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Abstract: Linear programming (LP) is an optimisation technique most widely
used for optimal allocation of limited resources amongst competing activities.
Precise data are fundamentally indispensable in standard LP problems.
However, the observed values of the data in real-world problems are often
imprecise or vague. Fuzzy set theory has been extensively used to represent
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ambiguous, uncertain or imprecise data in LP by formalising the inaccuracies
inherent in human decision-making. We propose a new method for solving
fuzzy LP (FLP) problems in which the right-hand side parameters and the
decision variables are represented by fuzzy numbers. A new fuzzy ranking
model and a new supplementary variable are utilised in the proposed FLP
method to obtain the fuzzy and crisp optimal solutions by solving one LP
model. Moreover, we introduce an alternative model with deterministic
variables and parameters derived from the proposed FLP model. Interestingly,
the result of the alternative model is identical to the crisp solution of the
proposed FLP model. We use a numerical example from the FLP literature for
comparison purposes and to demonstrate the applicability of the proposed
method and exhibit the efficacy of the procedure.
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1

Introduction

Linear programming (LP) is a quantitative tool for optimal allocation of limited resources
amongst competing activities. It is perhaps the most popular operations research
technique with applications in several functional areas of business such as production,
finance, marketing, distribution, advertising and so forth (Chen and Ko, 2009, 2010;
Hassanzadeh Amin et al., 2011; Peidro et al., 2010; Rong and Lahdelma, 2008). The
conventional LP deals with crisp parameters. However, managerial decision-making is
subject to professional judgments usually based on imprecise, vague, uncertain or
incomplete information. Fuzzy set theory has been used to handle such imprecision by
generalising the notion of membership in a set. Essentially, each element in a fuzzy set is
associated with a point-value selected from the unit interval [0, 1]. Fuzzy set theory has
been extensively employed in LP. The main objective in fuzzy LP (FLP) is to find the
best solution possible with imprecise, vague, uncertain or incomplete information. There
are many sources of imprecision in FLP. The sources of imprecision in FLP vary. For
example, sometimes constraint satisfaction limits are vague and other times coefficient
variables are not known precisely. The fundamental challenge in FLP is to construct an
optimisation model that can produce the optimal solution with subjective professional
judgments.
The problem of ranking fuzzy numbers plays an important role in decision-making.
Numerous researchers have proposed different methods for ranking fuzzy numbers since
the inception of fuzzy sets theory by Zadeh (1965). Wang and Kerre (2001a, 2001b)
classified the ranking methods into three main categories. The first category is composed
of ranking methods based on fuzzy mean and spread (e.g., Adamo, 1980; Liou and Wang,
1992), the second category consists of ranking methods based on fuzzy scoring (e.g.,
Bortolan and Degani, 1985; Kim and Park, 1990) and the third category is composed of
methods based on preference relations (e.g., Dubois and Prade, 1983; Yuan, 1991).
We propose a new method for solving FLP problems in which the right-hand side
parameters and the decision variables are represented by fuzzy numbers. A new fuzzy
ranking model and a new supplementary variable are utilised in the proposed FLP
method to obtain the fuzzy and crisp optimal solutions by solving one LP model.
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Moreover, we introduce an alternative model with deterministic variables and parameters
derived from the proposed FLP model. The proposed method:
a

is computationally simple

b

captures the ambiguity and impreciseness in DMs’ judgments.

This paper is organised as follows: The next section presents a brief review of the
existing literature followed by a description of the FLP problem. We then introduce the
mathematical details of the proposed method and after that we discuss the concept of
duality in FLP. Finally, we present the results from a numerical example and finish the
paper with our conclusions and future research directions.

2

Literature review

The theory of fuzzy mathematical programming was first proposed by Tanaka et al.
(1974) based on the fuzzy decision framework of Bellman and Zadeh (1970).
Zimmermann (1978) introduced the first formulation of FLP to address the impreciseness
and vagueness of the parameters in LP problems with fuzzy constraints and objective
functions. Zimmermann (1978) constructed a crisp model of the problem and obtained its
crisp results using an existing algorithm. He then used Bellman and Zadeh’s (1970)
interpretation that a fuzzy decision is a union of goals and constraints and fuzzified the
problem by considering subjective constants of admissible deviations for the goal and the
constraints. Finally, he defined an equivalent crisp problem using an auxiliary variable
that represented the maximisation of the minimisation of the deviations on the
constraints. There are generally five FLP classifications in the literature:
•

Zimmermann (1987) has classified FLP problems into two categories: symmetrical
and non-symmetrical models. In a symmetrical fuzzy decision there is no difference
between the weight of the objectives and constraints while in the asymmetrical fuzzy
decision, the objectives and constraints are not equally important and have different
weights (Amid et al., 2006).

•

Leung (1988) has classified FLP problems into four categories:
1
2
3
4

a precise objective and fuzzy constraints
a fuzzy objective and precise constraints
a fuzzy objective and fuzzy constraints
robust programming.

