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A B S T R A C T

Consider a rational decision maker (DM) who must acquire a finite amount of information sequentially

online from a set of products. The DM receives signals on the distribution of the product

characteristics. Each time an observation is acquired, DMs redefine the probability of improving upon

the products observed. The resulting information acquisition process depends on the values of the

characteristics observed, the number and potential realizations of the remaining observations, and the

type of signal received. We construct two functions determining the information acquisition behavior of

DMs and illustrate numerically the importance of the characteristic on which signals are issued.
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1. Introduction

1.1. Motivation

The elimination of the uncertainty faced in most real-life
decisions and its transformation into risk constitutes one of the
main incentives for the design of information acquisition
algorithms [13,43,44]. Consider the search problem faced by a
decision maker (DM) who must sequentially acquire information
on a set of products whose main characteristics are grouped into
two differentiated categories. The acquisition of information by
rational DMs constitutes a fundamental subject of analysis in a
wide array of disciplines, ranging from consumer behavior and
economics to psychology, management and operations research.
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Each discipline provides its own approach to the problem involving
a DM who must generally decide when to stop gathering
information based on the last observation acquired and some
simplifying (martingale-based) assumptions regarding the value of
the potential expected realizations [8].

The standard framework of analysis that both the management
and operations research literature build upon considers the
introduction of a new technology to the market [35–37,41,58].
The algorithms designed in these papers determine the informa-
tion acquisition incentives of the DMs and their stopping rules
based on the expected value of the next characteristic realized
and the information acquisition costs faced by the DM [31,54,58].
The use of standard dynamic programming techniques to illustrate
the existence of information acquisition thresholds requires
imposing several formal restrictions on the corresponding return
functions.

In these models, three important constraints are generally
imposed on the algorithms that determine the information
acquisition behavior of the DMs, namely,

1. The DM seldom considers recalling previous partially observed
products (Shepherd and Levesque [53] are an exception).
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2. The information acquisition incentives of the DM do not depend
on the number or the potential realizations of the observations
remaining to be acquired.

3. The DM does not consider the set of potential improvements
that may be realized relative to the products observed
previously.

A similar intuition applies to the technology acceptance models
based on the subjective perception of the DM when observing
different characteristics of a given product [10,23,59]. At the same
time, the previous models do not consider the strategic quality
inherent to the process of information transmission [9,28,29,47].
In other words, the operations research literature generally
overlooks the strategic implications that different signaling
strategies regarding the value of unknown technological char-
acteristics have for the information acquisition and choice
behavior of the DM.

An important exception is given by the game theoretical branch
of the operations research literature [50]. This research area
concentrates on the strategic incentives driving the diffusion of
technology but does not consider the information acquisition
process of the DM when defining his technology adoption
decisions. This line of research has been further developed by
the economics and the consumer choice literature, which have
both formally and empirically described the strategic effect that
signals have on the information acquisition and choice incentives
of the DM [8,40].

The potential applications of these algorithmic structures lie
within the decision support and the consumer choice literature. As
in the corresponding theoretical settings, the applications of these
information acquisition models rely on simplifying assumptions
that allow for the use of dynamic programming techniques to
obtain optimal sequential choice policies. These simplifications
range from heuristic mechanisms that limit the number of
alternatives evaluated by the DM [19] and the elimination of
recall [34] to the absence of optimal information acquisition
thresholds or analysis of their behavior [5,49,62].

1.2. Contribution

The current paper studies the information acquisition behavior
of a rational DM who is sequentially gathering n 2 N observations
from a set of products whose attributes have been grouped into
two differentiated categories. This simplification is applied in
several disciplines, which concentrate on a small number of
characteristic categories when describing the products available to
the DMs. For example:

� consumer choice analysts utilize quality and preference [30],
� economists consider performance and cheapness [38], and
� operations researchers concentrate on variety and quality [6].

The defining quality of our paper relies on the formalization of
the information acquisition process of the DM, which will be
defined for each observation available on the following criteria:

� the values of all the characteristics observed previously,
� the number and potential realizations of all the remaining

observations, and
� all possible combinations of the potential realizations of the

remaining observations and the characteristics observed.

These criteria together prevent the use of standard dynamic
programming techniques in the design of the information
acquisition algorithm. In particular, the information acquisition
incentives of DMs will be based on:
� the number of observations that remain to be acquired,
� the potential values of these observations, and
� the subjective probability that these values allow the DM to

observe a product that delivers a higher utility than the best
among the ones observed.

These incentives must be redefined each time an observation is
acquired, as suggested, for example, by Saad and Russo [51].

Given the value of the realizations observed and the number of
observations remaining to be acquired, the information acquisition
behavior of the DM will be determined by the following:

� a continuation function describing the utility that the DM
expects to obtain from continuing to acquire information on a
partially observed product, and
� a starting function defining the expected utility the DM expects

to obtain from starting to check the characteristics of a new
product.

Fig. 1 illustrates the possibility spaces that must be considered
by the DM when defining his information acquisition process. The
variable xi (i = 1, 2) represents the first and the second character-
istic of the initial product; xn

i refers to a new second product, while
xnþ1

i refers to a new third product. Fig. 1a describes the two-
observation scenario, where the spaces of potential realizations to
be considered by the DM are bidimensional. Fig. 1b shows that in
the three-observation setting, the DM must consider one three-
dimensional space versus the union of three different three-
dimensional spaces. Similarly, in the case with four observations,
the DM will have to consider the union of two four-dimensional
spaces (when continuing) versus the union of eight different four-
dimensional spaces (when starting). This figure highlights the
non-recursivity of the information acquisition process analyzed in
the current paper.

Fig. 1 also illustrates the increase in the dimensionality of the
problem faced by the DM as he considers acquiring additional
observations. More precisely, the setting that would result from
considering more than three observations cannot be analyzed
directly. We synthesize the information acquisition incentives of
the DM within two real-valued functions that determine the
expected utility derived from the potential use given to the
remaining observations. That is, we simplify a problem requiring
the analysis of a multiple-dimensional continuous environment
into a two-dimensional one, which makes it tractable and allows
for a verifiable analysis of the behavior of the DM.

Moreover, firms will be allowed to issue signals on the
characteristics defining their products, thus prompting the DM
to update his expected search utilities following both Bayesian and
subjective learning rules. Each time an observation is acquired, the
DM has to modify the probability of improving upon the products
already observed with the remaining observations available and
also account for the distributional implications derived from the
signal.

We will illustrate how the characteristic on which the signals
are issued plays a fundamental role in determining the information
acquisition incentives of the DM. This will be the case even if the

signals are considered reliable by the DM and indicate improvement in

one of the characteristics of the product. In particular, issuing signals
on the second characteristic may have the opposite effect of that
intended by the firm.

Given the number of observations that are expected to be
acquired by the DM, our model allows firms to forecast the
information acquisition behavior of the DM as well as the
probability of having their products inspected and considered
for purchase. This possibility introduces an important strategic
component, particularly in the formalization of online search



Fig. 1. Possibility spaces defining the information acquisition process of the DM.
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environments and the subsequent design of decision support tools
to guide the information acquisition process of the DM [1,22,57].

The paper proceeds as follows. Section 2 addresses the standard
notation and basic assumptions required to develop the model.
Section 3 defines the expected search utility functions within a
reference two-observation and three-observation environment.
Section 4 introduces signals and the Bayesian learning process in
the search utility functions of the DM. Section 5 extends the
analysis to a search environment with signals and four observa-
tions. Section 6 numerically illustrates the main results. Section 7
describes the sequential information acquisition process of the
DM. Section 8 summarizes the main findings and highlights their
managerial significance, and Section 9 concludes. An appendix
explicitly describes the information acquisition process of the DM
when accounting for the signals issued by the firms.

2. Basic notations and main assumptions

The main assumptions on which the expected search utilities
are built correspond to those described by Di Caprio et al. [14]. To
keep the current paper self-contained, we restate them below.

Let X be a nonempty set and � be a preference relation defined
on X. A utility function representing a preference relation � on X is a
function u : X ! R such that:

8 x; y 2 X; x � y , uðxÞ � uðyÞ (1)

The symbol � will be used to denote the standard partial order
on the reals. When X � R and � coincides with �, we say that u is a

utility function on X.
The set of all products will be denoted by G. We let X1 and X2

represent the sets of all possible variants for the first and second
characteristic of a product in G, respectively. It should be noted that
these characteristics can be interpreted as categories composed of
different attributes chosen from the taxonomy of the product. The
DM evaluates each characteristic numerically after he acquires
information on the corresponding attributes of the product.
Additionally, X = X1 � X2, so that every product in G can be
described by a pair hx1, x2i in X. Xi, with i = 1, 2, is called the ith
characteristic factor space, while X stands for the characteristic space.

We make the following technical assumptions, which will be
required to define the expected search utility functions.

