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a b s t r a c t
Data envelopment analysis (DEA) is a methodology for measuring the relative efﬁciencies of a set of decision making units (DMUs) that use multiple inputs to produce multiple outputs. Crisp input and output
data are fundamentally indispensable in conventional DEA. However, the observed values of the input
and output data in real-world problems are sometimes imprecise or vague. Many researchers have proposed various fuzzy methods for dealing with the imprecise and ambiguous data in DEA. In this study, we
provide a taxonomy and review of the fuzzy DEA methods. We present a classiﬁcation scheme with four
primary categories, namely, the tolerance approach, the a-level based approach, the fuzzy ranking
approach and the possibility approach. We discuss each classiﬁcation scheme and group the fuzzy DEA
papers published in the literature over the past 20 years. To the best of our knowledge, this paper appears
to be the only review and complete source of references on fuzzy DEA.
Ó 2011 Elsevier B.V. All rights reserved.

1. Introduction
Data envelopment analysis (DEA) was ﬁrst proposed by Charnes et al. (1978), and is a non-parametric method of efﬁciency analysis for
comparing units relative to their best peers (efﬁcient frontier). Mathematically, DEA is a linear programming-based methodology for evaluating the relative efﬁciency of a set of decision making units (DMUs) with multi-inputs and multi-outputs. DEA evaluates the efﬁciency of
each DMU relative to an estimated production possibility frontier determined by all DMUs. The advantage of using DEA is that it does not
require any assumption on the shape of the frontier surface and it makes no assumptions concerning the internal operations of a DMU.
Since the original DEA study by Charnes et al. (1978), there has been a continuous growth in the ﬁeld. As a result, a considerable amount
of published research and bibliographies have appeared in the DEA literature, including those of Seiford (1996), Gattouﬁ et al. (2004),
Emrouznejad et al. (2008) and Cook and Seiford (2009).
The conventional DEA methods require accurate measurement of both the inputs and outputs. However, the observed values of the input and output data in real-world problems are sometimes imprecise or vague. Imprecise evaluations may be the result of unquantiﬁable,
incomplete and non obtainable information. Some researchers have proposed various fuzzy methods for dealing with this impreciseness
and ambiguity in DEA. Since the original study by Sengupta (1992a,b), there has been a continuous interest and increased development in
fuzzy DEA literature. In this study, we review the fuzzy DEA methods and present a taxonomy by classifying the fuzzy DEA papers published over the past two decades into four primary categories, namely, the tolerance approach, the a-level based approach, the fuzzy ranking approach, and the possibility approach; and a secondary category to group the pioneering papers that do not fall into the four primary
classiﬁcations. This study appears to be the only review and complete source of references on fuzzy DEA since its inception two decades
ago. This paper is organized into ﬁve sections. In Section 2, we present the fundamentals of DEA. In Section 3, we review the fuzzy DEA
principles. In Section 4, we present a summary development of the fuzzy DEA followed by a detailed description of the fuzzy DEA methods
in the literature. Conclusions and future research directions are drawn in Section 5.
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Fig. 1. An output-oriented DEA with two outputs and one input.

2. The fundamentals of DEA
There are basically two main types of DEA models: a constant returns-to-scale (CRS) or CCR model that initially introduced by Charnes
et al. (1978) and a variable returns-to-scale (VRS) or BCC model that later developed by Banker et al. (1984). The BCC model is one of the
extensions of the CCR model where the efﬁcient frontiers set is represented by a convex curve passing through all efﬁcient DMUs.
DEA can be either input- or output-orientated. In the ﬁrst case, the DEA method deﬁnes the frontier by seeking the maximum possible
proportional reduction in input usage, with output levels held constant, for each DMU. However, for the output-orientated case, the DEA
method seeks the maximum proportional increase in output production, with input levels held ﬁxed.
Fig. 1 illustrates a simple VRS output-oriented DEA problem with two outputs, Y and Z, and one input, X. The isoquant L1L2 represents
the technical efﬁcient frontier comprising P1, P2, and P3 which are technically efﬁcient DMUs and hence on the frontier. If a given DMU uses
one unit of input and produces outputs deﬁned by point P, the technical inefﬁciency of that DMU are represented as the distance PP0 , this is
the amount by which all outputs could be proportionally increased without increasing input. In percentage terms, it is expressed by the
ratio OP/OP0 , which is the ratio by which all the outputs could be increased.
An input oriented DEA model with m input variables (x1, . . ., xm) and s output variables (y1, . . ., ys) with n decision making units (j = 1,
2, . . ., n) is presented in Model 1a (for CCR model) and Model 1b (for BCC model). The only difference between these two models is on incluP
sion of the convexity constraints of nj¼1 kj ¼ 1 in the BCC model.
Model 1a: A basic CCR model

min hp
n
P
s:t:
kj xij 6 hp xip ;

8i;

j¼1
n
P

kj yrj P yrp ;

8r;

j¼1

kj P 0;

8j:

Model 1b: A basic BCC model

min hp
n
P
s:t:
kj xij 6 hp xip ;

8i;

j¼1
n
P

kj yrj P yrp ;

8r;

j¼1
n
P

kj ¼ 1;

kj P 0; 8j:

j¼1

DEA applications are numerous in ﬁnancial services, agricultural, health care services, education, manufacturing, telecommunication,
supply chain management, and many more. For a recent comprehensive bibliography of DEA see Emrouznejad et al. (2008). Recently fuzzy
logic introduced to DEA for measuring efﬁciency of decision making units under uncertainty mainly when the precise data is not available.
The rest of this paper focuses on the use of fuzzy sets in DEA.
3. The fuzzy DEA principles
The observed values in real-world problems are often imprecise or vague. Imprecise or vague data may be the result of unquantiﬁable,
incomplete and non obtainable information. Imprecise or vague data is often expressed with bounded intervals, ordinal (rank order) data or
fuzzy numbers. In recent years, many researchers have formulated fuzzy DEA models to deal with situations where some of the input and
output data are imprecise or vague.
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3.1. Fuzzy set theory
The theory of fuzzy sets has been developed to deal with the concept of partial truth values ranging from absolutely true to absolutely
false. Fuzzy set theory has become the prominent tool for handling imprecision or vagueness aiming at tractability, robustness and lowcost solutions for real-world problems. According to Zadeh (1975), it is very difﬁcult for conventional quantiﬁcation to reasonably express
complex situations and it is necessary to use linguistic variables whose values are words or sentences in a natural or artiﬁcial language. The
potential of working with linguistic variables, low computational cost and easiness of understanding are characteristics that have contributed to the popularity of this approach. Fuzzy set algebra developed by Zadeh (1965) is the formal body of theory that allows the treatment
of imprecise and vague estimates in uncertain environments.
Zadeh (1965), p. 339 states ‘‘The notion of a fuzzy set provides a convenient point of departure for the construction of a conceptual framework which parallels in many respects the framework used in the case of ordinary sets, but is more general that the latter and, potentially, may
prove to have a much wider scope of applicability.’’ The application of fuzzy set theory in multi-attribute decision-making (MADM) became
possible when Bellman and Zadeh (1970) and Zimmermann (1978) introduced fuzzy sets into the ﬁeld of MADM. They cleared the way for
a new family of methods to deal with problems that had been unapproachable and unsolvable with standard techniques [see Chen and
Hwang (1992) for numerical comparison of fuzzy and classical MADM models]. Bellman and Zadeh’s (1970) framework was based on
the maximin and simple additive weighing model of Yager and Basson (1975) and Bass and Kwakernaak (1977). Bass and Kwakernaak’s
(1977) method is widely known as the classic work of fuzzy MADM methods.
In 1992, Chen and Hwang (1992) proposed an easy-to-use and easy-to-understand approach to reduce some of the cumbersome computations in the previous MADM methods. Their approach includes two steps: (1) converting fuzzy data into crisp scores; and (2) introducing some comprehensible and easy methods. In addition Chen and Hwang (1992) made distinctions between fuzzy ranking methods
and fuzzy MADM methods. Their ﬁrst group contained a number of methods for ﬁnding a ranking: degree of optimality, Hamming distance,
comparison function, fuzzy mean and spread, proportion to the ideal, left and right scores, area measurement, and linguistic ranking methods. Their second group was built around methods for assessing the relative importance of multiple attributes: fuzzy simple additive
weighting methods, fuzzy analytic hierarchy process, fuzzy conjunctive/disjunctive methods, fuzzy outranking methods, and fuzzy maximin methods. The group with the most frequent contributions is fuzzy mathematical programming. Inuiguchi et al. (1990) have provided a
useful survey of fuzzy mathematical programming applications including: ﬂexible programming, possibilistic programming, possibilistic
programming with fuzzy preference relations, possibilistic linear programming using fuzzy max, possibilistic linear programming with fuzzy goals, and robust programming.
Recently, fuzzy set theory has been applied to a wide range of ﬁelds such as management science, decision theory, artiﬁcial intelligence,
computer science, expert systems, logic, control theory and statistics, among others (Chen, 2001; Chen and Tzeng, 2004; Chiou et al., 2005;
Ding and Liang, 2005; Figueira et al., 2004; Geldermann et al., 2000; Ho et al., 2010; Triantaphyllou, 2000; Ölçer and Odabasßi, 2005; Wang
and Lin, 2003; Wang et al., 2009c; Xu and Chen, 2007).
3.2. Fuzzy set theory and DEA
The data in the conventional CCR and BCC models assume the form of speciﬁc numerical values. However, the observed value of the
input and output data are sometimes imprecise or vague. Sengupta (1992a,b) was the ﬁrst to introduce a fuzzy mathematical programming
approach in which fuzziness was incorporated into the DEA model by deﬁning tolerance levels on both the objective function and constraint violations.
Let us assume that n DMUs consume varying amounts of m different inputs to produce s different outputs. Assume that
~
~rj ðr ¼ 1; 2; . . . ; sÞ represent, respectively, the fuzzy input and fuzzy output of the jth DMUj (j = 1, 2, . . ., n). The primal
xij ði ¼ 1; 2; . . . ; mÞ and y
and its dual fuzzy CCR models in input-oriented version can be formulated as:
Primal CCR model (input-oriented)