•

Luhandjula (1989) has classified FLP problems into three categories:
1 flexible programming
2 mathematical programming with fuzzy parameters
3 fuzzy stochastic programming.

•

Inuiguchi et al. (1990) have classified FLP problems into six categories:
1
2
3

flexible programming
possibilistic programming
possibilistic LP using fuzzy max
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4
5
6

•

robust programming
possibilistic programming with fuzzy preference relations
possibilistic LP with fuzzy goals.

Kumar et al. (2011) have divided FLP problems into two categories:
1 FLP problems with inequality constraints
2 FLP problems with equality constraints.

Some authors (Buckley and Feuring, 2000; Hashemi et al., 2006; Allahviranloo
et al., 2008) have proposed different methods for solving FLP problems with inequality
constraints where initially the FLP problem is converted into crisp LP problem and then
the obtained crisp LP problem is solved to find the fuzzy optimal solution of the FLP
problems. Other authors (Dehghan et al., 2006; Hosseinzadeh Lotfi et al., 2009) have
proposed methods for solving FLP problems with equality constraints. However, the
solutions to FLP problems with equality constraints are generally approximate
(Hosseinzadeh Lotfi et al., 2009).
In the past decade, researchers have discussed various properties of FLP problems
and proposed an assortment of models. Zhang et al. (2003) proposed a FLP with fuzzy
numbers for the coefficients of objective functions. They introduced a number of optimal
solutions for the FLP problems and developed a number of theorems for converting the
FLP problems into multi-objective optimisation problems. Stanciulescu et al. (2003)
proposed a FLP model with fuzzy coefficients for the objectives and the constraints. He
used fuzzy decision variables with a joint membership function instead of crisp decision
variables and linked the decision variables together to sum them up to a constant. He
considered lower-bounded fuzzy decision variables that set up the lower bounds of the
decision variables. He then generalised the method to lower–upper-bounded fuzzy
decision variables that set up also the upper bounds of the decision variables. Katagiri
et al. (2004) considered a multi-objective 0–1 programming problem with fuzzy random
variables as coefficients of objective functions and proposed a decision-making model for
maximising the expected degrees of possibility that the objective function values attained
the fuzzy goals.
Ganesan and Veeramani (2006) proposed a FLP model with symmetric trapezoidal
fuzzy numbers. They proved fuzzy analogues of some important LP theorems and
obtained some interesting results which in turn led to the solution for FLP problems
without converting them into crisp LP problems. Ebrahimnejad (2011a) showed that the
method proposed by Ganesan and Veermani (2006) stops in a finite number of iterations
and proposed a revised version of their method that was more efficient and robust in
practice. He also proved the absence of degeneracy and showed that if an FLP problem
has a fuzzy feasible solution, it also has a fuzzy basic feasible solution and if an FLP
problem has an optimal fuzzy solution, it also has an optimal fuzzy basic solution. To
solve a multi-objective programming problem with fuzzy coefficients, Wu (2008a)
transformed the problem into a vector optimisation problem by applying the embedding
theorem and using a suitable linear defuzzification function.
Lodwick and Jamison (2007) developed the theory underlying fuzzy, possibilistic and
mixed fuzzy/possibilistic optimisation and demonstrated the appropriate use of distinct
solution methods associated with each type of optimisation dependent on the semantics of
the problem. Mahdavi-Amiri and Nasseri (2007) developed some methods for solving
FLP problems by introducing and solving certain auxiliary problems. They applied a
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linear ranking function to order trapezoidal fuzzy numbers and deduced some duality
results by establishing the dual problem of the LP problem with trapezoidal fuzzy
variables. Rommelfanger (2007) showed that both the probability distributions and fuzzy
sets should be used in parallel or in combination, to model imprecise data dependent on
the real situation. van Hop (2007) presented a model to measure attainment values of
fuzzy numbers/fuzzy stochastic variables and used these new measures to convert the
FLP problem or the fuzzy stochastic LP problem into the corresponding deterministic LP
problem.
Mahdavi-Amiri and Nasseri (2006) proposed a FLP model where a linear ranking
function was used to rank order trapezoidal fuzzy numbers. They established the dual
problem of the LP problem with trapezoidal fuzzy variables and deduced some duality
results to solve the FLP problem directly with the primal simplex tableau. Ebrahimnejad
(2010) introduced a new primal-dual algorithm for solving FLP problems by using the
duality results proposed by Mahdavi-Amiri and Nasseri (2007). Ebrahimnejad (2011b)
has also generalised the concept of sensitivity analysis in FLP problems by applying
fuzzy simplex algorithms and using the general linear ranking functions on fuzzy
numbers.
Ghodousian and Khorram (2008) studied the new linear objective function
optimisation with respect to the fuzzy relational inequalities defined by max-min
composition in which fuzzy inequality replaces ordinary inequality in the constraints.
They showed that their method attains the optimal points that are better solutions than
those resulting from the resolution of the similar problems with ordinary inequality
constraints. Tan et al. (2008) developed a FLP extension of the general life cycle model
using a concise and consistent linear model that makes identification of the optimal
solution straightforward. Wu (2008b) derived the optimality conditions for FLP problems
by proposing two solution concepts based on similar solution concept, called the
non-dominated solution, in the multi-objective programming problem.
Hosseinzadeh Lotfi et al. (2009) considered full FLP problems where all variable and
parameters were triangular fuzzy numbers. They showed that there is no method in the
literature for finding the fuzzy optimal solution of full FLP problems and introduced a
new method for solving full FLP problems with equality constraints. They used the
concept of the symmetric triangular fuzzy numbers and proposed an approach to
defuzzify a general fuzzy quantity. They first approximated the fuzzy triangular numbers
to its nearest symmetric triangular numbers with the assumption that all decision
variables were symmetric triangular. They then converted every FLP model into two
crisp complex LP models and used a special ranking for fuzzy numbers to transform their
full FLP model into a multi-objective LP where all variables and parameters were crisp.
Kumar et al. (2011) further studied the full FLP problems with equality introduced by
Hosseinzadeh Lotfi et al. (2009) and proposed a new method for finding the fuzzy
optimal solution in these problems.
Gupta and Mehlawat (2009) studied a pair of fuzzy primal-dual LP problems and
calculated duality results using an aspiration level approach. Their approach is
particularly important for FLP where the primal and dual objective values may not be
bounded. Peidro et al. (2010) used fuzzy sets and developed a FLP to model the supply
chain uncertainties. Chen and Ko (2010), Inuiguchi and Ramík (2000) and Peidro et al.
(2010) have developed a number of FLP models to solve problems ranging from supply
chain management to product development. In summary, the FLP models in the literature
could be classified into the following seven groups:

318

S. Saati et al.

•

Group 1: the FLP problems in this group involve fuzzy numbers for the decision
variables and the right-hand-side of the constraints (e.g., Mahdavi-Amiri and
Nasseri, 2007).

•

Group 2: the FLP problems in this group involve fuzzy numbers for the coefficients
of the decision variables in the objective function (e.g., Wu 2008b).

•

Group 3: the FLP problems in this group involve fuzzy numbers for the coefficients
of the decision variables in the constraints and the right-hand-side of the constraints
(e.g., Xinwang, 2001).

•

Group 4: the FLP problems in this group involve fuzzy numbers for the decision
variables, the coefficients of the decision variables in the objective function and the
right-hand-side of the constraints (e.g., Ganesan and Veeramani, 2006).

•

Group 5: the FLP problems in this group involve fuzzy numbers for the
coefficients of the decision variables in the objective function, the coefficients of the
decision variables in the constraints and the right-hand-side of the constraints (e.g.,
Mahdavi-Amiri and Nasseri, 2006; Hatami-Marbini et al., 2013; Hatami-Marbini and
Tavana, 2011).

•

Group 6: the FLP problems in this group involve fuzzy numbers for the coefficients
of the decision variables in the decision variables, the coefficients of the decision
variables in the constraints and the right-hand-side of the constraints (e.g., Saati
et al., 2012).

•

Group 7: the FLP problems in this group, so-called fully FLP (FFLP) problems,
involve fuzzy numbers in the decision variables, the coefficients of the decision
variables in the objective function, the coefficients of the decision variables in the
constraints and the right-hand-side of the constraints (e.g., Hosseinzadeh Lotfi et al.,
2009).

Although the FFLP group is the general case of the FLP, it may not be suitable for all
FLP problems with different assumptions and sources of fuzziness. The FLP model
proposed in this study belongs to Group 1 in which the right-hand side parameters and
the decision variables are represented by fuzzy numbers. The proposed method is
computationally simple and provides a better solution compared with the existing FLP
methods in the literature (e.g., Mahdavi-Amiri and Nasseri, 2007).

3

Fuzzy sets theory

This section introduces some basic definitions for fuzzy sets (Dubois and Prade, 1978,
1980; Kaufmann and Gupta, 1991; Klir and Yuan, 1995; Zadeh, 1965; Zimmermann,
1996).
Definition 3.1. Let U be a universe set. A fuzzy set Ẽ in U is defined by a set of ordered
pairs Ẽ = {(x, μẼ(x)|x ∈ U} where μẼ(x), ∀x ∈ U , indicates the degree of membership of
Ẽ to U.
Definition 3.2. A fuzzy subset A of real number U is convex if and only if
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μΕ ( λx + (1 − λ) y ) ≥ ( μΕ ( x) ∧ μΕ ( y ) ) , ∀x, y ∈ U , ∀λ ∈ [0, 1],

where ‘∧’denotes the minimum operator.
Definition 3.3. The α-level of fuzzy set Ẽ, Ẽα, is the crisp set Ẽα = {x|μẼ(x) ≥ α}. The
support of Ẽ is the crisp set Sup(Ẽ) = {x|μẼ(x) > 0}. Ẽ is normal if and only if Supx∈UμẼ(x)
= 1, where U is the universal set.
Definition 3.4. Ẽ is a fuzzy number if Ẽ is a normal and convex fuzzy subset of U.
Definition 3.5. A fuzzy number Ẽ = (am1, am2, al, au), is called a generalised trapezoidal
fuzzy number with membership function μẼ and the following properties:
a

μẼ is a continuous mapping from R to the closed interval [0, 1]

b

μẼ(x) = 0 for all x ∈(–∞, al],

c

μẼ is strictly increasing on [al, am1]

d

μẼ(x) = 1 for all x ∈ [am1, am2]

e

μẼ is strictly decreasing on [am2, au]

f

μẼ(x) = 0 for all x ∈ [au, +∞).

