure a DMU’s efficiency robustness 
accordingly: 

Rk :=
Vlower

k +Vupper
k

Videal =
Vlower

k +Vupper
k

2
(19) 

Eq. (18) is a fraction between hypervolumes where the nominator 

Table 6 
Efficiency scores with respect to 10,000 parameter scenarios for 28 suppliers.  

DMU Min 
LBES* 

Max 
LBES 

Average 
LBES 

Min 
UBES 

Max 
UBES 

Average 
UBES 

1  0.161  0.278  0.198  0.278  0.392  0.325 
2  0.392  0.694  0.476  0.696  0.753  0.750 
3  0.253  0.480  0.326  0.487  0.734  0.593 
4  0.817  0.941  0.852  0.943  1.000  0.998 
5  0.881  0.962  0.919  0.962  1.000  0.999 
6  0.840  1.000  0.884  1.000  1.000  1.000 
7  0.377  0.753  0.485  0.753  1.000  0.955 
8  0.570  0.884  0.640  0.886  1.000  0.991 
9  0.601  0.911  0.652  0.924  0.924  0.924 
10  0.358  0.501  0.414  0.506  0.620  0.584 
11  0.486  0.657  0.565  0.658  0.715  0.711 
12  0.614  0.798  0.716  0.799  1.000  0.938 
13  0.400  0.677  0.471  0.677  1.000  0.917 
14  0.562  0.753  0.600  0.753  1.000  0.952 
15  0.858  0.968  0.886  0.981  0.981  0.981 
16  0.669  0.884  0.725  0.886  1.000  0.990 
17  0.563  0.733  0.657  0.734  0.924  0.864 
18  0.658  0.905  0.801  0.907  1.000  1.000 
19  0.737  0.848  0.772  0.848  1.000  0.982 
20  0.503  0.734  0.551  0.739  1.000  0.964 
21  0.490  0.797  0.556  0.810  0.810  0.810 
22  0.404  0.778  0.481  0.791  0.791  0.791 
23  1.000  1.000  1.000  1.000  1.000  1.000 
24  0.673  0.859  0.728  0.867  0.924  0.919 
25  0.382  0.713  0.477  0.715  0.867  0.846 
26  0.590  0.865  0.650  0.867  0.924  0.921 
27  0.302  0.410  0.357  0.411  1.000  0.727 
28  0.343  0.562  0.414  0.563  0.601  0.599  

* UBES: Upper bound efficiency scores; LBES: Lower bound efficiency scores. 

Table 7 
Correlations results.   

α2  α3  β1  Average 
LBES 

Average 
UBES 

α2   1.000  0.003 − 0.003  0.257 − 0.500 
α3   0.003  1.000 0.011  0.365 − 0.606 
β1   − 0.003  0.011 1.000  0.779 − 0.378 
Average LBES  0.257  0.365 0.779  1.000 − 0.702 
Average 

UBES  
− 0.500  − 0.606 − 0.378  − 0.702 1.000  
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Fig. 2. Efficiency scores of DMU3.  
Fig. 3. Efficiency scores of DMU27.  
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represents the sum of the lower bound efficiency hypervolume (Vlower
k ) 

and upper bound efficiency hypervolume (Vupper
k ) of the DMU under 

consideration (DMUk) and the denominator refers to the hypervolume(s) 
of a perfectly efficient DMU as the ideal outcome (Lideal), always equating 
to two, as argued above. Hence, our new robustness measure Rk always 
ranges between zero and one, as classical efficiency values in DEA. The 
reasoning then is as follows. The higher the value of Rk, the better the 
overall efficiency evaluation of a DMUk with respect to the parameters’ 
domains. 

However, calculating the sum of the two hypervolumes in the 
nominator of (19) can be very hard from a computational point of view 
because computing the hypervolume of a polyhedron is – in general – 
NP-hard (Dyer and Frieze, 1988). Furthermore, the efficiency as a non- 
linear function of our three parameters cannot be solved analytically, 
but only numerically. To approximate both 4d hypervolumes, we 
calculate the lower and upper bound efficiency scores with respect to the 
three parameters, incrementing α2, α3, and β from 0 to 1 via 1/40 each. 
Consequently, we have to solve 128,000 (= 403∙2) optimization prob-
lems for each DMU. Next, we can easily approximate the hypervolumes 
by averaging the lower and upper bound efficiency scores. Going for-
ward, we indicate our approximations by a tilde. Table 8 shows the 
results and respective ranking of the 28 suppliers. 

As expected, DMU 23 still remains perfectly efficient and, hence, has 
the highest rank. DMU 5 ranks second among the 28 DMUs, DMU 6 
comes next. In total, 6 DMUs have a robustness score of greater than 0.9, 
signifying their selection suitability. 

The next concern to address is the stability of the ranking with 
respect to the grid size. Naturally, the more fine-grained the grid, the 
more accurate our approximations will be. However, when choosing a 

Fig. 4. Lower bound efficiency scores for DMU16 and DMU18 depending on α2 
and β1. 

Fig. 5. Lower bound efficiency scores for DMU10 and DMU27 depending on α2 
and β1.

Table 8 
Levels, robustness scores, and ranking for 28 suppliers.  