Assumption 1. For every i = 1, 2, there exists an ai, bi > 0, with
ai 6¼ bi, such that Xi = [ai, bi], where ai and bi are the minimum and
maximum of Xi.&

Hence, the set of all products, G, is identified with a compact and
convex subset of R2.

Assumption 2. The characteristic space X is endowed with a strict
preference relation �.&

Assumption 3. There exists a continuous additive utility function
u representing � on X such that each one of its components
ui : Xi! R, with i = 1, 2, is a continuous utility function on Xi.&

Recall that a utility function u : X1 � X2! R representing a
preference relation � on X1 � X2 is called additive (Wakker [60]) if
there exists ui : Xi! R, with i = 1, 2, such that 8 h x1, x2 i 2 X1 � X2,
u(h x1, x2 i) = u1(x1) + u2(x2).

The additive separability property of the utility function follows
naturally from the sequential information acquisition process of
the DMs. We could, however, consider products that require a non-
separable utility representation due to their complementarity
among characteristics. In this case, we could interpret the
relationship between both types of characteristics in such a way
that the second dimension represents the portion of the second
characteristic that is not explained by the first one. Thus, each
characteristic could also be interpreted as a category encompass-
ing several related properties of a product [56]. As a result, search
processes would be defined by observable (X1) and experience (X2)
components, the latter requiring a more detailed inspection of the
product to be verified [45].

Assumption 4. For every i = 1, 2, mi : Xi! [0, 1] is a continuous
probability density on Xi, whose support, the set
{xi 2 Xi : mi(xi) 6¼ 0}, will be denoted by Supp(mi).&

The probability densities m1 and m2 account for the subjective
‘‘beliefs’’ of the DM. That is, for i = 1, 2, mi(Xi) is the subjective
probability that a randomly observed product from G corresponds
to an element xi 2 Yi � Xi as its ith characteristic. The probability
densities m1 and m2 are assumed to be independent. However, the
information acquisition structure described in this paper allows for
subjective correlations to be defined among different character-
istics within a given product. Considering a correlated environ-
ment would not modify the main theoretical structure built in this
paper, although it would lead to different quantitative results from
the numerical simulations.

We follow the standard economic theory of choice under
uncertainty and assume that the DM elicits the ith certainty
equivalent (CE) value induced by mi and ui as the reference point
against which to compare the information collected on the ith
characteristic of a given product. Given i � 2, the certainty

equivalent of mi and ui, denoted by cei, is a characteristic in Xi

that the DM is indifferent to accept in place of the expected one
obtained using mi and ui. That is, for every i � 2, cei ¼ u�1

i ðEiÞ,
where Ei denotes the expected value of ui. The existence and
uniqueness of the ith certainty equivalent value cei are guaranteed
by the continuity and strictly increasing nature of ui, respectively.

In our theoretical framework, after observing the value of the
first characteristic from an initial product, the DM has to decide
whether to check the second characteristic from the same product
or to check the first characteristic from a new product. In this
regard, DMs are tacitly assumed to have a well-defined preference
order both within and between characteristics. That is, the first
characteristic will be assumed to be more important and, as a
result, provide a higher expected utility to the DM than the second
one.

3. Acquiring observations without signals

In this section, we begin by describing our online search
algorithm in the case of two observations without signals.
Afterward, we introduce the ‘‘improvement probabilities’’, which
are the key to computing the enhanced expected utilities when
considering any number of observations. Finally, we discuss the
three-observation case as a way of understanding how the
improvement probabilities are implemented in the search algorithm.

3.1. The basic case: acquiring two observations without signals

Consider the case where the DM is allowed to acquire two
observations. Note that the DM always starts by checking the first
characteristic of any product.

We show below that the decision to allocate the second
available piece of information depends on two real-valued
functions defined on X1. The DM considers the sum E1 + E2,
corresponding to the expected utility values of the pairs hu1, m1i
and hu2, m2i, as the main reference value when calculating both
these functions.

Assume that the DM has already checked the first characteristic
from an initial product, x1, and that he uses his remaining piece of
information to observe the second characteristic from this product,
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x2. Clearly, the expected utility gain over E1 + E2 varies with the
observed value x1. Thus, for every x1 2 X1, let:

Pþðx1Þ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ > E1 þ E2�u1ðx1Þg (2)

and

P�ðx1Þ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ�E1 þ E2�u1ðx1Þg (3)

P+(x1) and P�(x1) define the set of values x2 from the initial product
such that their combination with x1 delivers a higher or lower
equal utility, respectively, than a randomly chosen product from G.

Let F : X1! R be defined by:

Fðx1Þ ¼def
Z

Pþðx1Þ
m2ðx2Þðu1ðx1Þ þ u2ðx2ÞÞdx2

þ
Z

P�ðx1Þ
m2ðx2ÞðE1 þ E2Þdx2 (4)

F(x1) describes the DM’s expected utility derived from checking the
second characteristic of the initial product after observing that the
value of its first characteristic is given by x1. Note that if
u1(x1) + u2(x2) � E1 + E2, then choosing a product from G randomly
delivers an expected utility of E1 + E2 to the DM, which is higher
than the utility obtained from choosing the initially observed
product, which is u1(x1) + u2(x2).

Now consider the expected utility that the DM could gain over
the initial (partially observed) product if the second piece of
information is used to observe the first characteristic from a
different product, xn

1. For every x1 2 X1, define H : X1! R as follows:

Hðx1Þ ¼defðu1ðx1Þ þ E2Þ þ C (5)

with

C ¼def
m1ðxn

1�x1ÞðE1 þ E2Þ þ m1ðxn
1 > x1Þðu1ðxn

1Þ þ E2Þ (6)

H(x1) describes the expected utility derived from checking the first
characteristic of a new product after observing x1. If xn

1�x1, the new
product observed by the DM does not deliver a higher utility than
the initial one, and the payoff obtained from such an event is set
equal to E1 + E2. This reference value has been chosen to generate a
similar payoff environment to the one defined by the function F(x1).

Note, however, that the payoffs assigned to the outcomes
x1 > xn

1� ce1 and ce1 > xn
1 > x1 within C may seem counterintuitive.

In the former case, the new observation is located above the CE
value but does not improve upon the initial product, leading to a
payoff of E1 + E2. A similar intuition applies when considering the
latter case, with the new observation located below the CE value
but its expected utility accounted for as a payoff (because xn

1 > x1).
The current approach to the information acquisition behavior of

DMs considers only potential improvements relative to the initial
reference product, whose value is determined by x1. In this case,
the function F(x1) completely eliminates any uncertainty regarding
the initial product, while DMs only observe the initial product
partially within H(x1).

However, the function H(	) allows for an additional product to
be observed relative to F(	). This observational advantage distorts
the incentives of DMs when a small number of observations are
considered. Larger amounts of observations thus eliminate the
resulting effect, as intuition prescribes and the numerical
simulations will illustrate.

To account for the set of potential improvements based on the
number of remaining observations, we rewrite the expression for C

within H(x1) in the following way:

C ¼ c1ð1; 0; m1ÞðE1 þ E2Þ þ c1ð1; 1; m1Þðu1ðxn
1Þ þ E2Þ (7)

where c1 stands for the binomial distribution that will be
introduced in the following section.
Finally, note that the expected utilities F and H determine the
information acquisition behavior of the DM. That is, after observing
x1, the DM will either continue acquiring information on the initial
product or start acquiring information on a new one depending on
whether the function F or H takes the highest value at x1. It can also
be that Fðx
1Þ ¼ Hðx
1Þ at a given x
1 2 X1; that is, the DM is indifferent
between continuing with the initial product and starting a new
one. These x
1 values behave as information acquisition thresholds
that partition X1 into subintervals whose values induce the DM to
either continue acquiring information on the initial product or to
switch and start checking a new one.

3.2. Potential improvement probabilities

The information acquisition setting with bidimensional pro-
ducts and two observations described in the previous section has
been extensively analyzed by Di Caprio and Santos Arteaga [11], Di
Caprio et al. [14] and Tavana et al. [56]. It provides a useful set of
guidelines in environments with information-constrained DMs as
well as the basic framework on which to add sophistication to the
assimilation capacities of the DM. We remain constrained within
a bidimensional product environment but require the DM to be
sophisticated enough to forecast the expected improvements that
may arise from any of the remaining observations available. These
improvements are relative to a given reference product whose
value may change as additional information is acquired.

A general formulation will be sketched after introducing two
intuitive settings with three and four observations. Before describing
these settings, we must define the forecasting capacities of the DM.

A binomial distribution determined by the number of
observations remaining to be acquired by the DM will be used
to define his sequential dynamic behavior. The probability that l

among the remaining n observations improve upon the observed
characteristic x1 and deliver an expected product better than the
one that has been partially observed is given by the following
binomial distribution:

c1ðn; l; m1ðxn
1 > x1ÞÞ ¼ n

l

� �
m1ðxn

1 > x1Þlð1�m1ðxn
1 > x1ÞÞn�l (8)

where m1ðxn
1 > x1Þ is the probability that a new randomly selected

product is endowed with a better first characteristic than the
currently observed one, which is endowed with x1.