The membership function μẼ of Ẽ can be defined as follows:
⎧ f a ( x),
⎪
⎪1,
μΕ ( x) = ⎨
⎪ g a ( x),
⎪⎩0,

a l ≤ x ≤ a m1 ,
a m1 ≤ x ≤ a m 2 ,
a m 2 ≤ x ≤ au ,
Otherwise.

(1)

where fa: [al, am1] → [0, 1] and ga: [am2, au] → [0, 1].
The inverse functions of fa and ga, denoted as f a−1 and g a−1 , exist. Since fa: [al, am1]
→ [0, 1] is continuous and strictly increasing, f a−1 :[0, 1] → [a l , a m1 ] is also continuous
and strictly decreasing. Similarly, since ga: [am2, au] → [0, 1] is continuous and strictly
decreasing, g a−1 :[0, 1] → [a m 2 , a u ] is also continuous and strictly increasing. That is,

both

∫

1

0

f a−1 and

1

∫g
0

−1
a

exist (Liou and Wang, 1992).

Moreover, the parametric form of a fuzzy number Ẽ can be denoted by (a (r ), a (r )),
0 ≤ r ≤ 1, which satisfies the following requirements:
1

a (r ) is a bounded increasing left continuous function

2

a (r ) is a bounded decreasing right continuous function

3

a (r ) ≤ a (r ), where 0 ≤ r ≤ 1.

Particularly, we are working with a special type of the trapezoidal fuzzy number with a
membership function μẼ expressed by:
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⎧ x − al
⎪ a m1 − a l ,
⎪
⎪1,
μΕ ( x) = ⎨ u
⎪ a −x ,
⎪ au − a m2
⎪
⎩0,

a l ≤ x ≤ a m1 ,
a m1 ≤ x ≤ a m 2 ,
a

m2

(2)

≤x≤a ,
u

Otherwise.

The trapezoidal fuzzy number Ẽ = (am1, am2, al, au) is reduced to a real number A if al =
am1 = am2 = au. Conversely, a real number A can be written as a trapezoidal fuzzy number
A = (a, a, a, a ). If Ẽ = (am, al, au) then, is called a triangular fuzzy number. A triangular
fuzzy number has the following membership function:
⎧ x − al
⎪ a m − al ,
⎪
⎪1,
μΕ ( x) = ⎨ u
⎪ a −x ,
⎪ au − a m
⎪
⎩0,

al ≤ x ≤ a m ,
x = am ,

(3)

a ≤x≤a ,
m

u

Otherwise.

For the purpose of simplicity and without loss of generality, we assume that all fuzzy
numbers used throughout the paper are trapezoidal fuzzy numbers. Among the various
types of fuzzy numbers, trapezoidal fuzzy numbers are used most often for characterising
information in practical applications (Klir and Yuan, 1995; Yeh and Deng, 2004). The
common use of trapezoidal fuzzy numbers is mainly attributed to their simplicity in both
concept and computation.
Definition 3.6. The minimum t-norm is usually applied in FLP to evaluate a linear
combination of fuzzy quantities. Therefore, for a given set of trapezoidal fuzzy numbers
n

e j = (a mj 1 , a mj 2 , a lj , a uj ), j = 1,2,…,n and λj, Ε =

∑λ e

j j

as a trapezoidal fuzzy number

j =1

is defined as follows:
⎛
λje j = ⎜
⎜
j =1
⎝
n

If λj ≥ 0, then Ε =

∑

⎛
λje j = ⎜
⎜
j =1
⎝
n

If λj ≥ 0, then Ε =

∑

n

∑

n

λ j a mj 1 ,

j =1

j =1

n

∑
j =1

∑

n

λ j a mj 2 ,

j =1

n

λ j a mj 2 ,

∑
j =1

∑

n

λ j a lj ,

∑
j =1

j

n

λ j a uj ,

∑λ a

n

where

∑λ e

j j

j =1

u
j

j =1

n

λ j a mj 1 ,

∑λ a

denotes the combination λ1e1 ⊕ λ2 e2 ⊕ … ⊕ λn en .

j

j =1

l
j

⎞
⎟
⎟
⎠
⎞
⎟
⎟
⎠
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The FLP problem

In this section we introduce a FLP model where decision variables and resources (right
hand side values) are fuzzy quantities. A LP problem may be defined as the problem of
maximising or minimising (in the proposed model) a linear function subject to linear
constraints:
Minimise Z = cx

(4)