min

hp
n
P
kj ~xij 6 hp ~xip ; 8i;

s:t:

j¼1
n
P

ð1Þ

~rp ;
~rj P y
kj y

8r;

j¼1

8j:

kj P 0;

Dual CCR model (input-oriented)

max

hp ¼

s
P

~rp
ur y

r¼1

s:t:

m
P

v i ~xip ¼ 1;

i¼1
s
P

m
P

r¼1

i¼1

~rj 
ur y

ur ; v i P 0;

vi ~xij 6 0;

ð2Þ

8j;

8r; i:

P
where vi and ur in model (2) are the input and output weights assigned to the ith input and rth output. If the constraint nj¼1 kj ¼ 1 is adjoined
to (1), a fuzzy BCC model is obtained and this added constraint introduces an additional variable, u0, into the dual model which these models
are respectively, shown as follows:
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min

hp
n
P
kj ~xij 6 hp ~xip ;

s:t:

8i;

j¼1
n
P

~rp ;
~rj P y
kj y

8r;

ð3Þ

j¼1
n
P

kj ¼ 1;

j¼1

8j:

kj P 0;
max

wp ¼

s
P

~rp þ u0
ur y

r¼1

s:t:

m
P

vi ~xip ¼ 1;

i¼1
s
P

m
P

r¼1

i¼1

~rj 
ur y

ur ; vi P 0;

vi ~xij þ u0 6 0;

ð4Þ

8j;

8r; i:

4. The fuzzy DEA methods
The applications of fuzzy set theory in DEA are usually categorized into four groups (Lertworasirikul et al., 2003a,b; Lertworasirikul, 2002;
Karsak, 2008): (1) The tolerance approach. (2) The a-level based approach. (3) The fuzzy ranking approach. (4) The possibility approach.
In this section, we provide a mathematical description of each approach followed by a brief review of the most widely cited literature
relevant to each of the four approaches. In addition to the four abovementioned approaches, we introduce a new category to group the
pioneering papers that do not fall into any of the above classiﬁcations. A summary development of the fuzzy DEA is listed in Table 1.
4.1. The tolerance approach
The tolerance approach was one of the ﬁrst fuzzy DEA models that was developed by Sengupta (1992a) and further improved by
Kahraman and Tolga (1998). In this approach the main idea is to incorporate uncertainty into the DEA models by deﬁning tolerance levels
on constraint violations. This approach fuzziﬁes the inequality or equality signs but it does not treat fuzzy coefﬁcients directly. The intricate
limitation of the tolerance approach proposed by Sengupta (1992a) is related to the design of a DEA model with a fuzzy objective function
and fuzzy constraints which may or may not be satisﬁed (Triantis and Girod, 1998). Although in most production processes fuzziness is
present both in terms of not meeting speciﬁc objectives and in terms of the imprecision of the data, the tolerance approach provides ﬂexibility by relaxing the DEA relationships while the input and output coefﬁcients are treated as crisp.
4.2. The a-level based approach
The a-level approach is perhaps the most popular fuzzy DEA model. This is evident by the number of a-level based papers published in
the fuzzy DEA literature. In this approach the main idea is to convert the fuzzy DEA model into a pair of parametric programs in order to
ﬁnd the lower and upper bounds of the a-level of the membership functions of the efﬁciency scores. Girod (1996) used the approach proposed by Carlsson and Korhonen (1986) to formulate the fuzzy BCC and free disposal hull (FDH) models which were radial measures of
efﬁciency. In this model, the inputs could ﬂuctuate between risk-free (upper) and impossible (lower) bounds and the outputs could ﬂuctuate between risk-free (lower) and impossible (upper) bounds. Triantis and Girod (1998) followed up by introducing the fuzzy LP approach to measure technical efﬁciency based on Carlsson and Korhonen’s (1986) framework. Their approach involved three stages:
First, the imprecise inputs and outputs were determined by the decision maker in terms of their risk-free and impossible bounds. Second,
three fuzzy CCR, BCC and FDH models were formulated in terms of their risk-free and impossible bounds as well as their membership function for different values of a. Third, they illustrated the implementation of their fuzzy BCC model in the context of a preprint and packaging
line which inserts commercial pamphlets into newspapers. Furthermore, their paper was clariﬁed in detail the implementation road map
by Girod and Triantis (1999). Triantis (2003) extended his earlier work on fuzzy DEA (Triantis and Girod, 1998) to fuzzy non-radial DEA
measures of technical efﬁciency in support of an integrated performance measurement system. He also compared his method to the radial
technical efﬁciency of the same manufacturing production line which was described in detail by Girod (1996) and Girod and Triantis
(1999). Meada et al. (1998) used the a-level based approach to obtain the fuzzy interval efﬁciency of DMUs.
Kao and Liu (2000a) followed up on the basic idea of transforming a fuzzy DEA model to a family of conventional crisp DEA models and
developed a solution procedure to measure the efﬁciencies of the DMUs with fuzzy observations in the BCC model. Their method found
approximately the membership functions of the fuzzy efﬁciency measures by applying the a-level approach and Zadeh’s extension principle (Zadeh, 1978; Zimmermann, 1996). They transformed the fuzzy DEA model to a pair of parametric mathematical programs and used
the ranking fuzzy numbers method proposed by Chen and Klein (1997) to obtain the performance measure of the DMU. Solving this model
at the given level of a-level produced the interval efﬁciency for the DMU under consideration. A number of such intervals could be used to
construct the corresponding fuzzy efﬁciency. Assume that there are n DMUs under consideration. Each DMU consumes varying amounts of
~rj of
m different fuzzy inputs to produce s different fuzzy outputs. Speciﬁcally, DMUj consumes amounts ~
xij of inputs to produce amounts y
~rp denote, respectively, the input and output values for the DMUp. In order to solve the fuzzy BCC
outputs. In the model formulation, ~
xip and y
model (4), Kao and Liu (2000a) proposed a pair of two-level mathematical models to calculate the lower bound ðwp ÞLa and upper bound
ðwp ÞUa of the fuzzy efﬁciency score for a speciﬁc a-level as follows:
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P
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~ p ¼ max
ur yrp þ u0
w
>
>
>
r¼1
>
>
>
m
>
P
>
<
s:t:
vi xip ¼ 1;
L
ðwp Þa ¼
min
i¼1
L
U >
s
m
ðX ij Þa 6 xij 6 ðX ij Þa >
>
P
P
>
>
ur yrj  vi xij þ u0 6 0;
>
>
ðY rj ÞLa 6 yrj 6 ðY rj ÞUa >
r¼1
i¼1
>
>
:
ur ; vi P 0; 8r; i:
8r; i; j
8
s
P
>
>
~ p ¼ max
ur yrp þ u0
>w
>
>
r¼1
>
>
>
m
>
P
>
<
s:t:
vi xip ¼ 1;
U
max
ðwp Þa ¼
i¼1
L
U >
s
m
ðX ij Þa 6 xij 6 ðX ij Þa >
>
P
P
>
>
ur yrj  vi xij þ u0 6 0;
L
U >
>
>
ðY rj Þa 6 yrj 6 ðY rj Þa >
r¼1
i¼1
>
:
ur ; vi P 0; 8r; i:
8r; i; j
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ð5Þ