Similarly, when the second characteristic is considered, all
possible combinations delivering an improvement over the initial
partially observed product should be accounted for by:

c2ðn; l; m2ðxn
2 2 Pþðx1ÞÞÞ

¼
n

l

� �
m2ðxn

2 2 Pþðx1ÞÞ
lð1�m2ðxn

2 2 Pþðx1ÞÞÞ
n�l

(9)

where m2ðxn
2 2 Pþðx1ÞÞ is the probability that a new, randomly

selected product has a second characteristic belonging to the set
P+(x1) determined by the observed x1 realization.

The combination of c1ðn; l; m1ðxn
1 > x1ÞÞ and c2ðn; l; m2

ðxn
2 2 Pþðx1ÞÞÞ determines the probability that a randomly selected

product is endowed with an expected set of X1 and X2 characteristics
that are better than the partially observed product defined by (x1,
P+(x1)).

To simplify the notation, we will refer to both these binomials
by c1(n, l, m1) and c2(n, l, m2), respectively, while accounting for
the corresponding values of n and l.

3.3. Acquiring three observations without signals

We now introduce the information acquisition scenario with
three observations to provide some basic intuition on the
sequential structure of the decisions faced by the DM.
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Consider the information acquisition problem faced by a DM
after having gathered the first observation from an initial product,
given by x1, when a total of three observations can be acquired. In
this case, the DM must calculate two enhanced versions of the
original functions F(x1) and H(x1). These new functions must
account for the two observations left to be acquired by the DM
and the probability that such observations provide a product that
is better than the initially observed one, which will be used
throughout this section and the following one as the main
reference value. When calculating the enhanced function F(x1), we
must account for the fact that the DM uses the second piece of
information available to acquire x2 and observe the initial product
fully, i.e., the DM observes (x1, x2). As a result, the payoff obtained
by the DM depends on the expected realization of x2 and that of xn

1,
i.e., the first characteristic from the new product observed, with the
following combinations being considered regarding the third and
final observation:

(1-0) This option corresponds to the subcase defined by the c1(1,
0, m1) binomial probability. It implies that after fully
observing the initial product, the final observation xn

1 does
not provide a characteristic higher than x1. As a result,
because the final observation does not improve upon the
initial one and the DM has not yet observed x2, the expected
outcome following from this event is defined by the CE
product: c1(1, 0, m1)(E1 + E2). That is, the default payoff
derived from an unsuccessful search is assumed to be given
by the CE product.

(1-1) This option corresponds to the subcase defined by the c1(1,
1, m1) binomial probability. It implies that after fully
observing the initial product, the final observation xn

1

provides a characteristic higher than x1. As a result, because
the final observation improves upon the initial one and the

DM has not yet observed x2, the expected outcome following
from this event is given by: c1ð1; 1; m1Þðu1ðxn

1Þ þ E2Þ.

When defining the enhanced version of function H(x1), we must
account for the fact that the DM has one more observation left to
acquire than in the F(x1) setting, as the second observation has not
been used to acquire x2. Thus, the sets of possible combinations
that must be considered when defining the enhanced versions of
function H(x1) always include one observation more than those
defining the enhanced F(x1) setting. The following combinations
arise from the set of two observations that the DM has left to
acquire in this case, with the notation describing the same type of
sequential pattern as the one introduced in the subcases above.
(2-0) This option implies that none of the two observations left

provides a xn
1 > x1. Therefore, the expected outcome follow-

ing from this event is defined by the certainty equivalent
product: c1(2, 0, m1) (E1 + E2).

(2-1) This option implies that only one of the two observations left
provides a xn

1 > x1. It also implies that the observation leading
to xn

1 > x1 must be the second one. That is, if the observation
providing xn

1 > x1 had been the first one, the second observa-
tion would have been used by the DM to acquire xn

2, leading to
the (1-1) subcase described below. Thus, the DM ends up with
a partially observed product ðxn

1; ce2Þ. The resulting expected
payoff is therefore given by: c1ð2; 1; m1Þ ðu1ðxn

1Þ þ E2Þ.
(1-1) This option implies that the first observation acquired

leads to a characteristic xn
1 > x1, which allows the DM to

use the remaining observation to acquire xn
2, i.e., the

second characteristic from the new product observed.
This is trivially the optimal way to proceed because
xn

1 > x1 and all second characteristics are equally
distributed. Note that the set of possible outcomes
derived from observing xn

2 is defined by (1–0) and (1–1).
The resulting expected payoff is therefore given by: c1

ð1; 1; m1Þ½c2ð1; 1; m2Þðu1ðxn
1Þ þ u2ðxn

2ÞÞ þ c2ð1; 0; m2Þ
ðE1 þ E2Þ�.

The basic reference product upon which the DM is expected
to improve as a result of the information acquisition process is
given by (x1, P+(x1)). That is, the characteristic initially observed
determines the reference point on which the information
acquisition process is based. The consequences for the information
acquisition process of DMs will become evident below, as we
describe the different sections that compose the algorithm. The
intuitive explanation for this assumption may range from framing
effects together with optimism or pessimism on the side of the
DMs [27] to subjective motivations based on the value of the
information being acquired [52]. Moreover, when acquiring three
or more observations, shifting the reference points to the CE
product implies forcing the DM to ignore combinations of products
that could potentially improve upon the CE product.

We are now able to write an expression for the functions F(x1)
and H(x1) in a setting with three observations. We will denote
these functions by F(x1|3) and H(x1|3), respectively.

Fðx1j3Þ ¼def
Z

Pþðx1Þ
m2ðx2Þðu1ðx1Þ þ u2ðx2ÞÞdx2 þ A

þ
Z

P�ðx1Þ
m2ðx2ÞðE1 þ E2Þdx2 þ B (10)

where

A ¼
Z

Pþðx1Þ
m2ðx2Þ½c1ð1; 0; m1ÞðE1 þ E2Þ

þ þc1ð1; 1; m1Þðu1ðxn
1Þ þ E2Þ�dx2 (11)

B ¼
Z

P�ðx1Þ
m2ðx2Þ½c1ð1; 0; m1ÞðE1 þ E2Þ

þ c1ð1; 1; m1Þðu1ðxn
1Þ þ E2Þ�dx2 (12)

The reference value framework assumed in the current section
implies that the set of acceptable expected outcomes within B

relates directly to the potential realizations of x2 2 P+(x1). That is,
the realizations of the second characteristic from the initial
product have a reference effect on the resulting expected payoffs
derived from the posterior observations calculated within both A

and B. As we will see later, the current framework makes more
intuitive sense as the number of observations increases. This is the
case even though it may seem intuitively correct to define the
expected improvements to be achieved relative to the CE product,
that is, with the new characteristic xn

1 being located above the ce1

value and the corresponding Pþðxn
1Þ set requiring that xn

2 > ce2

when added to xn
1. The requirements, x1 > ce1 and xn

2 > ce2, also
imply that many potential combinations of characteristics that
lead to expected products with a higher utility than that of the CE
product would be eliminated. Clearly, in a sequential information
acquisition setting, as the DM observes products leading to a
higher utility than that of the CE product, the highest among these
products will be used as the reference on which improvements
must be defined. We return to this topic later in the paper. Now
consider the function H(x1|3).

Hðx1j3Þ ¼defðu1ðx1Þ þ E2Þ þ C (13)

where

C ¼ c1ð2; 0; m1ÞðE1 þ E2Þ þ c1ð2; 1; m1Þðu1ðxn
1Þ þ E2Þ

þ c1ð1; 1; m1Þ½c2ð1; 1; m2Þðu1ðxn
1Þ þ u2ðxn

2ÞÞ
þ c2ð1; 0; m2ÞðE1 þ E2Þ� (14)
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Note that in the function H(x1|3), the improvements must be
calculated with respect to the partially observed product defined
by x1. The additional observation available to the DM modifies
the set of potential improvements when compared to the
function F(x1|3). The latter function is based on the weighted
average that follows from the expected realizations of x2 and the
corresponding P+(x1) sets. Here, improvements are based on a
new observed product calculated with respect to the set P+(x1)
defined by the partially observed first product absent any
potential x2 realization.

4. Signals and learning

4.1. Basic intuition

As already stated in the introduction, we will consider a
uniform density function when defining the subjective beliefs of
the DM. In addition to providing a simpler formal framework, the
uniform density reflects the total uncertainty and maximum
entropy faced by the DM when acquiring information [55]. The
analysis can be performed using any other continuous probability
function, but the main results obtained relating to the different
signal effects between X1 and X2 would remain unchanged.