Subject to:
A.x ≥ b, x ≥ 0.

where x ∈ Rn, c ∈ Rn, b ∈ Rm, and A is an (m × n) real matrix. Contrary to the classical
LP problem, here, x and b will be the fuzzy numbers and they are denoted by symbols
with the tilde above. Let μb : R → [0, 1], μx : R → [0, 1] be membership functions of the
fuzzy numbers, b and x, respectively. To define a FLP problem, we will use the
following proposition:
Proposition 4.1. Let b , x ∈ F ( R ) where F(R) presents the set of all fuzzy subsets. Then
the fuzzy set cx and A.x, based on the extension principle, is a fuzzy number. The FLP
problem can be expressed as follows:
Minimise Z = cx

(5)

Subject to:
A. x ≥ b , x ≥ 0.

where b = (b1 , b2 ,… bm ) and x = ( x1 , x2 ,… , xn )t represent, respectively, fuzzy parameters
for the right-hand side and fuzzy decision variables involved in the objective function and
constraints. c = (c1, c2,…, cn) and A = [aij]m×n are crisp parameters. Note here that we
propose a new definition for non-negative fuzzy variables (i.e., see
Definition 5.3).
Definition 4.1. (Feasible solution): The set of values of the fuzzy variables x which
satisfies all constraints of model (2) is called a feasible solution.
Definition 4.2. (Optimal solution): x* is the optimal solution for model (5), if for all
feasible solutions x, we have cx* ≤ cx.
Let us further discuss the fuzzy basic feasible solution and the optimal solution.
Consider the FLP problem (5). Let rank (A) = m and define partition A as [B N] where B,
m × m, is non-singular. Let y be the solution to By = aj where aj is the jth column of the
coefficient matrix. Thus, xB = ( xB1 ,… , xBm )t = B −1b and xN = 0 is a solution of Ax = b.

x = ( xBt ,0) is called a fuzzy basic feasible solution (FBFS) corresponding to the basic B
when xB ≥ 0. The fuzzy objective value is z = cB xB where cB = (cB1 ,… cBm ). In
addition, for the basic variables we have
z j − c j = cB B −1a j − c j = cB e j − c j = cBi − c j = c j − c j = 0
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Note that B–1aj =ej where ej = (0,…, 1,…, 0)t.
If xB > 0; then x is called a non-degenerate FBFS, and if one component of x is
zero, then x is called a degenerate FBFS. A FBFS is optimal if and only if zj = cBB–1aj ≤
cj for all j. In other words, the FLP problem can be rewritten as follows:
Minimise Z = cB xB + cN xN
Subject to:

(6)

BxB + NxN ≥ b ,
xB ≥ 0, xN ≥ 0.

If x* = ( xBt , x Nt ) = ( B −1b,0) is a FBFS, then z* = cB xB = cB B −1b. Now, the objective
function of (6) can be written as:
z = cx = cB xB + cN xN = cB B −1b − ( cB B −1 N − cN ) xN = cB B −1b −
= cB B −1b −

∑

( z j − c j )x j = z * −

j∈N

∑

( cB B −1a j − c j ) x j

∑=
j∈N

( z j − c j )x j

j∈N

where N is the index set of non-basic variables. For each feasible case of x, zj is smaller
than or equal to cj, therefore, ( z j − c j ) x j ≤ 0 and
( z j − c j ) x j ≤ 0 or z * ≤ z. That

∑

j∈N

*

is to say, x is an optimal solution.

5

The proposed method

In this section we present the mathematical details of the proposed method. We first
propose a new solution method for the FLP model (2) where the variables and resources
are assumed to be fuzzy numbers. We can then obtain the fuzzy optimal solution and the
crisp optimal solution using one LP. Our solving method is developed without the use of
fuzzy arithmetic.
Definition 5.1. A = (a m1 , a m2 , a l , a u ) is a non-negative trapezoidal fuzzy number if al +
au ≥ 0 and a m1 + a m2 ≥ 0. Obviously, A is a non-positive trapezoidal fuzzy number if al
+ au ≤ 0 and a m1 + a m2 ≤ 0. In relation to this definition we cannot examine the negativity
and positivity of a fuzzy number in the remaining cases.
According to a given definition, a trapezoidal fuzzy number might be either positive
or negative. For instance, a common alternative definition for positivity of a trapezoidal
fuzzy number (a m1 , a m2 , a l , a u ) when al > 0. However, this definition is not consistent
with the concept of fuzzy logic and it derives from crisp logic while the Definition 5.1 is
deduced with respect to the fuzzy concept. Let (2, 1, –3, 8) be a trapezoidal fuzzy
number. It is a non-negative fuzzy number based on Definition 5.1 while it would be
negative because of al < 0. In this paper, we use the Definition 5.1 to determine the
non-negative trapezoidal fuzzy numbers.
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Definition 5.2. Let A = (a m1 , a m2 , a l , a u ) be a non-negative trapezoidal fuzzy number.
Therefore, A corresponds to the following relations:
a u ≥ a m2 ,
a m2 ≥ a m1 ,
a m1 ≥ a l ,
a l + a u ≥ 0,
a m1 + a m2 ≥ 0.