DMU Ṽlower
k  Ṽupper

k  R̃k  Rank 

1  0.199  0.323  0.261 28 
2  0.480  0.749  0.614 23 
3  0.329  0.588  0.458 27 
4  0.853  0.997  0.925 5 
5  0.921  0.998  0.960 2 
6  0.885  1.000  0.943 3 
7  0.488  0.952  0.720 17 
8  0.643  0.989  0.816 11 
9  0.655  0.924  0.790 12 
10  0.415  0.581  0.498 26 
11  0.567  0.710  0.639 21 
12  0.719  0.934  0.827 9 
13  0.474  0.913  0.693 18 
14  0.602  0.947  0.775 14 
15  0.887  0.981  0.934 4 
16  0.727  0.988  0.858 8 
17  0.660  0.860  0.760 15 
18  0.806  0.999  0.903 6 
19  0.774  0.979  0.876 7 
20  0.553  0.961  0.757 16 
21  0.560  0.810  0.685 19 
22  0.485  0.791  0.638 22 
23  1.000  1.000  1.000 1 
24  0.731  0.917  0.824 10 
25  0.480  0.843  0.662 20 
26  0.654  0.921  0.787 13 
27  0.359  0.720  0.540 24 
28  0.417  0.598  0.508 25  

Table 9 
Robustness scores with increments 1⁄10, 1⁄20, 1⁄30, 1⁄40, and 1⁄50 for 28 
suppliers.  

DMU R̃1
k (inc. 

1⁄10)  
R̃2

k (inc. 
1⁄20)  

R̃3
k (inc. 

1⁄30)  
R̃4

k (inc. 
1⁄40)  

R̃5
k (inc. 

1⁄50)  

1  0.261  0.261  0.261  0.261  0.261 
2  0.619  0.616  0.615  0.614  0.614 
3  0.457  0.458  0.458  0.458  0.459 
4  0.926  0.925  0.925  0.925  0.925 
5  0.961  0.960  0.960  0.960  0.959 
6  0.946  0.944  0.943  0.943  0.942 
7  0.723  0.721  0.720  0.720  0.720 
8  0.820  0.817  0.816  0.816  0.816 
9  0.796  0.791  0.790  0.790  0.789 
10  0.498  0.498  0.498  0.498  0.498 
11  0.641  0.639  0.639  0.639  0.638 
12  0.825  0.826  0.826  0.827  0.827 
13  0.692  0.693  0.693  0.693  0.693 
14  0.773  0.774  0.774  0.775  0.775 
15  0.936  0.935  0.934  0.934  0.934 
16  0.859  0.858  0.858  0.858  0.858 
17  0.758  0.759  0.760  0.760  0.760 
18  0.907  0.904  0.903  0.903  0.902 
19  0.875  0.876  0.876  0.876  0.876 
20  0.756  0.757  0.757  0.757  0.757 
21  0.693  0.688  0.686  0.685  0.685 
22  0.646  0.640  0.639  0.638  0.638 
23  1.000  1.000  1.000  1.000  1.000 
24  0.827  0.825  0.824  0.824  0.824 
25  0.664  0.663  0.662  0.662  0.661 
26  0.792  0.789  0.788  0.787  0.787 
27  0.531  0.537  0.539  0.540  0.540 
28  0.511  0.509  0.508  0.508  0.508  
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finer grid, the number of calculations increases rapidly. Incrementing 
our three parameters, e.g., via 1/40 leads to 128,000 optimization 
problems for each DMU, but using the increment 1/100 equals 
2,000,000 optimization problems per DMU. Obviously, the latter grid is 
impracticable from a computational point of view. Consequently, the 
question might be of interest is how significant the information loss is if 
the grid will be coarsened? To get an impression of the impact regarding 
grid variations, we calculate the robustness scores for the increments 
1/10, 1/20, 1/30, 1/40, and 1/50: 

Table 9 shows that variations of the grid increments have only a 
slight impact on the robustness scores in our case study. One reason 
might be the fact that in large areas of the grid, the efficiency scores do 
not vary significantly. From a geometrical point of view, this means the 
efficiency function has many or big plateaus, as already indicated by 
Figs. 2–5. However, the computation time grows exponentially when 
refining the grid structure – i.e., 1/10 (5.48 min), 1/20 (44.28 min), 1/
30 (2.62 h), 1/40 (5.78 h), and 1/50 (11.5 h). In our business case, it 
would be sufficient to use an increment of 1/40 or 1/50 with only a few 
hours of computation time; here, the rankings then remain stable. 

5. Conclusions and future research directions 

This article deals with weak ordinal data in DEA. A pair of novel 
mathematical models are developed to find the lower and upper bound 
efficiency score. It is shown that the existing methods are unable to find 
the exact value of the lower or upper bound efficiency score in the 
presence of weak ordinal data. We mathematically proved that our 
developed LP models are always feasible and able to find the exact 
values of the lower and upper bound efficiency scores in the presence of 
weak ordinal data. Moreover, a new LP model is proposed to find an 
appropriate value for epsilon to use in our developed models. 

We used a real-world supplier selection problem in the space in-
dustry to show the applicability and reliability of our developed 
approach. The results demonstrated that in contrast to the existing ap-
proaches, our newly developed models successfully calculate the exact 
values of the lower and upper bound efficiency scores. In general, 
however, efficiency bounds in the presence of ordinal data highly 
depend on the respective parameter set. Instead of getting a pair of ef-
ficiency scores, we face an efficiency function with respect to the entire 
parameter space. In response, we develop a novel robustness measure to 
compress the information of these functions and to rank the DMUs. 

The proposed models can be extended for the strict order data and 
ratio bound data, among others. In addition, the new approach can be 
used in other decision-making applications such as project selection 
problems and performance evaluation problems. 
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