8j;

ð6Þ

8j;

Table 1
Fuzzy DEA reference classiﬁcation.
Classiﬁcation

Reference

The tolerance approach

Sengupta (1992a)

Sengupta (1992b)

The a-level based approach

Azadeh and Alem (2010)
Zerafat Angiz et al. (2010a)
Hatami-Marbini et al. (in pressd)
Saati and Memariani (2009)
Noura and Saljooghi (2009)
Wang et al. (2009b)
Liu and Chuang (2009)
Karsak (2008)
Ghapanchi et al. (2008)
Hosseinzadeh Lotﬁ et al. (2007c)
Allahviranloo et al. (2007)
Kuo and Wang (2007)
Liu et al. (2007)
Zhang et al. (2005)
Wu et al. (2005)
Kao and Liu (2005)
Kao and Liu (2003)
Entani et al. (2002)
Chen (2001)
Kao and Liu (2000b)
Girod and Triantis (1999)
Triantis and Girod (1998)

Chiang and Che (2010)
Hatami-Marbini et al. (2010a)
Hatami-Marbini and Saati (2009)
Tlig and Rebai (2009)
Jahanshahloo et al. (2009a)
Hosseinzadeh Lotﬁ et al. (2009a)
Li and Yang (2008)
Azadeh et al. (2008)
Liu (2008)
Saneifard et al. (2007)
Azadeh et al. (2007)
Kao and Liu (2007)
Jahanshahloo et al. (2007b)
Saati and Memariani (2005)
Hsu (2005)
Triantis (2003)
Saati et al. (2002)
Guh (2001)
Kao (2001)
Kao and Liu (2000a)
Meada et al. (1998)
Girod (1996)

The fuzzy ranking approach

Hatami-Marbini et al. (2010b)
Hatami-Marbini et al. (in presse)
Jahanshahloo et al. (2009b)
Hosseinzadeh Lotﬁ et al. (2009b)
Guo (2009)
Juan (2009)
Zhou et al. (2008)
Noora and Karami (2008)
Jahanshahloo et al. (2008)
Hosseinzadeh Lotﬁ et al. (2007b)
Pal et al. (2007)
Soleimani-damaneh et al. (2006)
Lee et al. (2005)
Jahanshahloo et al. (2004a)
Lee (2004)
Lertworasirikul (2002)

Hatami-Marbini et al. (in pressc)
Hatami-Marbini et al. (2009)
Soleimani-damaneh (2009)
Bagherzadeh valami (2009)
Hosseinzadeh Lotﬁ et al. (2009c)
Sanei et al. (2009)
Guo and Tanaka (2008)
Soleimani-Damaneh (2008)
Hosseinzadeh Lotﬁ and Mansouri (2008)
Jahanshahloo et al. (2007a)
Hosseinzadeh Lotﬁ et al. (2007a)
Saati and Memariani (2006)
Molavi et al. (2005)
Dia (2004)
Leon et al. (2003)
Guo and Tanaka (2001)

The possibility approach

Wen et al. (2010)
Wen and Li (2009)
Wu et al. (2006)
Ramezanzadeh et al. (2005)
Lertworasirikul et al. (2003b)
Lertworasirikul et al. (2002a)
Lertworasirikul (2002)

Khodabakhshi et al. (2010)
Jiang and Yang (2007)
Garcia et al. (2005)
Lertworasirikul et al. (2003a)
Lertworasirikul et al. (2003c)
Lertworasirikul et al. (2002b)
Guo et al. (2000)

Other developments in fuzzy DEA

Zerafat Angiz et al. (2010b)
Wang et al. (2009a)
Qin et al. (2009)
Uemura (2006)
Hougaard (2005)
Hougaard (1999)

Qin and Liu (2010)
Luban (2009)
Qin and Liu (2009)
Wang et al. (2005)
Sheth and Triantis (2003)
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h

i

h

i
where ðX ij ÞLa ; ðX ij ÞUa and ðY rj ÞLa ; ðY rj ÞUa are a-level form of the fuzzy inputs and the fuzzy outputs, respectively. This two-level mathematical
model can be simpliﬁed to the conventional one-level model as follows:

ðwp ÞLa ¼ max
s
P

s:t:

r¼1
s
P
r¼1
m
P
i¼1

i¼1

m
P

i¼1
m
P

i¼1

vi ðX ip Þa ¼ 1;
s
P
r¼1

vi ðX ip ÞUa þ u0 6 0;
ð7Þ

vi ðX ij ÞLa þ u0 6 0;

U

r¼1
s
P
m
P

ur ðY rp ÞLa þ u0

ur ðY rj ÞUa 

s
P

r¼1

r¼1

ur ðY rp ÞLa 

ðwp ÞUa ¼ max
s:t:

s
P

ur ; vi P 0;

8j; j – p;

8r; i:

ur ðY rp ÞUa þ u0

ur ðY rp ÞUa 

ur ðY rj ÞLa 

m
P

i¼1
m
P

i¼1

L

vi ðX ip Þa ¼ 1;

vi ðX ip ÞLa þ u0 6 0;
ð8Þ

vi ðX ij ÞUa þ u0 6 0; 8j; j – p;
ur ; vi P 0;

8r; i:

h
i
Next, a membership function is built by solving the lower and upper bounds ðwp ÞLa ; ðwp ÞUa of the a-levels for each DMU using models
(7) and (8). Kao and Liu (2000a) have used the ranking fuzzy numbers method of Chen and Klein (1997) to rank the obtained fuzzy efﬁciencies. Kao and Liu (2000b) also used the method of Kao and Liu (2000a) to calculate the efﬁciency scores by considering the missing
values in the fuzzy DEA based on the concept of the membership function in the fuzzy set theory. In their approach, the smallest possible,
most possible, and largest possible values of the missing data are derived from the observed data to construct a triangular membership
function. They demonstrated the applicability of their approach by considered the efﬁciency scores of 24 university libraries in Taiwan with
three missing values out of 144 observations. Kao (2001) further introduced a method for ranking the fuzzy efﬁciency scores without
knowing the exact form of their membership function. In this method, the efﬁciency rankings were determined by solving a pair of nonlinear programs for each DMU. This approach was applied to the ranking of the 24 university libraries in Taiwan with fuzzy observations.
Guh (2001) used a fuzzy DEA model similar to Kao and Liu (2000a) to approximate the fuzzy efﬁciency measures. However, Kao and Liu
(2000a) developed their model under the VRS assumption and Guh (2001)’s model was developed under the CRS assumption.
Kao and Liu (2003) used the maximum set–minimum set method of Chen (1985) into the fuzzy DEA model proposed by Kao and Liu
(2000a) and built pairs of nonlinear programs and ranked the DMUs with fuzzy data. In their approach, there was no need for calculating
the membership function of the fuzzy efﬁciency scores but the input and output membership functions must be known. Kao and Liu
(2005) applied their earlier method (Kao and Liu, 2000a) to determine the fuzzy efﬁciency scores of ﬁfteen sampled machinery ﬁrms
in Taiwan. Zhang et al. (2005) proposed a macro model and a micro model for the efﬁciency evaluation of data warehouses by applying
DEA and fuzzy DEA models. They used the fuzzy DEA solution proposed by Kao and Liu (2000a), which transforming fuzzy DEA models
to bi-conventional crisp DEA models by a set of a-level values. Kao and Liu (2007) proposed a modiﬁcation to the Kao and Liu’s (2000b)
method to handle missing values. In their method, they used a fuzzy DEA approach and obtained the efﬁciency scores of a set of DMUs
by using the a-level approach proposed by Kao and Liu (2000a). Kuo and Wang (2007) applied a fuzzy DEA method to evaluate the performance of multinational corporations in face of volatile exposure to exchange rate risk. They employed the fuzzy DEA model suggested
by Kao and Liu (2000a) to information technology industry in Taiwan. Li and Yang (2008) proposed a fuzzy DEA-discriminant analysis
methodology for classifying fuzzy observations into two groups based on the work of Sueyoshi (2001). They used the Kao and Liu’s
(2000a) method and replaced the fuzzy linear programming models by a pair of parametric models to determine the lower and upper
bounds of the efﬁciency scores. By applying the Kao and Liu’s (2000a) method and the fuzzy analytical hierarchy procedure, Chiang and
Che (2010) proposed a new weight-restricted fuzzy DEA methodology for ranking new product development projects at an electronic
company in Taiwan.
Saati et al. (2002) suggested a fuzzy CCR model as a possibilistic programming problem and transformed it into an interval programming problem using a-level based approach. The resulting interval programming problem could be solved as a crisp LP model for a given a
with some variable substitutions. Model (9) proposed by Saati et al. (2002) is derived for a particular case where the inputs and outputs are
triangular fuzzy numbers:
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where ~
xij ¼ xlij ; xm
ij ; xij and yrj ¼ yrj ; yrj ; yrj are the triangular fuzzy inputs and the triangular fuzzy outputs, and xij and yrj are the decision
variables obtained from variable substitutions used to transform the original fuzzy model proposed into a parametric LP model with
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a 2 [0, 1]. Saati and Memariani (2005) suggested a procedure for determining a common set of weights in fuzzy DEA based on the a-level
method proposed by Saati et al. (2002) with triangular fuzzy data. In this method, the upper bounds of the input and output weights were
determined by solving some fuzzy LP models and then a common set of weights were obtained by solving another fuzzy LP model. Wu et al.
(2005) developed a buyer–seller game model for selecting purchasing bids in consideration of fuzzy values. They adopted the fuzzy DEA
model proposed by Saati and Memariani (2005) to obtain a common set of weights in fuzzy DEA. Azadeh et al. (2007) proposed an integrated
model of fuzzy DEA and simulation to select the optimal solution between some scenarios which obtained from a simulation model and
determined optimum operators’ allocation in cellular manufacturing systems. They used a fuzzy DEA model to rank a set of DMUs based
on the Saati et al. (2002)’s method. In addition, they clustered fuzzy DEA ranking of DMUs by fuzzy C-Means method to show a degree of
desirability for operator allocation. Ghapanchi et al. (2008) employed fuzzy DEA to evaluate the enterprise resource planning (ERP) packages
performance. In their approach, inputs and outputs indices were ﬁrst determined by experts’ opinions which were evaluated using linguistic
variables characterized by triangular fuzzy numbers and then a set of potential ERP systems was considered as DMUs. They applied a possibilistic-programming approach proposed by Saati et al. (2002) and obtained the efﬁciency scores of the ERP systems at different a values.
Hatami-Marbini and Saati (2009) developed a fuzzy BCC model which considered fuzziness in the input and output data as well as the u0
variable. Consequently, they obtained the stability of the fuzzy u0 as an interval by means of the method proposed by Saati et al. (2002).
Hatami-Marbini et al. (2010a) used the method of Saati et al. (2002) and proposed a four-phase fuzzy DEA framework based on the theory
of displaced ideal. Two hypothetical DMUs called the ideal and nadir DMUs are constructed and used as reference points to evaluate a set of
information technology investment strategies based on their Euclidean distance from these reference points. Chen (2001) modiﬁed the alevel approach and proposed an alternative fuzzy DEA to handle both the crisp and fuzzy data. Saati and Memariani (2009) developed a
fuzzy slack-based measure (SBM) based on the a-level approach. They transformed their fuzzy SBM model into a LP problem by using
the approach proposed by Saati et al. (2002). Moreover, they compared their model to the method of Jahanshahloo et al. (2004a) and demonstrated the advantages of their proposed model. Hatami-Marbini et al. (in pressd) proposed a fuzzy additive DEA model for evaluating
the efﬁciency of peer DMUs with fuzzy data by utilizing the Saati et al. (2002)’s a-level approach.
Liu (2008) developed a fuzzy DEA method to ﬁnd the efﬁciency measures embedded with assurance region (AR) concept when some
observations were fuzzy numbers. He applied an a-level approach and Zadeh’s extension principle (Zadeh, 1978; Zimmermann, 1996) to
transform the fuzzy DEA/AR model into a pair of parametric mathematical programs and worked out the lower and upper bounds of the
efﬁciency scores of the DMUs. The membership function of the efﬁciency was approximated by using different possibility levels. Thereby,
he used the Chen and Klein’s (1997) method for ranking the fuzzy numbers and calculating the crisp values. Let us consider the relative
L
U
L
U
importance of the inputs and outputs as UIId 6 vv qd 6 LIId ; d < q ¼ 2; . . . ; m; and UOOqd 6 uuqd 6 LOOd ; d < q ¼ 2; . . . ; s; respectively.
q
q
q
The two parametric mathematical programs proposed by Liu (2008) are as follows:
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Jahanshahloo et al. (2009a) proposed some corrections to the Liu’s (2008) model. Liu and

Chuang (2009) applied the fuzzy DEA/AR model suggested by Liu (2008) and evaluated the performance of 24 university libraries in Taiwan
based on the method proposed by Kao and Liu (2000b).
Entani et al. (2002) proposed a DEA model with an interval efﬁciency consisting of the efﬁciencies obtained from the pessimistic and the
optimistic viewpoints. They also developed this approach for fuzzy input and output data by using a-level sets. Hsu (2005) applied a simple
fuzzy DEA model to balanced scorecard with an application to multi-national research and development projects. The fuzzy DEA method
included both crisp and linguistic variables processed by a four-step framework. Liu et al. (2007) developed a modiﬁed fuzzy DEA model to
handle fuzzy and incomplete information on weight indices in product design evaluation. They transformed fuzzy information into trapezoidal fuzzy numbers and considered incomplete information on indices weights as constraints. They used an a-level approach to convert
their fuzzy DEA model into a family of conventional crisp DEA models. Saneifard et al. (2007) developed a model to evaluate the relative
performance of DMUs with crisp data based on l2  norm. They used the ranking fuzzy numbers method of Jiménez (1996) to determine a
crisp a-parametric model and solve the fuzzy l2  norm model.
Jahanshahloo et al. (2007b) developed a fuzzy l1  norm model with trapezoidal fuzzy inputs/outputs that was initially suggested by
Jahanshahloo et al. (2004c) for solving the crisp data in DEA. They applied the ranking fuzzy numbers method of Jiménez (1996) to the
fuzzy l1  norm model and obtained a crisp a-parametric model. Allahviranloo et al. (2007) introduced the notion of fuzziness to deal with