Definition 5.3. A trapezoidal fuzzy variable x = ( x m1 , x m2 , xl , xu ) is a non-negative
trapezoidal fuzzy variable if we impose the following conditions:
xu ≥ x m2 ,
x m2 ≥ x m1 ,
x m1 ≥ xl ,

(7)

x + x ≥ 0,
l

u

x m1 + x m2 ≥ 0.

Accordingly, note that here we have always x m2 ≥ 0 and x u ≥ 0.
Definition 5.4. Let Ax ≥ b be the constraint of model (2). This constraint corresponds to
the following four constraints:
Ax m1 ≥ b m1 ,
Ax m2 ≥ b m2 ,
Ax l ≥ bl ,
Ax u ≥ bu .

Note that Definition 5.1 is given for identification of the positive fuzzy numbers while
Definition 5.4 enables us to solve the linear inequalities with fuzzy variables and fuzzy
right hand side variables so that the solution is able to satisfy the four conditions. Using
this approach we can then obtain the fuzzy optimal solution and the crisp optimal solution
by solving one LP.
Definition 5.5. The proposed method is intended to obtain both the optimal solution of the
FLP model with fuzzy variables and the crisp optimal solution. Hence, we define a new
variable, namely x, which is smaller than or equal to x m2 and bigger than or equal to x m1
(i.e., x m1 ≤ x ≤ x m2 ). Note that by the use of this definition and the proposed method, we
can calculate the crisp solution on top of the fuzzy solutions.
We use the Definitions 5.3 and 5.4 to obtain the FLP model (5) to the following LP
model:
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Minimise Z = cx
Subject to:
Ax i ≥ bi , i = m1 , m2 , l , u, (1)
x m1 ≤ x ≤ x m2 , ⎫
⎪
x u − x m2 ≥ 0, ⎪
x m2 − x m1 ≥ 0, ⎪⎪
⎬
x m1 − xl ≥ 0, ⎪
x l + xu ≥ 0, ⎪
⎪
x m1 + x m2 ≥ 0. ⎭⎪

(8)
(2)

where x m1 , x m2 , xl , xu and x are the decision variables which their optimal values are
determined by the proposed model. Note that (2) in model (8) that is the set of constraints
can be shown as
⎡ −1 0 0
⎢0 1 0
⎢
⎢ 0 −1 0
⎢
⎢ −1 1 0
⎢ 1 0 −1
⎢
⎢0 0 1
⎢1 1 0
⎣

0 1⎤
0 −1⎥⎥ ⎡ x m1 ⎤
⎢
⎥
1 0 ⎥ ⎢ x m2 ⎥
⎥ l
0 0 ⎥⎢ x ⎥ ≥ 0
⎢
⎥
0 0 ⎥ ⎢ xu ⎥
⎥
1 0 ⎥ ⎢⎣ x ⎥⎦
0 0 ⎥⎦

In consequence, x = ( x m1 , x m2 , xl , xu ) is the fuzzy optimal solution and x is the crisp
optimal solution for FLP model (5). Thus, the fuzzy and crisp objective function values
can be computed, respectively, as Z = cx and Z = cx = (cx m1 , cx m2 , cxl , cxu ) where c is
positive.
By applying the following theorem, model (5) can be reduced to a LP problem as
shown by Maleki et al. (2000) and Maleki (2002).
It is interesting to mention that the optimal solution of the following programme with
positive A is equal to the crisp optimal solution of (8).
Minimise Z = cx
Subject to:

(9)

Ax ≥ b , x ≥ 0.
m1

Note that in the maximisation of the FLP problems, the right hand side value of (9) must
be b m2 . The proposed model (8) is equivalent to the general LP model (9) with more
constraints. In other words, model (8) involves 4m + 7n constraints and 5n decision
variables while model (9) has m constraints and n decision variables.
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Duality in FLP

In this section we examine the well-known concept of duality in LP for FLP problems
based on fuzzy relations. The dual of the proposed model (8) is as follows:
Maximise D = b m1 y1 + b m1 y 2 + bl y 3 + bu y 4
Subject to:
y 5 − y 6 = c,
AT y1 − y 5 − y8 + y 9 + y11 = 0,
AT y 2 + y 6 − y 7 + y8 + y11 = 0,

(10)

AT y 3 − y 9 + y10 = 0,
AT y 4 + y 7 + y10 = 0,
y i ≥ 0, i = 1,...,11.