The initial density function considered by the DM is therefore
given by:

miðxiÞ ¼
1

bi � ai
if xi 2 ½ai; bi�

0 otherwise

8<
: (15)

for i = 1, 2. We assume that receiving a credible positive signal
implies that a percentage g of the probability mass accumulated on
the lower half of the distribution is shifted to the upper half. The
corresponding conditional density function is given by:

pðu; gjxiÞ¼

1

ðbi�aiÞ
þg

1

ðbi�aiÞ
¼ 1 þ g
ðbi�aiÞ

if xi 2
ai þ bi

2
; bi

� �

1

ðbi�aiÞ
�g

1

ðbi�aiÞ
¼ 1�g
ðbi�aiÞ

if xi 2 ai;
ai þ bi

2

� �
8>>><
>>>:

(16)

After receiving a positive signal, rational DMs update their
initial beliefs, given by mi(xi), following Bayes’ rule. Therefore, if a
signal u is received, the updated beliefs of the DM will be given by:

miðxijuÞ ¼ pðu; gjxiÞmiðxiÞR
Xi
pðu; gjxiÞmiðxiÞdxi

(17)

It may seem intuitively appealing to assume that positive
signals generating first-order stochastic dominant beliefs lead to
higher expected utility levels for all possible X1 values. We will
show numerically that this is not necessarily the case. Moreover,
even if this were the case, signals will shift the respective threshold
values between the search utilities toward higher or lower x1

realizations depending on the characteristic on which they are
issued.

The belief functions defined above will be used to determine the
probability that l among the n remaining observations deliver a
better product than the one observed, which is given by the
following binomial distribution:

ciðn; l; miðxijuÞÞ ¼ n
l

� �
miðxijuÞ

lð1�miðxijuÞÞ
n�l (18)

4.2. Updating the potential improvement probabilities

To add intuition to the presentation, we will assume that g = 1/
2. Thus, the DM knows that if a signal u is received, the probability
of observing a characteristic from the upper half of Xi, with i = 1, 2,
is twice that of observing one from the lower half. Initially, we have
that:

pðujxiÞ ¼

3

2ðbi�aiÞ
if xi 2

ai þ bi

2
; bi

� �

1

2ðbi�aiÞ
if xi 2 ai;

ai þ bi

2

� �
8>>><
>>>:

(19)

with i = 1, 2. The conditional density p(u|xi) that results from the
signal received is presented in Fig. 2.

As a result, after performing the corresponding Bayesian
update, the DM accounts for the signals received either on the
first or the second characteristic as follows:

miðxijuÞ ¼ pðujxiÞmiðxiÞR
Xi
pðujxiÞmiðxiÞdxi

(20)

where i = 1, 2. These probabilities will be used to define the weights
determining the initial A and B terms within the corresponding
function F. Moreover, as explained above, these are the probabili-
ties used to define the binomial improvements based on the initial
observed realization x1. However, these probabilities must be
adapted by the DM to compute the product expected to be obtained
from the potential improvements that may be achieved over the
initial partially observed product. Together with the first realization
observed, the DM knows that half the probability mass from the
realizations located on the lower half has been shifted to those on
the upper half. The DM must consider both the value of x1 and the
resulting truncated distribution when calculating the expected
product that may be obtained after a given number of observations.
We describe this updating process in the next subsection.

4.3. Updating the expected search products

The probabilities incorporated into the search equation after
signals are received for either X1 or X2 must be based on the first
characteristic observed, x1, and the resulting potential improve-
ments over the corresponding updated CE products. Moreover, the
probability improvements over x1 and the corresponding set P+(x1)
should depend on which one is the characteristic being signaled, as
they are generally defined over different domains. For example, in
the X1 case, the signal divides the domain into two intervals that
are given by [x1, ce1] and [ce1, b1]. We explain below how the DM
shifts the probability densities that define the corresponding
expected search products. Adjusting the interval limits when
signals are received on X2 allows the same analysis to be
performed.

When calculating the corresponding subjective probabilities,
note that the density on which the issued signal is based is given by
p(u|xi), with i = 1, 2. Consider a given x1 2 X1 realization. To
simplify the notation, assume that the initial realization observed
by the DM is given by x 2 X1. When computing the new updated
densities necessary to calculate the expected value of the product
observed, the DM knows that the density of the lower half of the
distribution is given by (1/(2(b1 � x))) and that this density is
defined over the domain [x, ((a1 + b1)/2)]. This equation also
defines the probability mass that is shifted to the upper side of the
distribution, which is:

Z ðða1þb1Þ=2Þ

x

1

2ðb1�xÞ dX1 ¼
ðða1 þ b1Þ=2Þ�x

2ðb1�xÞ (21)

Note now that to calculate the density of each point located on

the upper side of the domain [((a1 + b1)/2), b1], we have to divide

the entire mass of the upper part uniformly over all the values
within its domain. The probability mass located on the upper side



Fig. 2. The conditional density p(u|x1) as a result of the signal u.
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of the distribution is given by ððb1�a1Þ=2Þ
b1�x

þ ðða1þb1Þ=2Þ�x
2ðb1�xÞ , where the

second part of this expression is the density mass shifted to the
upper side of the distribution depending on the value of the x 2 X1

realization observed by the DM.
We denote with s1 the probability mass of each of the points

located in the upper domain of the density. Therefore, the
following equation must hold for each one of these points:

Z b1

ðða1þb1Þ=2Þ
s1dX1 ¼

ððb1�a1Þ=2Þ
b1�x

þ ðða1 þ b1Þ=2Þ�x

2ðb1�xÞ (22)

which solves for:

s1 ¼
1

b1�x
þ ðða1 þ b1Þ=2Þ�x

2ðb1�xÞ½b1�ðða1 þ b1Þ=2Þ� (23)

The process determining the shift in the probability mass
between domain intervals is summarized in Fig. 3 below.
Fig. 3. Subjective probability mass s
Consider, for example, the domains that will be assumed
through the numerical simulations for X1 = [5, 10] and X2 = [0, 10].
The above process leads to the following densities subjectively
defined by the DMs based on the intervals where the domain is
located. These densities will be used to calculate the improved
product that is expected to be obtained by the information
acquisition process. Note that within a uniform setting and a risk
neutral environment with ui(xi) = xi, such as those assumed
throughout this paper, we have that cei = (ai + bi)/2, for i = 1, 2.

If the signals are issued on X1, the DM must consider two
possible cases. If x � ce1, then:

jðx1jpðujx1ÞÞ ¼ 1

b1�x
for x1 2 ðx; b1� (24)

jðx2jpðujx1ÞÞ ¼ 1

b2�ce1ju�ce2 þ x
for x2 2 ðce1ju þ ce2�x; b2� (25)
hift based on the realization x.
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If x < ce1 then:
jðx1jpðujx1ÞÞ¼

1

b1� x
þ ðða1 þ b1Þ=2Þ � x

2ðb1� xÞ½b1� ðða1þb1Þ=2Þ� if x1 2 ðce1; b1�

1

2ðb1 � xÞ if x1 2 ½x; ce1�

8>><
>>:

(26)
while the distribution on X2 remains identical to the j(x2|p(u|x1))
just described. The variables cei|u, with i = 1, 2, denote the CE value
of the i-th characteristic after a signal is received regarding their
distributions.

If the signals are issued on X2, the DM must also consider two
possible cases. If x � ce1 + ce2|u � ce2, then:

jðx1jpðujx2ÞÞ ¼ 1

b1�x
for x1 2 ðx; b1� (27)
jðx2jpðujx2ÞÞ ¼

1

b2�x
þ ðða2 þ b2Þ=2Þ�x

2ðb2�xÞ½b2�ðða2 þ b2Þ=2Þ� if x2 2 ðce2; b2�

1

2ðb2�xÞ if x2 2 ½ce1 þ ce2ju�x; ce2�

8>><
>>: (28)

jðx2jpðujx1ÞÞ ¼

ð1 þ ðn=100ÞÞ
b2�ce1ju�ce2 þ x

if x2 2
b2 þ ce1ju þ ce2�x

2
; b2

� �
ð1�ðn=100ÞÞ

b2�ce1ju þ ce2 þ x
if x1 2 ce1ju þ ce2�x;

b2 þ ce1ju þ ce2�x

2

� �
8>>><
>>>:

(32)

If x < ce1, then

jðx1jpðujx1ÞÞ ¼

1

b1�x
þ ðða1 þ b1Þ=2Þ�x

2ðb1�xÞ½b1�ðða1 þ b1Þ=2Þ� þ
n=100

2ðb1�xÞ

� �
1 þ n

100

� �
if x1 2

b1 þ x

2
; b1

� �
1

b1�x
þ ðða1 þ b1Þ=2Þ�x

2ðb1�xÞ½b1�ðða1 þ b1Þ=2Þ� þ
n=100

2ðb1�xÞ

� �
1� n

100

� �
if x1 2 ce1;

b1 þ x

2

� �
ð1�ðn=100ÞÞ

2ðb1�xÞ if x1 2 ½x; ce1�

8>>>>>><
>>>>>>:

(33)
If x < ce1 + ce2|u � ce2, then:

jðx1jpðujx2ÞÞ ¼ 1

b1�x
for x1 2 ðx; b1� (29)

jðx2jpðujx2ÞÞ ¼ 1

b2�ce1�ce2ju þ x
for x2 2 ðce1 þ ce2ju�x; b2� (30)

Finally, we allow for an additional reallocation of densities
between both intervals when more than one improved product is
expected to be observed through the information acquisition
process of the DM. That is, being able to observe more than one
improved product should provide the DM with a different expected
payoff, in this case one that is higher than observing a unique one.