464

A. Hatami-Marbini et al. / European Journal of Operational Research 214 (2011) 457–472

imprecise data in DEA. They proposed fuzzy production possibility set with constant returns to scale to calculate the upper and lower relative efﬁciency scores of the DMUs by using the a-level approach. Hosseinzadeh Lotﬁ et al. (2007c) applied the method of DEA-discriminant analysis proposed by Sueyoshi (1999) to the imprecise environment. They ﬁrst modiﬁed Sueyoshi’s model with crisp data and then
developed it to fuzzy inputs and outputs based on the concept of a-level approach. Karsak (2008) proposed an extension of Cook et al.
(1996)’s model to evaluate crisp, ordinal and fuzzy inputs and outputs in ﬂexible manufacturing systems by determining the optimistic
(the upper bound) and pessimistic (the lower bound) of the a-level of the membership function of the efﬁciency scores. Azadeh et al.
(2008) used a triangular form of fuzzy inputs and outputs instead of the crisp data and proposed a fuzzy DEA model for calculating the
efﬁciency scores of the DMUs under uncertainty with application to the power generation sector. They transformed the fuzzy CCR model
into a pair of parametric programs using the a-level approach and found the lower and upper bounds of the efﬁciency for different a-values. Their contribution to the fuzzy DEA literature is in the development of the membership functions and not the crisp measure of the
efﬁciencies. They used the a-level to transform the fuzzy DEA model into a series of conventional crisp DEA models. Azadeh and Alem
(2010) also used this fuzzy DEA method (Azadeh et al., 2008) for vendor selection problem which was taken from Wu and Olson (2008).
Noura and Saljooghi (2009) proposed an extension of a deﬁnite class of weight function in fuzzy DEA based on the principle of maximum entropy in order to provide circumstances for the compatibility and stability in ranking of interval efﬁciency scores of DMUs at various a values. Wang et al. (2009b) proposed a fuzzy DEA–Neural approach with a self-organizing map for classiﬁcation in their neural
network. They used the upper and lower bounds of efﬁciency score at different possibilistic levels in their model. Hosseinzadeh Lotﬁ
et al. (2009a) developed two methods for solving fuzzy CCR model with respect to fuzzy, ordinal and exact data. They used an analogue
function to transform the fuzzy data into exact values in the ﬁrst method. In the second approach, they applied an a-level approach based
on the Kao (2006)’s method to obtain the interval efﬁciency scores for DMUs. Tlig and Rebai (2009) proposed an approach based on the
ordering relations between LR-fuzzy numbers to solve the primal and the dual of FCCR. They suggested a procedure based on the resolution
of a goal programming problem to transform the fuzzy normalisation equality in the primal of FCCR. Zerafat Angiz et al. (2010a) show the
advantages and shortcomings of the fuzzy ranking approach, the defuzziﬁcation approach, the tolerance approach and the a-level based
approach. They proposed an a-level approach to retain fuzziness of the model by maximizing the membership functions of inputs and outputs. They also compared their results with the results from Saati et al. (2002).
4.3. The fuzzy ranking approach
The fuzzy ranking approach is also another popular technique that has attracted a great deal of attention in the fuzzy DEA literature. In
this approach the main idea is to ﬁnd the fuzzy efﬁciency scores of the DMUs using fuzzy linear programs which require ranking fuzzy sets.
The fuzzy ranking approach of efﬁciency measurement was initially developed by Guo and Tanaka (2001). They proposed a fuzzy CCR model in which fuzzy constraints (including fuzzy equalities and fuzzy inequalities) were converted into crisp constraints by predeﬁning a possibility level and using the comparison rule for fuzzy numbers. Assuming there are n DMUs under evaluation, the efﬁciency of the DMUj
~rj ¼ ðyrj ; drj Þ, respecwith m symmetrical triangular fuzzy inputs and s symmetrical triangular fuzzy outputs is denoted by ~
xij ¼ ðxij ; cij Þ and y
tively, where xij and yrj are the center, and cij and drj are the spread of fuzzy numbers. Guo and Tanaka (2001) proposed the following linear
programming (LP) model with two objective functions:
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where a 2 [0, 1] is a predetermined possibility level by decision-makers and unity number in the right hand side of the ﬁrst constraint of the
model (4) is supposedly a symmetrical triangular fuzzy number 1 = (1, e). Note that if cij = drj = 0, then, the traditional CCR is obtained and if
max [cp1/xp1, . . ., cp1/xps] 6 e in (12–1), there exists an optimal solution in (12-1).
~rp is obtained for each
The fuzzy efﬁciency of each DMU under evaluation with the symmetrical triangular fuzzy inputs ~
xip and outputs y
a possibility level as a non-symmetrical triangular fuzzy number ~hp ¼ ðelp ; emp ; eup Þ as follows:

em
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ur yrp
;
vi xip

elp ¼ em
p 

ur ðyrp  drp ð1  aÞÞ
;
vi ðxip þ cip ð1  aÞÞ
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p
vi ðxip  cip ð1  aÞÞ