In comparison with the primal model (8), the dual of the proposed model (10) is
computationally efficient because it involves 5n constrains. Considering model (9) as a
general form of the primal proposed model, model (10) as its dual form is equivalent to
the following LP model:
Maximise D = bt y

(11)

Subject to:
A y = c,
t

y≥0

where y ∈ m , c ∈ n , b ∈ m and A is an (n × m) real matrix.
The following theorems for duality hold between (9) and (11).
Theorem 6.1 (Weak duality theorem): Let x̂ be a feasible solution of the primal problem
and ŷ be a feasible solution of the dual problem. Then, cxˆ ≥ bt yˆ.
Proof. Let x̂ and ŷ be the feasible solutions. Then, Axˆ ≥ b and At yˆ = c. If we multiply
Axˆ ≥ b and At yˆ = c, respectively, by yˆ ≥ 0 and xˆ ≥ 0 on both sides of the
ˆ ˆ ≥ bt yˆ or cxˆ ≥ bt yˆ.
relationships; then we get cxˆ = yAx

Corollary 6.1. Let x* and y* be the feasible solutions of the primal and dual problems,
respectively, such that cx* = bty*. Then x* and y* are optimal solutions to models (9) and
(11), respectively.
Theorem 6.2. (Duality theorem): Let x̂ be an optimal solution of the primal model. Then,
there exists ŷ which is optimal to the dual model and conversely. Further, cxˆ = bT yˆ.
Theorem 6.3. (Existence theorem): If the primal model is unbounded; then, the dual
model is infeasible and if the primal model is infeasible and the dual model is feasible;
then, the dual model is unbounded. Furthermore, it is possible that both the primal and
dual models are infeasible.
Theorem 6.4. (Complementary slackness theorem): If in any optimal solution of the
primal problem, the slack variable xn*+ i > 0; then, in every optimal solution of the dual

326

S. Saati et al.

problem, yi* = 0. Conversely, if yi* > 0 in any optimal solution of the dual model; then,
in every optimal solution of (LP) xn*+ i = 0; i.e., for a pair of optimal solutions of primal
and dual, xn*+ i yi* = 0.

7

Numerical example

In this section, we use the numeric example proposed by Mahdavi-Amiri and Nasseri
(2007) to demonstrate the advantage of the proposed model as well as comparing our
results with Mahdavi-Amiri and Nasseri’s (2007) results.
Mahdavi-Amiri and Nasseri (2007) used a linear ranking function to solve a LP
model with trapezoidal fuzzy parameters and trapezoidal fuzzy decision variables by
means of fuzzy simplex algorithm. Maleki et al. (2000) and Mahdavi-Amiri and Nasseri
(2006, 2007) used the following ranking function to represent each fuzzy number,
A = (a m1 , a m2 , a l , a u ), into the real line F(R) → R:
ℜ ( A) =

a m1 + a m2 + a l + a u
,
2

and consequently we have
A ≥ B if

ℜ( A) ≥ ℜ( B ),

A > B if

ℜ( A) > ℜ( B ),

A = B if

ℜ( A) = ℜ( B ),

A ≤ B if

B ≥ A.

Moreover, we have:
A ≥ 0 if

a m1 + a m2 + a l + a u 0m1 + 0m2 + 0l + 0u
≥
2
2

A ≥ 0 if

( Am1 + Am2 + Al + Au ) ≥ 0.

or

This ranking function cannot provide a correct definition for non-negativity in trapezoidal
fuzzy number. For example, consider A = (−2, − 1, − 3, 7) that is shown in Figure 1.
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A fuzzy number (see online version for colours)

Corresponding to the above definition of the ranking function, R ( A ) = (−2 − 1 − 3 + 7) / 2
= 0.5 ≥ 0 and A is the non-negative fuzzy number. However, the question arises here is
that how A can be a non-negative when the main portion of A places in the negative
axis (see Figure 1). That is why the unexpected results reveal from the model proposed
by Mahdavi-Amiri and Nasseri (2007).
Consider the FLP problem with two trapezoidal fuzzy variables and trapezoidal fuzzy
resources for two corresponding constrains as follows:
min z = 6 x1 + 10 x2
s.t. 2 x1 + 5 x2 ≥ (5, 8, 3, 13)
3 x1 + 4 x2 ≥ (6, 0, 4, 16)
x1 , x2 ≥ 0

The optimal solutions and the objective function as trapezoidal fuzzy numbers for
Mahdavi-Amiri and Nasseri (2007) are: as follows:
x1 = (−0.286, 4.286, − 4.571, 9.715),
x2 = (−0.714, 1.714, − 3.286, 7.428),
z = (−8.857, 42.857, − 60.288, 102.571).

Figure 2 shows the corresponding fuzzy numbers for the optimal objective function
value.
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Figure 2

The optimal number of the objective functions for Mahdavi-Amiri and Nasseri’s models
(see online version for colours)

Next, we apply model (8) proposed in this study to the FLP problem to create the
following LP formulation:
min

z = 6 x1 + 10 x2

s.t. 2 x1m1 + 5 x2m1 ≥ 5, 2 x1m2 + 5 x2m2 ≥ 8,

2 x1l + 5 x2l ≥ 3, 2 x1u + 5 x2u ≥ 13,

3 x1m1 + 4 x2m1 ≥ 6, 3 x1m2 + 4 x2m2 ≥ 10, 3x1l + 4 x2l ≥ 4, 3 x1u + 4 x2u ≥ 16,
x1m1 ≤ x1 ≤ x1m2 ,

x2m1 ≤ x2 ≤ x2m2 ,

x1u − x1m2 ≥ 0,

x1m2 − x1m1 ≥ 0,

x1m2 − x1l ≥ 0,

x1u + x1l ≥ 0,

x1m1 + x1m2 ≥ 0,

x2u − x2m2 ≥ 0,

x2m2 − x2m1 ≥ 0, x2m1 − x2l ≥ 0,

x2u + x2l ≥ 0,

x2m1 + x2m2 ≥ 0.