We have accounted for this effect in a subjective manner. We
are aware of the fact that different reallocation processes lead to a
jðx2jpðujx2ÞÞ ¼

1

b2�x
þ ðða2 þ b2Þ=2Þ�x

2ðb2�xÞ½b2�ðða2 þ b2Þ=2Þ� þ
n=

2ðb

� 

1

b2�x
þ ðða2 þ b2Þ=2Þ�x

2ðb2�xÞ½b2�ðða2 þ b2Þ=2Þ� þ
n=

2ðb

� 

1�ðn=100Þð Þ
2ðb2�xÞ

8>>>>>>>><
>>>>>>>>:
variety of qualitative results determining the relative strength of
the shifts observed in the functions F and H. In this regard, the
effects of optimism or pessimism regarding the expected utility
derived from the potential product improvements can be easily
analyzed within the current framework.

The reallocation of probability if more than one improved
product is observed has been performed according to the following
equations, where all the expressions have been simplified to a
common denominator.

If the signals are issued on X1, the DM must consider the
following cases:

If x � ce1, then:

jðx1jpðujx1ÞÞ ¼

ð1 þ ðn=100ÞÞ
b1�x

if x1 2
b1 þ x

2
; b1

� �
ð1�ðn=100ÞÞ

b1�x
if x1 2 x;

b1 þ x

2

� �
8>><
>>: (31)
The distribution on X2 remains identical to the j(x2|p(u|x1)) just
described for x � ce1.

If, on the other hand, the signals are issued on X2, the DM must
consider the following cases:

If x � ce1 + ce2|u � ce2, then:

jðx1jpðujx2ÞÞ ¼

ð1 þ ðn=100ÞÞ
b1�x

if x1 2
b1 þ x

2
; b1

� �
ð1�ðn=100ÞÞ

b1�x
if x1 2 x;

b1 þ x

2

� �
8>><
>>: (34)
100

2�xÞ

�
1 þ n

100

� �
if x2 2

b2 þ ce1 þ ce2ju�x

2
; b2

� �
100

2�xÞ

�
1� n

100

� �
if x2 2 ce2;

b2 þ ce1 þ ce2ju�x

2

� �

if x2 2 ½ce1 þ ce2ju�x; ce2�

(35)
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If x < ce1 + ce2|u � ce2, then:
jðx2jpðujx2ÞÞ ¼

ð1 þ ðn=100ÞÞ
b2�ce1�ce2ju þ x

if x2 2
b2 þ ce1 þ ce2ju�x

2
; b2

� �
ð1�ðn=100ÞÞ

b2�ce1 þ ce2ju þ x
if x1 2 ce1 þ ce2ju�x;

b2 þ ce1 þ ce2ju�x

2

� �
8>>><
>>>:

(36)
The distribution on X1 remains identical to the j(x1|p(u|x2)) just
described for x � ce1 + ce2|u � ce2.

To simplify the notation, we will denote the functions defined
above by j(xi), with the subscript i = 1, 2 referring to the
characteristic on which the signal has been issued.

We use these density equations to calculate the expected
product received by a DM after observing a given signal on either
the first or the second set of characteristics. These equations
increase the utility derived from the expected product whenever
the DM expects to observe more than one improved product fully.

In this respect, n = 0.5 if the DM expects to observe one
improved product fully and an additional one partially. A value of
n = 1 is assigned by the DM when two improved products are
expected to be fully observed and so on, with any new fully
observed product adding a value of one to n; a partially observed
product adds a value of 0.5.

The reference value of 100 relative to which the improved
products shift probability could be modified to account for the
degree of optimism of the DM. Clearly, when n=100, the probability
mass has been fully shifted to the corresponding upper subinterval
of the domain. This redistribution of the density implies that we
have assumed that the DM accounts for the possibility of selecting
the best product among the potentially acceptable products
expected to be observed.

To provide additional intuition, we explicitly define the four-
observation case with signals based on the density functions
introduced in this section. The appendix provides an explicit
illustration of how the model actually operates when signals are
received on both X1 and X2 and how it is simulated when four
observations are considered.

5. Acquiring observations with signals

Assume that the DM receives a signal on the distribution of one
of the characteristic factor spaces. The DM has to calculate two
enhanced versions of the original functions F(x1) and H(x1). These
new functions must account for the number of observations left to
be acquired by the DM and the probability that such observations
provide a product better than the one initially observed, which
constitutes the main reference value. The DM follows an identical
pattern to that of the two- and three-observation cases when
defining the sets of combinations resulting from the search.
However, the potential improvement probabilities as well as the
expected products obtained from the search are both determined
by the initial observation and the type of signal issued by the firm.

5.1. The four-observation case

Now consider the information acquisition problem faced by a
DM who has gathered the first observation from an initial product,
given by x1, when a total of four observations can be acquired. We
will not provide a detailed account of the search payoff possibilities
as in the case with three observations, but a basic schema is
developed in the appendix.

When calculating the enhanced function F(x1|4, u), we must
account for the fact that the DM uses the second piece of
information available to acquire x2 and observe the initial product
fully; i.e., the DM observes (x1, x2). As a result, the payoff obtained
by the DM depends on the expected realization of x2 and that of xn

1,
i.e., the first characteristic from the new product observed. The
following combinations must be considered when calculating the
term A within the function F(x1|4, u) based on three remaining
observations: (2-0), (2-1), and (1-1).

ð2-0Þ :
R

Pþðx1 juÞm2ðx2juÞ½c1ð2; 0; m1ðxn
1 > x1juÞÞðE1 þ E2juÞ�dx2

ð2-1Þ :
R

Pþðx1 juÞm2ðx2juÞ½c1ð2;1; m1ðxn
1 > x1juÞÞðu1ðxn

1ÞþE2jjðxiÞÞ�dx2

ð1-1Þ :
R

Pþðx1 juÞm2ðx2juÞc1ð1; 1; m1ðxn
1 > x1juÞÞ

½c2ð1; 1; m2ðxn
2 2 Pþðx1juÞÞÞðu1ðxn

1Þ þ u2ðxn
2ÞjjðxiÞÞ

þ c2ð1; 0; m2ðxn
2 2 Pþðx1juÞÞÞðE1 þ E2juÞ�dx2

We have employed the notation (E1 + E2|u) to define the
certainty equivalent outcome from the search process when one of
the certainty equivalent values is based on a signaled characteristic
factor space. Similarly, we will use (	 |j(xi)) to indicate the
subjective expected product computed by the DM whenever the
potential improvements resulting from the search include at least
a uiðxn

i Þ term, with i = 1, 2.
Note that the interval limits defining the term A are based on

the signal received by the DM. Consider, for example, a signal-
based improvement on the first characteristic:

Pþðx1juÞ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ > E1ju þ E2�u1ðx1Þg (37)

and

P�ðx1juÞ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ�E1ju þ E2�u1ðx1Þg (38)

P+(x1|u) and P�(x1|u) define the set of values x2 from the initial
product such that their combination with x1 delivers a utility that
is higher or less than or equal to a randomly chosen product from G,
respectively. We will use the same notation, namely, P+(x1|u) and
P�(x1|u), when considering the sets defining signal-based improve-
ment on the second characteristic, which are determined by
E2|u. The context within which the corresponding functions will be
used prevents any confusion between cases.

When defining the enhanced version of function H(x1|4, u), we
must account for the fact that the DM has one more observation
left to acquire than in the F(x1|4, u) setting because the second
observation has not been used to acquire x2. The following
combinations arise from the set of three observations that the DM
has left to acquire when computing H(x1|4, u): (3-0), (3-1), (2-1),
(2-2).