~
where ur and vi are obtained from (12-1), and elp ; eup and em
p are the left, right spreads and the center of the fuzzy efﬁciency hp , respectively.
Because of using predeﬁned a 2 [0, 1] Guo and Tanaka (2001)’s method can also be classiﬁed within a-level approaches.
Guo and Tanaka (2008) extended their earlier work (Guo and Tanaka, 2001) and introduced a fuzzy aggregation model to objectively
rank a set of DMUs by integrating multiple attribute fuzzy values. Guo (2009) further applied a fuzzy DEA model in a case study for a restaurant location problem in China by integrating the fuzzy DEA model proposed by Guo and Tanaka (2001) with the fuzzy aggregation
model for proposed by Guo and Tanaka (2008). Sanei et al. (2009) used the sensitivity analysis model of Cooper et al. (2001) with fuzzy
data, and they applied the approach of Guo and Tanaka (2001) to build their fuzzy model for determining the stability radius for different
a values. Similar to the approach proposed by Guo and Tanaka (2001), Leon et al. (2003) developed a fuzzy BCC model (3). However, in Guo
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and Tanaka (2001)’s method, a fuzzy efﬁciency score is obtained for each possibility level a while in Leon et al. (2003)’s method, a crisp
efﬁciency score is obtained for either all or each of the possibility levels. Leon et al. (2003) proposed two different fuzzy DEA models
depending on the ranking method used to interpret the fuzzy inequalities. The ﬁrst model uses the ranking method of Ramı´k and Řı´mánek
(1985) to obtain a crisp efﬁciency score of DMUp in which all the possible values of the various variables for all the DMUs at all the possibility levels are considered. This model can be expressed as follows:
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In model (13), the fuzzy inputs and the fuzzy outputs, respectively, are ~
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are the left centers, yRrj and xRij are the right centers of the inputs and outputs, respectively, while cLij and drj are the left spreads, and cRij and drj
are the right spreads of the inputs and outputs, respectively. The second model of Leon et al. (2003) uses the ranking method in Tanaka
et al. (1984) to calculate the efﬁciency score of DMUp for each possibility level a 2 [0, 1]. This model can be formulated as follows:
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A fuzzy set of efﬁcient DMUs can be deﬁned based on the optimal solution for model (14) so that the decision maker is able to identify
sensitive DMUs and to select the appropriate possibility level. When the data are assumed to be symmetrical triangular fuzzy numbers that
~rj ¼ ðyrj ; drj Þ, respectively, where xij and yrj are the center, and cij and drj are the spread of fuzzy numbers,
are denoted by ~
xij ¼ ðxij ; cij Þ and y
model (14) can be written as:
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Note that Li ðaÞ ¼ Ri ðaÞ ¼ L0i ðaÞ ¼ R0i ðaÞ ¼ 1  a; a 2 ½0; 1. We can also categorize Leon et al. (2003)’s method as an a-level approach
since they used a 2 [0, 1] in their model.
Hatami-Marbini et al. (2010b) extended a fuzzy CCR model for evaluating the DMUs from the perspective of the best and the worst possible relative efﬁciency by utilizing Leon et al. (2003)’s approach. Then, in order to rank all of the DMUs, a closeness coefﬁcient index was
obtained by combining the two various efﬁciencies. Jahanshahloo et al. (2004a) proposed a fuzzy ranking method for solving slack-based
measure (SBM) model in DEA when input–output data are triangular fuzzy numbers. Saati and Memariani (2006) addressed some shortcomings of the fuzzy DEA proposed by Jahanshahloo et al. (2004a) and suggested several corrections to their method. Molavi et al. (2005)
introduced two fuzzy DEA models in which the objective function and fuzzy constraints of the fuzzy CCR model were transformed into
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crisp conditions by using LR-fuzzy numbers ranking method of Ramı´k and Řı́mánek (1985). Soleimani-damaneh et al. (2006) addressed
some computational and theoretical shortcomings of several fuzzy DEA models including Kao and Liu (2000a), Leon et al. (2003), Lertworasirikul et al. (2003a), Guo and Tanaka (2001) and Jahanshahloo et al. (2004a). Furthermore, they proposed a fuzzy BCC model using
the fuzzy number ranking method proposed by Yao and Wu (2000) for trapezoidal fuzzy data in DEA.
Hosseinzadeh Lotﬁ et al. (2007a) applied trapezoidal fuzzy data to Jahanshahloo et al.’s (2004b) DEA method, in which a fuzzy ﬁxed cost
was equitably assigned to all DMUs in such a way that the efﬁciency scores were not changed. They used a fuzzy ranking method to solve
the fuzzy model in which each fuzzy constraint transformed to three crisp constraints. Hosseinzadeh Lotﬁ et al. (2007b) adopted the linear
ranking function proposed by Maleki (2002) to present fuzzy CCR models with triangular fuzzy data. Jahanshahloo et al. (2007a) suggested
a method to deal with the DEA-based Malmquist productivity index for all DMUs with triangular fuzzy inputs and outputs. They applied a
linear ranking function proposed by Maleki (2002) to transform their fuzzy linear programming model into a group of the conventional
crisp DEA models. Pal et al. (2007) used a fuzzy DEA approach and a-parametric inequalities in quality function deployment. They used
a fuzzy CCR model based on the method proposed by Lai and Hwang (1992).
Hosseinzadeh Lotﬁ and Mansouri (2008) considered the extended DEA-discriminant analysis method proposed by Sueyoshi (2001) as fuzzy data and changed their fuzzy model into a crisp model using the linear ranking function proposed by Maleki (2002). Zhou et al. (2008)
developed a fuzzy DEA method to evaluate the efﬁciency performance of real estate investment programs. They applied the ranking fuzzy
numbers to solve their model and designed a ‘‘relatively effective controller’’ which considered controlling the diversity of the method. Noora
and Karami (2008) adopted triangular fuzzy data to establish a fuzzy non-radial DEA model and applied a ranking function proposed by Maleki et al. (2000) to transform the fuzzy linear programming into the crisp DEA models. Jahanshahloo et al. (2008) applied the linear ranking
function proposed by Mahdavi-Amiri and Nasseri (2006) to change the fuzzy cost efﬁciency model into a conventional linear programming
problem. Soleimani-Damaneh (2008) used the fuzzy signed distance and the fuzzy upper bound concepts to formulate a fuzzy additive model
in DEA with fuzzy input–output data. Soleimani-damaneh (2009) put forward a theorem on the fuzzy DEA model which was proposed by
Soleimani-Damaneh (2008) in order to show the existence of distance-based upper bound for the objective function of the model.
Hatami-Marbini et al. (2009) proposed a fuzzy DEA model to assess the efﬁciency scores in the fuzzy environment. They used the proposed ranking method in Asady and Zendehnam (2007) and obtained precise efﬁciency scores for the overall rankings of the DMUs. They
compared their method with the fuzzy DEA methods proposed by Soleimani-damaneh et al. (2006) and Leon et al. (2003). They also applied
their model to sixteen bank0 s branches with fuzzy data. Jahanshahloo et al. (2009b) further introduced an alternative approach for solving
fuzzy l1  norm method in DEA with fuzzy data based on the comparison of fuzzy numbers proposed by Tran and Duckstein (2002) to
change fuzzy linear programming to crisp model form. Hosseinzadeh Lotﬁ et al. (2009c) generalized a multi-activity network DEA to fuzzy
inputs and outputs which were formed by triangular membership functions. They used a ranking function to convert the multi-activity
network fuzzy DEA into a multi-activity network crisp DEA model. Hatami-Marbini et al. (in presse) proposed an interactive evaluation
process for measuring the efﬁciency of peer DMUs in fuzzy DEA with consideration of the decision makers’ preferences. By applying the
fuzzy ranking method of Jiménez (1996), they constructed a linear programming model with fuzzy parameters and calculated the fuzzy
efﬁciency of the DMUs for different a levels. Then, the decision maker identiﬁes his/her most preferred fuzzy goal for each DMU under
evaluation and a ranking order of the DMUs can be obtained by a modiﬁed Yager index.
In this section, we also review a related method, called ‘‘defuzziﬁcation approach’’, proposed by Lertworasirikul (2002). In this approach,
which is essentially a fuzzy ranking method, fuzzy inputs and fuzzy outputs are ﬁrst defuzziﬁed into crisp values. These crisp values are
then used in a conventional crisp DEA model which can be solved by an LP solver. Dia (2004) developed an alternative fuzzy DEA model
based on fuzzy arithmetic operations and ranking of fuzzy numbers. A fuzzy aspiration level was used to change the model into a crisp DEA
model and the fuzzy results outlined the practical and robustness aspects of the fuzzy methodology. Lee (2004) and Lee et al. (2005) have
also proposed fuzzy DEA models for CCR and BCC by defuzzifying fuzzy inputs and outputs into crisp value and using them in conventional
DEA models. Juan (2009) proposed a two-stage decision support model by using a hybrid DEA and case-based reasoning model. In this approach, the center of gravity method (CGM) suggested in Bojadziev and Bojadziev (1997) was used to transform the fuzzy data into crisp
data and build a conventional CCR model. Bagherzadeh valami (2009) introduced a cost efﬁciency model with triangular fuzzy input prices
and proposed a method for comparing the production cost of the target DMU with the minimum cost fuzzy set. Hosseinzadeh Lotﬁ et al.
(2009b) proposed a fuzzy DEA model to evaluate a set of DMUs where all parameters and decision variables were fuzzy numbers. They
changed their fuzzy model into a multiple objective LP model and solved the LP model by using a lexicography method. The defuzziﬁcation
approach is simple but the uncertainty in input and output variables (i.e., possible range of values at different a-levels) is not effectively
considered (Zerafat Angiz et al., 2010a). Hatami-Marbini et al. (in pressc) developed a fully fuzziﬁed CCR model to obtain the fuzzy efﬁciency of the DMUs by utilizing a fully fuzziﬁed LP model, in which all of the input–output data and variables (including their weights)
were fuzzy numbers. In spite of its simplicity, the defuzziﬁcation approach has not been used by DEA researchers and practitioners. The
lack of interest in the defuzziﬁcation approach might be due to the fact that with the defuzziﬁcation approach the fuzziness in the inputs
and outputs is effectively ignored (Tlig and Rebai, 2009).
4.4. The possibility approach
The fundamental principles of the possibility theory are entrenched in Zadeh’s (1978) fuzzy set theory. Zadeh (1978) suggests that a
fuzzy variable is associated with a possibility distribution in the same manner that a random variable is associated with a probability distribution. In fuzzy LP models, fuzzy coefﬁcients can be viewed as fuzzy variables and constraint can be considered to be fuzzy events.
Hence, the possibilities of fuzzy events (i.e., fuzzy constraints) can be determined using possibility theory. Dubois and Prade (1988) provide
a comprehensive overview of the possibility theory.
Guo et al. (2000) initially built fuzzy DEA models based on possibility and necessity measures and then Lertworasirikul (2002) and Lertworasirikul et al. (2002a,b) have proposed two approaches for solving the ranking problem in fuzzy DEA models called the ‘‘possibility approach’’ and the ‘‘credibility approach.’’ They introduced the possibility approach from both optimistic and pessimistic view points by
considering the uncertainty in fuzzy objectives and fuzzy constraints with possibility measures. In their credibility approach, fuzzy DEA model
was transformed into a credibility programming-DEA model and fuzzy variables were replaced by ’’expected credits,’’ which were obtained by
using credibility measures. The mathematical details of the credibility model can be found in Lertworasirikul et al. (2003b).
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Lertworasirikul et al. (2003a,c) proposed a possibility approach for solving a fuzzy CCR model in which fuzzy constraints were treated as
fuzzy events. They transformed the fuzzy DEA model into a possibility LP problem by using the possibility measures of the fuzzy events. In
the special case, if the fuzzy data were assumed to be trapezoidal fuzzy numbers, the possibility DEA model becomes a LP model. The proposed possibility CCR model of Lertworasirikul et al. (2003a) where they applied the concept of chance-constrained programming (CCP)
and possibility of fuzzy events are represented by the following model:
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where b 2 [0, 1], a0 2 [0, 1] and a 2 [0, 1] are predetermined admissible levels of possibility. The purpose of (16) is to maximize f so that
Ps
~
or higher, subject to the possibility levels being at least a0 and a in
r¼1 ur yrp of the ﬁrst constraint can achieve with ‘‘possibility’’ level bP
~rp is obtained at least equal to f with possibility level b; while
other constraints. In other words, at the optimal solution, the value of sr¼1 ur y
at the same time all constraints are satisﬁed at the predetermined possibility levels.
Lertworasirikul et al. (2003b) further developed possibility and credibility approaches for solving fuzzy BCC models. They applied the
concept of chance-constrained programming (CCP) and possibility of fuzzy events (fuzzy constraints) to the primal and dual of the fuzzy
BCC models in order to obtain possibility BCC models. This approach also disclosed the relationship between the primal and dual models of
the fuzzy BCC. The efﬁciency obtained through their possibility approach to the primal and dual models provided the upper bound and the
lower bound for each DMU for a given possibility level. Next, in the credibility approach, they replaced the ‘‘expected credits’’ with fuzzy
variables to cope with the uncertainty in fuzzy objectives and fuzzy constraints. Hence, their fuzzy BCC model was transformed into a credibility programming-DEA model. An efﬁciency score for each DMU was obtained from the credibility approach as a representative of its
possible range. Unlike the possibility approach, the decision makers did not have to determine any parameters or rank fuzzy efﬁciency values in the credibility approach. According to the possibility BCC approach proposed in Lertworasirikul et al. (2003b), the primal proposed
model can be represented by the following model:
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where b 2 [0, 1], a0 2 [0, 1] and a 2 [0, 1] are the predetermined admissible levels of possibility.
Similarly, according to the possibility approach (Lertworasirikul et al., 2003b), the dual proposed model can be represented by the following model:
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 1 2 ½0; 1 and a
 2 2 ½0; 1 are predetermined admissible levels of possibility. Garcia et al. (2005) introduced a fuzzy DEA approach to
where a
rank failure modes identiﬁed by means of the occurrence, severity and detection indices. Their method allowed the experts to use linguistic
variables in assigning more important values to the considered indices. They utilized the possibility approach proposed by Lertworasirikul
et al. (2003a) in their model to solve their fuzzy DEA problem. Similarly, Wu et al. (2006) used the formulation of Lertworasirikul et al.
(2003a) in their fuzzy DEA model to cope with the quantitative and linguistic variables in the efﬁciency analysis of cross-region bank
branches in Canada.
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Ramezanzadeh et al. (2005) proposed a CCR model with chance-constrained programming approach and used a-level method and fuzzy
probability measure to rectify the randomness by classical mean–variance method of Cooper et al. (1996). Jiang and Yang (2007) proposed
a fuzzy chance-constrained creditability programming DEA model and introduced a procedure for converting the fuzzy programming to
conﬁrm programming. Khodabakhshi et al. (2010) formulated two alternative fuzzy and stochastic additive models to determine returns
to scale in DEA. They developed the fuzzy and stochastic DEA models based on the possibility approach and the concept of chance constraint programming, respectively. Wen and Li (2009) proposed a hybrid algorithm integrating fuzzy simulation and genetic algorithm
to solve a fuzzy DEA model established based on the credibility measure. Recently, Wen et al. (2010) extended the CCR model to a fuzzy
DEA model based on the credibility measure presented by Liu (2004). They designed a hybrid algorithm combined with fuzzy simulation
and genetic algorithm to rank all the DMUs with fuzzy inputs and outputs.
4.5. Other developments in fuzzy DEA
In this section, we review several fuzzy DEA models that do not fall into the fuzzy ranking approach, the tolerance approach, the alevel based approach, or the possibility approach categories. Hougaard (1999) extended scores of technical efﬁciency used in DEA to
fuzzy intervals and showed how the fuzzy scores allow the decision maker to use scores of technical efﬁciency in combination with
other sources of available performance information such as expert opinions, key ﬁgures, etc. Sheth and Triantis (2003) introduced a
fuzzy goal DEA framework to measure and evaluate the goals of efﬁciency and effectiveness in a fuzzy environment. They deﬁned
a membership function for each fuzzy constraint associated with the efﬁciency and effectiveness goals and represented the degree
of achievement of that constraint.
Hougaard (2005) introduced a simple approximation for the assessment of efﬁciency scores with regards to fuzzy production plans. This
approach did not require the use of fuzzy LP techniques and had a clear economic interpretation where all the necessary calculations could
be performed in a spreadsheet making it highly operational. Wang et al. (2005) proposed a pair of interval DEA models for dealing with
imprecise data such as interval data, ordinal preference information, fuzzy data and their mixture. In their method, the efﬁciency scores
were obtained as interval numbers and a minimax regret approach was used to rank the interval numbers. Uemura (2006) introduced a
fuzzy goal based on the evaluation ratings of individual outputs obtained from the fuzzy loglinear analysis and then proposed a fuzzy goal
into the DEA. Luban (2009) proposed a method inspired by Sheth and Triantis’s (2003) work and used the fuzzy dimension of the DEA models to select the membership function, the bound on the inputs and outputs, the global targets, and the bound of the global targets. Wang
et al. (2009a) proposed two fuzzy DEA models with fuzzy inputs and outputs by means of fuzzy arithmetic. They converted each proposed
fuzzy CCR model into three LP models in order to calculate the efﬁciencies of DMUs as fuzzy numbers. In addition they developed a fuzzy
ranking approach to rank the fuzzy efﬁciencies of the DMUs.
Qin et al. (2009) developed a DEA model with type-2 fuzzy inputs and outputs to deal with linguistic uncertainties as well as numerical
uncertainties with respect to fuzzy membership functions. Based on the expected value of fuzzy variable, they used a reduction method for
type-2 fuzzy variables and built a fuzzy DEA model by means of the generalized credibility measure. Qin and Liu (2009) proposed a class of
fuzzy random DEA (FRDEA) models with fuzzy random inputs and outputs when randomness and fuzziness coexisted in an evaluation system and the fuzzy random data were characterized with known possibility and probability distributions. They also proposed a hybrid genetic algorithm and stochastic simulation approach to assess the objective function of the proposed DEA. Qin and Liu (2010) also proposed
another approach similar to the method proposed in Qin and Liu (2009). They included the chance functions in the objective and constraint
functions which were subsequently converted to the equivalent stochastic programming forms and solved with a hybrid genetic algorithm
and Monte Carlo simulation method.
Zerafat Angiz et al. (2010b) proposed an alternative ranking approach based on DEA in the fuzzy environment to aggregate preference
rankings of a group of decision makers. They applied their method to a preferential voting system with four stages. Although they considered data as ordinal relations, stage 1 deﬁned a fuzzy membership function for ranking a set of alternatives to ﬁnd the ideal alternative. In
the Second stage they used the fuzzy DEA model proposed in Zerafat Angiz et al. (2006) to obtain the ideal solution. In the last two stages,
they proposed a method to aggregate the results to a single score using subjective weights obtained from comparative judgments for ranking the alternatives.