Solving the above LP model will result in the following optimal solutions:
x1 = ( x1m1 , x1m 2 , x1l , x1u ) = (1.429, 2.929, 1.143, 5.429),
x2 = ( x2m1 , x2m 2 , x2l , x2u ) = (0.429, 0.429, 0.143, 0.429),
x1 = 1.429,
x2 = 0.429.

and by putting these optimal solutions composed of the crisp measure (x1, x2) and the
fuzzy measure ( x1 , x2 ) into the objective function, we can achieve the deterministic and
fuzzy objective function values at the same time that are reported as follows:
z = 6 x1 + 10 x2 = 12.857
z = 6 x1 + 10 x2 = (12.864, 21.864, 8.288, 36.864).

We should note that the proposed model enables us to obtain the crisp and fuzzy optimal
solutions (consequently crisp and fuzzy optimal objective function values) by solving LP
problem simultaneously. The fuzzy optimal value of the objective function is depicted in
Figure 3.
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Figure 3
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Fuzzy optimal number for the objective function in model (8) (see online version for
colours)

If we take model (9) into consideration for this example, the following model can be
formulated as follows:
min

z = 6 x1 + 10 x2

s.t. 2 x1 + 5 x2 ≥ 5,
3 x1 + 4 x2 ≥ 6,
x1 , x2 ≥ 0.

After solving the above LP model, the optimal solutions and the optimal value for the
objective function are x1 = 1.429, x2 = 0.429 and z = 12.857. The interesting finding is
that that the optimal solutions of model (9) and the crisp optimal solutions of model (8)
are the same.
When the results of the proposed model and Mahdavi-Amiri and Nasseri’s (2007)
model are compared, it becomes clear that the fuzzy objective function of the former is
quite better with respect to two reasons. First, the coefficients of the objective function
are positive, six for x1 and ten for x2 , and the fuzzy decision variable are non-negative.
Therefore, the optimal value of the objective function must be non-negative while a
portion of the respective fuzzy number in Mahdavi-Amiri and Nasseri’s (2007) model are
placed in the negative area (see Figure 2). However, the fuzzy optimal value of the
objective function proposed in this study lies in the positive territory as shown in
Figure 3. This finding confirms that our model produces a more rational solution
compared with the model proposed by Mahdavi-Amiri and Nasseri (2007). Second, the
model in this example is the minimisation problem, thereby; it aims at decreasing the
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value of the objective function as much as possible subject to the constraints. As it is
shown in Figures 1 and 2, the fuzzy objective function of the proposed model in this
study is much smaller than the Mahdavi-Amiri and Nasseri’s (2007) model. The distance
between the lower and upper bounds of the fuzzy objective function for Mahdavi-Amiri
and Nasseri’s (2007) model is 162.859 while the associated distance in our model is
28.576.

8

Conclusions and future research directions

Numerous FLP models with different levels of sophistication have been proposed over
the past decade. However, many of these models have limited to real-world applications
because of their methodological complexities and applicability. In contrast, the method
proposed in this study is straight-forward and applicable to a wide range of real-world
problems such as supply chain management, performance evaluation by means of data
envelopment analysis, marketing management, failure mode and effect analysis and
product development (Baykasoğlu and Göçken, 2008; Chen and Ko, 2010; Inuiguchi and
Ramík, 2000; Peidro et al., 2010).
We proposed a new method for solving FLP problems in which the right-hand side
parameters and the decision variables are represented by fuzzy numbers. We utilised a
new fuzzy ranking model and a new supplementary variable in the proposed FLP method
to obtain the fuzzy and crisp optimal solutions by solving one LP model. Moreover, we
introduced an alternative model with deterministic variables and parameters derived from
the proposed FLP model. We showed that the result of the alternative model is identical
to the crisp solution of the proposed FLP model. We also used the numerical example of
Mahdavi-Amiri and Nasseri (2007) for comparison purposes and to demonstrated the
applicability of the proposed method and exhibited the efficacy of the procedure.
Future research will concentrate on the comparison of results obtained with those that
might be obtained with other methods. In addition, we plan to extend the FLP approach
proposed here to deal with fuzzy nonlinear optimisation problems with multiple
objectives where the vagueness or impreciseness appears in all the components of the
optimisation problem. Such an extension also implies the study of new practical
experiments. Finally, we plan to focus on the use of co-evolutionary algorithms to solve
fuzzy optimisation problems. This approach would permit the search for solutions
covering optimality, diversity and interpretability. We hope that the concepts introduced
here will provide inspiration for future research.
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