ð3-0Þ : c1ð3; 0; m1ðxn
1 > x1juÞÞðE1 þ E2juÞ

ð3-1Þ : c1ð3; 1; m1ðxn
1 > x1juÞÞðu1ðxn

1Þ þ E2jjðxiÞÞ
ð2-1Þ : c1ð2; 1; m1ðxn

1 > x1juÞÞ½c2ð1; 1; m2ðxn
2 2 Pþðx1juÞÞÞðu1ðxn

1Þ
þ u2ðxn

2ÞjjðxiÞÞ þ c2ð1; 0; m2ðxn
2 2 Pþðx1juÞÞÞðE1 þ E2juÞ�

ð2-2Þ : c1ð2; 2;m1ðxn
1 > x1juÞÞ½c2ð1;1;m2ðxn

2 2 Pþðx1juÞÞÞmaxfðu1ðxn
1Þ

þ u2ðxn
2ÞjjðxiÞÞ; ðu1ðxnþ1

1 Þ þ E2jjðxiÞÞg
þ c2ð1; 0; m2ðxn

2 2 Pþðxn
1juÞÞÞðu1ðxnþ1

1 Þ þ E2jjðxiÞÞ�

6. Numerical simulations

This section presents several numerical simulations illustrating
the information gathering behavior of the DM when acquiring any



Fig. 4. Information acquisition incentives with two observations.
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amount between two and five observations while receiving signals
on the first or the second characteristic. It should be emphasized
that a larger number of observations could be considered and a
general form derived for any positive (but bounded) number of
observations. Simulations will be provided for a risk neutral DM,
although a considerable set of potential settings can be analyzed
by applying the formal environment described in the paper. The
following parameter values will be employed throughout the
numerical simulations

(i) Characteristic spaces: X1 = [5, 10], X2 = [0, 10];
(ii) Utility functions: u1(x1) = x1, u2(x2) = x2; and

(iii) Probability densities: 8x1 2 X1, m1(x1) = 1/5; 8x2 2 X2,
m2(x2) = 1/10.

We now illustrate the effect induced by positive signals
regarding the distribution of X1 and X2 on the information
acquisition behavior of the DM. A formal explicit analysis can be
found in the appendix. To facilitate comparisons among the
threshold values generated within the different scenarios, the
support of the respective signal-induced probability functions will
remain unchanged throughout the simulations. In all figures, the
horizontal axis represents the set of x1 realizations that may be
observed by the DM, with the corresponding subjective expected
utilities defined on the vertical axis.

The basic reference risk neutral setting with two observations
and signals issued on the first and the second characteristic is
represented in Fig. 4a and b, respectively. Observe the dominance
throughout the whole domain of the function H(x1) over F(x1) and
of H(x1|u) over F(x1|u). We will maintain this simplified notation
throughout the simulations to differentiate the signaled from the
unsignaled settings. As we will see in the rest of the numerical
simulations, this initial dominance effect wears off as a higher
number of observations become available to the DM. Clearly, when
only two observations are acquired, continuing with the initial
product observed implies ending up with a unique product: either
the initial one if it provides a utility higher than (ce1, ce2) or a
randomly chosen product if the utility derived from the initial one
is below that of (ce1, ce2).

However, when acquiring information on a new product, the
DM will have two products to choose from, the initial and a new
one, both partially observed. The new product is added to the total
utility of the DM, who biases his incentives toward observing a
product other than the initial one.

This effect is eliminated in Di Caprio and Santos Arteaga [11],
where a unique final product is accounted for in the choice set of
the DM through both functions F and H. The current framework is
designed to accommodate a large amount of potential observa-
tions and it is to be treated as such, with a large bias arising toward
diversification when a small number of observations are acquired.

Note that we have defined the set of potential improvements
upon the reference realization in terms of either the (x1, P+(x1)) or
the (x1, P+(x1|u)) pair. This assumption accounts for any framing
effect on the side of the DM that may be induced by the (partial)
observation of the initial product. At the same time, it conditions
any potential improvement on the information available to the
DM, who does not know the outcome from the second observation
but is able to compute the set of acceptable realizations.

We could also assume that the DM shifts the reference product
whenever the next potential realization is located above the
initially observed x1. In this case, the structure of the algorithm
requires adding a new dimension to the process, as the DM must
also account for the value of all the remaining observations while
conditioned by such a realization and the initial one. Thus, each
potential observation that the DM wants to consider as a
determinant of his search behavior adds a dimension to the
information acquisition process, as has been shown in Di Caprio
et al. [15].

Fig. 5 illustrates how the three-observation setting delivers
information acquisition incentives that differ considerably from
those obtained when two observations are acquired. This setting
presents an important decrement in the Starting dominance
pattern obtained within the two-observation environment. That is,
the Starting option still dominates the Continuing option through
most of the X1 domain but to a much lesser extent than in the two-
observation case.

Fig. 6 illustrates the case in which a fourth observation is
acquired. The DM will favor the acquisition of information on the
product initially observed over starting with a new product. At the
same time, note how the dominant Continuing tendency extends
over a wider interval in the X1 signaling case when compared to the
X2 case. The exact interval values are presented in Table 1.

Now consider the case with five observations represented in
Fig. 7. Note that when signals are issued on X1, the functions F and
H display lower expected utilities through a considerable interval
within the domain. This effect becomes more evident as we
approach ce1 and is due to the increment in the CE value required



Fig. 5. Information acquisition incentives with three observations.

Fig. 6. Information acquisition incentives with four observations.
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by the DM, which shifts from 12.5 to 13.25. This increment in the
CE value decreases the probability of improving upon the initial
observation with the potential realizations from X2. That is, the
remaining observations must improve upon the initial reference
product determined by x1 and P+(x1). This latter set shrinks when
signals are issued on X1, while its associated distribution remains
unchanged, excluding several X2 realizations from constituting
acceptable products for the DM.

The simulations in Fig. 7 illustrate the upward shift that the
signals issued on X2 cause on the search utilities of the DM
compared to the more intricate effect derived from issuing signals
on X1. This difference is derived from the fact that the DM
Table 1
Threshold values and continuation intervals (F(	) > H(	)).

Observations

2 3 4 5

Absent signals – [5, 5.6966]

[9.9030, 10]

[5, 7.9294]

[9.8990, 10]

[5, 7.0851]

[9.8968, 10]

Signals on X1 – [5, 6.3125]

[9.8963, 10]

[5, 8.6141]

[9.8887, 10]

[5, 7.2151]

[9.8846, 10]

Signals on X2 – [5, 5.6500]

[9.9003, 10]

[5, 7.8319]

[9.8960, 10]

[5, 6.4025]

[9.8937, 10]
eliminates (to a certain extent) the uncertainty associated with X1

after acquiring the initial observation, while the uncertainty
associated with X2 persists when deciding how to allocate the next
observation. As a result, we can see how positive signals issued on
the characteristics of a given product do not necessarily increase
the willingness of the DM to acquire such a product. Indeed, the
incentives of the DM to continue acquiring information on the
initially observed product decrease if the improvements are
introduced on X2, i.e., positive signals actually lead to a smaller
continuation interval when issued on X2.

7. The information acquisition process

The numerical simulations presented in the previous section
illustrate a subset of the potential pairwise comparisons
performed by the DM at different steps of the information
acquisition process. Some general remarks on the properties of
the information acquisition process of the DM follow.

(i) The comparisons performed by the DM will be generally based
on the expected utility derived from continuing to acquire
information on the partially observed product with the highest



Fig. 7. Information acquisition incentives with five observations.

Table 2
The online information acquisition process of the DM: basic guidelines.

Continue

If F(x1|n, u) > H(x1|n, u), the DM acquires the second observation from the

initial product observed, i.e., x2. After acquiring x2, the DM will have

completely observed the initial product, (x1, x2), while being endowed with

n � 2 remaining observations. Trivially, the DM must observe the first

characteristic from a new second product, xn
1, and then decide once again

whether to continue with the newly observed product or to start acquiring

information on a third one. His decision will be determined by the

corresponding functions Fðxn
1jn�2; uÞ and Hðxn

1jn�2; uÞ. These functions are

based on the xn
1 observed, and their reference values will be defined with

respect to the initial fully observed product if it provides a utility higher

than the certainty equivalent one. The same continuing versus starting

decision must be made by the DM after acquiring the next observation.

Start

If F(x1|n, u) < H(x1|n, u), the DM acquires information on a new product. In

this case, he will have observed two products partially, whose first

characteristics are given by x1 and xn
1, while being endowed with n � 2

remaining observations. The DM must now decide between continuing

with either x1 or xn
1 and starting to acquire information on a new product.

As already stated, he will consider the highest value between x1 and xn
1,

denoted by xM
1 , in order to define the corresponding functions FðxM

1 jn�1; uÞ
and HðxM

1 jn�1; uÞ.

Continue

If FðxM
1 jn�1; uÞ > HðxM

1 jn�1; uÞ, the DM fully observes the product with the

highest first characteristic; i.e., he observes xM
2 , and then, he once again

faces the problem of either continuing with the remaining partially

observed product or starting with a new one. This decision must be

conditioned on the n � 3 remaining observations.

Start

If FðxM
1 jn�1; uÞ < HðxM

1 jn�1; uÞ, the DM will observe the first characteristic

from a third product, i.e., xnþ1
1 . Given the potential realizations of this

characteristic, the DM must again define the resulting functions F and H

based on the number of remaining observations and the highest value

among all the partially observed products.
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x1 and the utility derived from starting to acquire information
on a new product. As stated in Section 4, it is trivial to show
why the DM considers the partially observed product with the
highest x1 over any other that is partially observed when
defining the corresponding function F.