5. Conclusions, limitations and directions for future research
There are relatively a large number of papers in the fuzzy DEA literature. Fuzzy sets theory has been used widely to model uncertainty in DEA. Although other models such as probabilistic/stochastic DEA and statistical preference (e.g., bootstrapping) are also used
to model uncertainty in DEA, in this paper we focus on the fuzzy sets DEA papers published in the English-language academic journals. The applications of fuzzy sets theory in DEA are usually categorized into four groups: the tolerance approach, the a-level based
approach, the fuzzy ranking approach and the possibility approach. While most of these approaches are powerful, they usually have
some theoretical and/or computational limitations and sometimes applicable to a very speciﬁc situation (e.g., Soleimani-damaneh et al.
(2006)). For example, the tolerance approach uses fuzzy inequalities and equalities instead of fuzzy inputs and fuzzy outputs. The most
popular fuzzy DEA group, a-level based approach, often provides a fuzzy efﬁciency score whose membership function is constructed
from a-level even though models related to this approach are not computationally efﬁcient because this group mostly requires a large
number of linear programming models according to various a-levels (e.g., Soleimani-damaneh et al. (2006)). In this study, the importance of fuzzy ranking approach in the literature is ranked second (see Table 1) while considerable limitation of this group is that
different fuzzy ranking methods may result in different efﬁciency scores. In the possibility approach, the proposed models may not
be adapted to other DEA models (e.g., Soleimani-damaneh et al. (2006)), and we believe that this approach requires complicated
numerical computations compared to other approaches.
In summary, fuzzy DEA is best known for its distinct treatment of the imprecise or vague input and output data in the real-world problems. As shown in Fig. 2, fuzzy DEA is a growing ﬁeld with many practical and theoretical developments. Nevertheless, we believe that
fuzzy DEA is still in its early stages of development.
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Fig. 2. Two decades of fuzzy DEA development (1990–2010).