(ii) If all the previous products have been completely observed,
the DM faces the information acquisition setting described in
Sections 4 and 5 but adapted to the number of remaining
observations. That is, the formal settings defined in both
sections describe the information acquisition incentives of the
DM either when he starts acquiring information or after
having fully observed a given number of products.

(iii) The reference product that the DM must improve upon is given
by the product that provides the highest utility among all
those previously observed. In particular, the functions F and H

will be conditioned by the first characteristic from the highest
utility-providing product that has been fully observed.

(iv) The information acquisition process must be adjusted as the
number of remaining observations decreases and whenever
the products observed modify the reference values considered
by the DM.
Fig. 8 provides an intuitive description of how the information
acquisition process of the DM evolves sequentially.

Initially, the DM has n observations left to acquire. After
acquiring the first observation, x1, the DM must choose between
continuing to acquire information on the product observed and
starting to acquire information on a new product. His decision is
based on which function, either F or H, provides the highest
expected utility. The information acquisition process of the DM
proceeds according to the guidelines described in Table 2 until he
exhausts all of his available information.

It should be emphasized that the information acquisition
setting described in the current paper can be defined to account for
any positive number of available observations.

8. Managerial implications

Consider the immediate consequences derived from our model
regarding the strategic quality of the sequential information
acquisition process of the DM. Note that this process has also been
shown to condition the production plans of firms, given the
considerably different reactions of the DM to improvements
introduced on the first and the second characteristic. Our model
can be used to

� Develop decision support and expert systems as optimal
sequential information acquisition strategies, where information
is only acquired if the benefits derived from the information
exceed its cost [42,52]. A similar remark applies to the design of
the information dashboards guiding managerial decision making
processes [2,21,24].
� Extend papers in a heterogeneous direction, as in Li and Zhu [32],

where a group of homogeneous experts must be hired to forecast
the stochastic market demand for a new product that is about to
be introduced in the market.



Fig. 8. The sequential information acquisition process of the DM.
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� Design dynamic extensions of standard multiple-criteria deci-
sion making models [7], accounting for the fact that in our model,
the DM considers the set of potential realizations expected to be
observed and modifies his threshold values after acquiring each
observation.
� Formalize the information acquisition and choice processes

considered by the consumer choice literature, where frictions in
the acquisition of information, such as limits in the cognitive
capacity of the DM, the existence of context effects, and the
transmission of superfluous information, have been described
but not formalized [4,5,16,46].
� Analyze the effect of memory capacity and previous experi-

ence in determining the payoffs expected to be received and
the resulting information acquisition behavior of the DM,
i.e., study the generation of a potential base of loyal consumers
[3].
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� Study the equilibrium implications derived from the strategic
transmission of information within imperfectly competitive
scenarios, extending into the game theoretical branch of
operations research [50,39,18]. That is, the results displayed
by an online search engine can be interpreted by the DM as
bidimensional objects, composed of a succinct description and
additional information that can only be obtained after accessing
the corresponding website. In this respect, our model provides a
formal reference framework to study online search processes
and, for example, compute the probability of accessing a given
website based on its relative position within the ranking
displayed by the search engine. Following this particular
approach would complement the results obtained by papers
such as those of Wang et al. [61], who propose a method to
estimate the probability that a product is purchased after being
observed by a DM, and Dou et al. [17], who analyze how firms can
use their position in the ranking delivered by online search
engines to differentiate their products from those of rivals. The
main implications of the current paper for this research area are
described below.
(i) Consider an online search environment where the DM must

evaluate search and experience goods. Huang et al. [26]
illustrate how observing experience goods requires a greater
amount of time per page, leading to a lower number of pages
being evaluated than when observing search goods. As
already indicated, our second characteristic can be inter-
preted as an experience component that complements the
first one. When considered in terms of costs, improvements
in the second characteristic have a negative effect on the
expected payoffs of the firms. At the same time, due to their
effect on the threshold values computed by the DM,
improvements in the first characteristic may also be used
to limit the total number of products observed by the DM.

(ii) Finally, consider the online recommendations provided to a
DM based on his purchasing history [63,25,33]. Recommen-
dation agents are software agents who, after eliciting the
preferences of individual consumers, make recommenda-
tions accordingly. These recommendations involve the
description of a series of characteristics from an unobserved
product by unknown third parties. Absent credibility and
trust considerations [20] and strategic reporting [12,48], the
DM must choose which recommendation to follow. The
(subjective) evaluation of the considerable amount of
consumer reviews available to the DMs online provides a
similar set of implications [64].

8.1. Memory capacity and search costs

Consider the set of implications relating the current model to
the scenarios faced by a DM who is performing online searches. In
this type of environment, the full memory capacity with which the
DM is endowed when defining his search strategy is a fundamental
property of our model. That is, the capacity of the DM to remember
and compare the characteristics of the products observed with the
potential realizations resulting from the search should be a
fundamental requisite of any online search model. As stated in the
introduction, the management and the operations research
literature concentrate on computing stopping search rules based
on the expected value of the next characteristic and the
information acquisition costs faced by the DM. This focus on the
costs deviates attention from memory, a relation that should be
inverted when analyzing online search environments. That is, the
cost of shifting among different online results is relatively small,
while the first characteristics of the alternatives displayed by an
online search engine are easily observable, increasing the capacity
of the DM to remember previous realizations from the search.
It should be noted that the introduction of information
acquisition costs within the current search process is straightfor-
ward. Given the findings of Huang et al. [26], three possibilities
could be considered depending on the level of sophistication
required from the DM. One possibility would consist of assigning a
given cost to each of the remaining potential observations of the
first characteristic and a higher cost to those of the second
characteristic. These costs should then be added to the corre-
sponding functions F and H. A similar, though less demanding,
approach would be to assign a fixed cost incurred by the DM when
acquiring the next observation and compare it to the expected
utility derived from the search. Finally, an intermediate possibility
would consist of assuming that continuing requires the DM to
assume a higher cost than starting. This would lead to a downward
shift in both functions F and H. However, the size of the shift would
be larger for F, decreasing the corresponding continuation regions
in all the figures.

The capacity of our model to incorporate diverse types of
information costs based on the number and type of remaining
observations confers an advantage over other models that rely
uniquely on a given fixed cost.

9. Conclusions

We have studied the information acquisition behavior of a
rational DM who is gathering a sequentially finite number of
observations from a set of products whose attributes have been
grouped into two main characteristics. The introduction of signals
within our formal setting has allowed us to determine the strategic
consequences that issuing different types of signals has on the
information acquisition behavior of the DM.

Consequently, the model introduced in this paper can be
applied to any of the research areas linked by their analysis of the
optimal information acquisition behavior of rational DMs, such as
economics, consumer choice and the decision and game theoretical
branches of operations research. Applications to knowledge
management and decision support systems follow immediately
from our formal setting, particularly when considering the
introduction and acceptance of novel technological products and
when analyzing online search environments.

From a formal point of view, the main extension of the current
model should aim to increase the dimension of the products on
which observations are acquired. As the dimension of the product
increases, the set of potential combinations and expected payoffs
that must be considered by the DM also increases, which
increments the sophistication required on the assimilation
capabilities of the DM.
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Appendix A. Appendix

Explicit calculations

Consider the expression for the functions F and H in the setting
with four observations and signals

Fðx1j4; uÞ ¼de f
Z

Pþðx1 juÞ
m2ðx2juÞðu1ðx1Þ þ u2ðx2ÞjjðxiÞÞdx2

þ A þ
Z

P�ðx1 juÞ
m2ðx2juÞðE1 þ E2juÞdx2 þ B
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where

A ¼
Z

Pþðx1 juÞ
m2ðx2juÞ½c1ð2; 0; m1ðxn

1 > x1juÞÞðE1 þ E2juÞ

þ c1ð2; 1; m1ðxn
1 > x1juÞÞðu1ðxn

1Þ þ E2jjðxiÞÞ

þ c1ð1; 1; m1ðxn
1 > x1juÞÞ½c2ð1; 1; m2ðxn

2 2 Pþðx1juÞÞÞðu1ðxn
1Þ

þ u2ðxn
2ÞjjðxiÞÞ þ c2ð1; 0; m2ðxn

2 2 Pþðx1juÞÞÞðE1 þ E2juÞ��dx2

B ¼
Z

P�ðx1 juÞ
m2ðx2juÞ½c1ð2; 0; m1ðxn

1 > x1juÞÞðE1 þ E2juÞ

þ c1ð2; 1; m1ðxn
1 > x1juÞÞðu1ðxn

1Þ þ E2jjðxiÞÞ

þ c1ð1; 1; m1ðxn
1 > x1juÞÞ½c2ð1; 1; m2ðxn

2 2 Pþðx1juÞÞÞðu1ðxn
1Þ

þ u2ðxn
2ÞjjðxiÞÞ þ c2ð1; 0; m2ðxn

2 2 Pþðx1juÞÞÞðE1 þ E2juÞ��dx2

Note that both the A and B terms define potential improvements
over the CE product, with the new characteristic xn

1 > x1 and the
corresponding P+(x1|u) set based on all the potential realizations of
x1. This latter set requires xn

2 to deliver a product that is better than
the CE product, (E1 + E2|u), when added to xn

1.