A wide variety of applications and proliferation of models have demonstrated that fuzzy DEA is an effective approach for performance
measurement in problems with imprecise and vague data. Nevertheless, there are a number of challenges involved in the fuzzy DEA research that provide a great deal of fruitful scope for future research:
 A uniﬁed process: It is imperative to provide a uniﬁed fuzzy DEA approach for practicing managers and novice users. This need is clearly
illustrated by the large number of models and the proliferation of frameworks, at times confusing or even contradictory. A uniﬁed process similar to COOPER-framework (Emrouznejad and De Witte, 2010) can provide the novice users with a clear-cut procedure for solving fuzzy DEA problems. Experienced users can use the uniﬁed process for modeling depth and breadth.
 User-friendly software: Although there are several DEA software packages in the market, none of them are capable of handling fuzzy
data and fuzzy DEA modeling.
 Real-life applications: Most of the papers published in the literature have used simple examples or small sets of hypothetical data to
illustrate the applicability of the models. We encourage researchers to use real-world case studies in demonstrating the applicability
of their models and exhibit the efﬁcacy of their procedures and algorithms.
 Sensitivity analysis: There is a need for comprehensive studies focusing on sensitivity analysis strategies in fuzzy DEA. Fuzzy data by
deﬁnition are not ﬁxed. As a result, the results from fuzzy models are less robust and more likely to change over a period of time or
even during the model-building phase. Consequently, there is a need for elaborate and comprehensive sensitivity analysis methods
and procedures to deal with the changing nature of fuzzy DEA models.
We hope that our research will beneﬁt a wide range of users who desire to solve real-life DEA problems with vague or imprecise data.
The taxonomy and the comprehensive review of the literature provided here should lead to a better understanding of fuzzy DEA and its
applications.
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´ k, J., Řı´mánek, J.T., 1985. Inequality relation between fuzzy numbers and its use in fuzzy optimization. Fuzzy Sets and Systems 16, 123–138.
Ramı
Saati, S., Memariani, A., 2005. Reducing weight ﬂexibility in fuzzy DEA. Applied Mathematics and Computation 161 (2), 611–622.
Saati, S., Memariani, A., 2006. A note on measure of efﬁciency in DEA with fuzzy input–output levels: a methodology for assessing, ranking and imposing of weights
restrictions by Jahanshahloo et al. Journal of Science, Islamic Azad University 16 (58/2), 15–18.
Saati, S., Memariani, A., 2009. SBM model with fuzzy input–output levels in DEA. Australian Journal of Basic and Applied Sciences 3 (2), 352–357.
Saati, S., Memariani, A., Jahanshahloo, G.R., 2002. Efﬁciency analysis and ranking of DMUs with fuzzy data. Fuzzy Optimization and Decision Making 1, 255–267.
Sanei, M., Noori, N., Saleh, H., 2009. Sensitivity analysis with fuzzy Data in DEA. Applied Mathematical Sciences 3 (25), 1235–1241.
Saneifard, R., Allahviranloo, T., Hosseinzadeh Lotﬁ, F., Mikaeilvand, N., 2007. Euclidean ranking DMUs with fuzzy data in DEA. Applied Mathematical Sciences 1 (60), 2989–
2998.
Seiford, L.M., 1996. Data envelopment analysis: the evolution of the state of the art (1978–1995). The Journal of Productivity Analysis 7, 99–137.
Sengupta, J.K., 1992a. A fuzzy systems approach in data envelopment analysis. Computers and Mathematics with Applications 24 (8-9), 259–266.
Sengupta, J.K., 1992b. Measuring efﬁciency by a fuzzy statistical approach. Fuzzy Sets and Systems 46 (1), 73–80.
Sheth, N., Triantis, K., 2003. Measuring and evaluating efﬁciency and effectiveness using goal programming and data envelopment analysis in a fuzzy environment. Yugoslav
Journal of Operations Research 13 (1), 35–60.
Soleimani-Damaneh, M., 2008. Fuzzy upper bounds and their applications. Chaos, Solitons and Fractals 36, 217–225.
Soleimani-damaneh, M., 2009. Establishing the existence of a distance-based upper bound for a fuzzy DEA model using duality. Chaos, Solitons and Fractals 41, 485–490.
Soleimani-damaneh, M., Jahanshahloo, G.R., Abbasbandy, S., 2006. Computational and theoretical pitfalls in some current performance measurement techniques and a new
approach. Applied Mathematics and Computation 181 (2), 1199–1207.
Sueyoshi, T., 1999. DEA-discriminant analysis in the view of goal programming. European Journal of Operational Research 115, 564–582.
Sueyoshi, T., 2001. Extended DEA-discriminant analysis. European Journal of Operational Research 131, 324–351.
Tanaka, H., Ichihasi, H., Asai, K., 1984. A formulation of fuzzy linear programming problem based on comparison of fuzzy numbers. Control and Cybernetics 13, 185–194.
Tlig, H., Rebai, A., 2009. A mathematical approach to solve data envelopment analysis models when data are LR fuzzy numbers. Applied Mathematical Sciences 3 (48), 2383–
2396.

472

A. Hatami-Marbini et al. / European Journal of Operational Research 214 (2011) 457–472

Tran, L., Duckstein, L., 2002. Comparison of fuzzy numbers using a fuzzy distance measure. Fuzzy Sets and Systems 130, 331–341.
Triantaphyllou, E., 2000. Multi-criteria Decision Making Methods: A Comparative Study. Kluwer Academic Publishers, London.
Triantis, K.P., Girod, O., 1998. A mathematical programming approach for measuring technical efﬁciency in a fuzzy environment. Journal of Productivity Analysis 10 (1), 85–
102.
Triantis, K., 2003. Fuzzy non-radial data envelopment analysis (DEA) measures of technical efﬁciency in support of an integrated performance measurement system.
International Journal of Automotive Technology and Management 3 (3-4), 328–353.
Uemura, Y., 2006. Fuzzy satisfactory evaluation method for covering the ability comparison in the context of DEA efﬁciency. Control and Cybernetics 35 (2), 487–495.
Wang, Y.M., Luo, Y., Liang, L., 2009a. Fuzzy data envelopment analysis based upon fuzzy arithmetic with an application to performance assessment of manufacturing
enterprises. Expert Systems with Applications 36, 5205–5211.
Wang, C.H., Chuang, C.C., Tsai, C.C., 2009b. A fuzzy DEA–neural approach to measuring design service performance in PCM projects. Automation in Construction 18, 702–713.
Wang, J., Lin, Y.T., 2003. Fuzzy multicriteria group decision making approach to select conﬁguration items for software development. Fuzzy Sets and Systems 134 (3), 343–
363.
Wang, J.J., Jing, Y.Y., Zhang, C.F., Zhao, J.H., 2009c. Review on multi-criteria decision analysis aid in sustainable energy decision-making. Renewable and Sustainable Energy
Reviews 13 (9), 2263–2278.
Wang, Y.M., Greatbanks, R., Yang, J.B., 2005. Interval efﬁciency assessment using data envelopment analysis. Fuzzy Sets and Systems 153 (3), 347–370.
Wen, M., Li, H., 2009. Fuzzy data envelopment analysis (DEA): model and ranking method. Journal of Computational and Applied Mathematics 223, 872–878.
Wen, M., You, C., Kang, R., 2010. A new ranking method to fuzzy data envelopment analysis. Computers & Mathematics with Applications 59 (11), 3398–3404.
Wu, D., Olson, D.L., 2008. Supply chain risk, simulation, and vendor selection. International Journal of Production Economics 114 (2), 646–655.
Wu, D., Yang, Z., Liang, L., 2006. Efﬁciency analysis of cross-region bank branches using fuzzy data envelopment analysis. Applied Mathematics and Computation 181, 271–
281.
Wu, R., Yong, J., Zhang, Z., Liu, L., Dai, K., 2005. A game model for selection of purchasing bids in consideration of fuzzy values. Proceedings of the international conference on
services systems and services management, vol. 1. IEEE, New York, pp. 254–258.
Xu, Z.-S., Chen, J., 2007. An interactive method for fuzzy multiple attribute group decision making. Information Sciences 177 (1), 248–263.
Yager, R.R., Basson, D., 1975. Decision making with fuzzy sets. Decision Sciences 6 (3), 590–600.
Yao, J.S., Wu, K., 2000. Ranking fuzzy numbers based on decomposition principle and signed distance. Fuzzy Sets and Systems 116, 275–288.
Zadeh, L.A., 1965. Fuzzy sets. Information and Control 8, 338–353.
Zadeh, L.A., 1978. Fuzzy sets as a basis for a theory of possibility. Fuzzy Sets and Systems 1, 3–28.
Zadeh, L.A., 1975. The concept of a linguistic variable and its application to approximate reasoning. Information Sciences 8 (3), 199–249.
Zhang, L., Mannino, M., Ghosh, B., Scott, J., 2005. Data warehouse (DWH) efﬁciency evaluation using fuzzy data envelopment analysis (FDEA). Proceedings of the Americas
Conference on Information Systems 113, 1427–1436.
Zerafat Angiz, L.M., Saati, S., Memariani, M.A., Movahedi, M., 2006. Solving possibilistic linear programming problem considering membership function of the coefﬁcients.
Advances in Fuzzy Sets and Systems 1 (2), 131–142.
Zerafat Angiz, L.M., Emrouznejad, A., Mustafa, A., 2010a. Fuzzy assessment of performance of a decision making units using DEA: a non-radial approach. Expert Systems with
Applications 37 (7), 5153–5157.
Zerafat Angiz, L.M., Emrouznejad, A., Mustafa, A., al-Eraqi, A.S., 2010b. Aggregating preference ranking with fuzzy data envelopment analysis. Knowledge-Based Systems 23
(6), 512–519.
Zhou, S.J., Zhang, Z.D., Li, Y.C., 2008. Research of real estate investment risk evaluation based on fuzzy data envelopment analysis method. Proceedings of the International
Conference on Risk Management and Engineering Management, pp. 444–448.
Zimmermann, H.J., 1996. Fuzzy Set Theory and Its Applications, 3rd ed. Boston, Kluwer–Nijhoff Publishing, Boston.
Zimmermann, H.J., 1978. Fuzzy programming and linear programming with several objective functions. Fuzzy Sets and Systems 1 (1), 45–55.