Hðx1j4; uÞ ¼defðu1ðx1Þ þ E2juÞ þ C

C ¼ c1ð3; 0; m1ðxn
1 > x1juÞÞðE1 þ E2juÞ

þ c1ð3; 1; m1ðxn
1 > x1juÞÞðu1ðxn

1Þ þ E2jjðxiÞÞ

þ c1ð2; 1; m1ðxn
1 > x1juÞÞ½c2ð1; 1; m2ðxn

2 2 Pþðx1juÞÞÞðu1ðxn
1Þ

þ u2ðxn
2ÞjjðxiÞÞ þ c2ð1; 0; m2ðxn

2 2 Pþðx1juÞÞÞðE1 þ E2juÞ�

þ c1ð2; 2; m1ðxn
1 > x1juÞÞ½c2ð1; 1; m2ðxn

2 2 Pþðx1juÞÞÞmaxfðu1ðxn
1Þ

þ u2ðxn
2ÞjjðxiÞÞ; ðu1ðxnþ1

1 Þ þ E2jjðxiÞÞg

þ c2ð1; 0; m2ðxn
2 2 Pþðx1juÞÞÞðu1ðxnþ1

1 Þ þ E2jjðxiÞÞ�

The additional observation available to the DM modifies the
set of potential improvements when compared to the function F,
which is determined by a weighted average based on the
expected realizations of x2 and the resulting sets P+(x1|u) and
P�(x1|u).

Below, we explicitly illustrate what the model actually
simulates when signals are received on both X1 and X2 within
the four-observation setting.

Signals on X1

Throughout this subsection, we have ce1 = 7.5, ce2 = 5,
ce1|u = 8.125 and

Pþðx1juÞ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ > E1ju þ E2�u1ðx1Þg

P�ðx1juÞ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ�E1ju þ E2�u1ðx1Þg

The binomial distribution determining the potential improve-
ments within X1 for a given initial observation x1 is given by:
c1ðn; 1; m1ðxn
1 > x1juÞÞ ¼

n!

l!ðn�lÞ! ð10�x1Þ
3

10

� �l

1�ð10�x1Þ
3

10

� �n�l

n!

l!ðn�lÞ!
7:5�x1

10
þ7:5

10

� �l

1� 7:5�x1

10
þ7:5

10

� �� �
8>>><
>>>:
This binomial describes the probability mass accumulated
within the interval [x1, 10] defined by the x1 observation.

The corresponding binomial accounting for potential improve-
ments within X2 is given by:

c2ðn; 1; m2ðxn
2 2 Pþðx1juÞÞÞ

¼ n!

l!ðn�lÞ!
10�ð13:125�x1Þ

10

� �l

1�10�ð13:125�x1Þ
10

� �n�l

;

8 x1 2 ½5; 10�

We are taking as a reference point the product defined by the
initial x1 realization observed. Thus, all improvements are defined
over the interval [x1, 10] of X1 and over the interval
[b2 � [(ce1|u + ce2) � x1], 10] of X2. The expected utilities determin-
ing the information acquisition behavior of the DM are based on
these intervals, which define the probability mass available for
expected improvements over the initial partially observed product
that are contained within the set P+(x1|u). These probabilities are
subjectively calculated by the DM and were defined in Section 5 as
j(x1|p(u|x1)) and j(x2|p(u|x1)).

Subjective improvements are computed with respect to the risk
neutral ce1 value within the interval [5, 10] on which the first
characteristic is defined. Truncating this interval affects the
product that is expected to be obtained by the DM. Note that
observing a particular x1 realization modifies the expected utility
received by the DM in terms of the product that is expected to be
obtained. That is, the initial observation conditions the potential
improvement realizations contained within the interval [x1, 10].
Therefore, for each x1 observed, the DM must calculate an expected
payoff such that the interval [x1, 10] contains a probability mass
equal to one and accounts also for the truncated distribution
defined after receiving the signal.

We provide an explicit calculation for the expression below:

c1ð1; 1; m1ðxn
1 > x1juÞÞ½c2ð1; 1; m2ðxn

2 2 Pþðx1juÞÞÞðu1ðxn
1Þ

þ u2ðxn
2ÞjjðxiÞÞ þ c2ð1; 0; m2ðxn

2 2 Pþðx1juÞÞÞðE1 þ E2juÞ�

defined within the set P+(x1|u) and composing the term A. The
expression must be divided into two separate parts depending on
the realization of x1 observed by the DM. In this case, for x1 2 [7.5,
10], the expression is equal to:

Z 10

13:125�x1

1

10

� �(
1!

1!ð1�1Þ! ð10�x1Þ
3

10

� �1

1�ð10�x1Þ
3

10

� �1-1 1!

1!ð1�1Þ!

� 10�ð13:125�x1Þ
10

� �1

1�10�ð13:125�x1Þ
10

� �1-1

�
Z 10

x1

1

10�x1
xn

1dxn
1þ
Z 10

13:125�x1

1

x1�3:125
xn

2dxn
2

  !
þ 1!

1!ð1�1Þ!

� ð10�x1Þ
3

10

� �1

1�ð10�x1Þ
3

10

� �1�1 1!

0!ð1�0Þ!
10�ð13:125�x1Þ

10

� �0

� 1�10�ð13:125�x1Þ
10

� �1�0

ð8:125 þ 5Þ
)

dx2
if x1 2 ð7:5; 10�
n�l

if x1 2 ½5; 7:5�
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while for x1 2 [5, 7.5], we have

Z 10

13:125�x1

1

10

� �(
1!

1!ð1�1Þ!
7:5�x1

10
þ 7:5

10

� �1

� 1� 7:5�x1

10
þ 7:5

10

� �� �1-1 1!

1!ð1�1Þ!
10�ð13:125�x1Þ

10

� �1

� 1�10�ð13:125�x1Þ
10

� �1-1

�
 Z 7:5

x1

2:5

50�5x1
xn

1dxn
1 þ

Z 10

7:5

12:5�x1

50�5x1
xn

1dxn
1

þ
Z 10

13:125�x1

1

x1�3:125
xn

2dxn
2

!
þ 1!

1!ð1�1Þ!

� 7:5�x1

10
þ 7:5

10

� �1

1� 7:5�x1

10
þ 7:5

10

� �� �1-1 1!

0!ð1�0Þ!

� 10�ð13:125�x1Þ
10

� �0

� 1�10�ð13:125�x1Þ
10

� �1-0

ð8:125 þ 5Þ
)

dx2

Note that the main difference between both expressions is
defined in terms of the product that is expected to improve upon
the initial partially observed one. For x1 2 [7.5, 10], improvements
in terms of the expected product are determined by two standard
uniform probabilities defined by the corresponding functions
j(x1|p(u|x1)) and j(x2|p(u|x1)). The product that is expected to be
observed involves more complex calculation when the initial
observation is given by x1 2 [5, 7.5]. In this case, the improvements
over the initial observation must be calculated in terms of the
truncated uniform distribution defined between [x1, 7.5] and
7:5; 10ð �. The analysis of the X2 setting below explicitly describes

how a truncated distribution affects the calculation of the expected
utilities of the DM.

Signals on X2

Throughout this subsection, we have ce1 = 7.5, ce2 = 5,
ce2|u = 6.25, and

Pþðx1juÞ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ > E1 þ E2ju�u1ðx1Þg

P�ðx1juÞ ¼ fx2 2 X2 \ Suppðm2Þ : u2ðx2Þ�E1 þ E2ju�u1ðx1Þg

The corresponding binomial distribution determining the
potential improvements within X1 is given by

c1ðn; 1; m1ðxn
1 > x1juÞÞ

¼ n!

l!ðn�lÞ!
10�x1

5

� �l

1� 10�x1

5

� �� �n�l

; 8 x1 2 ½5; 10�

while the binomial determining potential improvements within X2

is divided into two subsets
c2ðn; 1; m2ðxn
2 2 Pþðx1juÞÞÞ ¼

n!

l!ðn�lÞ! ð10�ð13:75�x1Þ
3

20

� �l

1�ð10�ð
� 

n!

l!ðn�lÞ!
5�ð13:75�x1Þ

20
þ15

20

� �l

1� 5�ð1
� � 

8>>><
>>>:
The same intuition as that of the previous X1 setting applies in
this case. However, in this case, the truncated distribution affects
X2 and, therefore, the calculation of the expected utility received by
the DM when he continues to observe the initial product. The
resulting expressions are somewhat more complex than those in
the X1 case described above because the modified probability
enters the calculation of the function F. This can be observed in
particular when computing the expected improvements for
x1 2 [8.75, 10]. In this case, the realizations of the second
characteristic may be located either within the interval
[13.75 � x1, 5] or the interval [5, 10]. This fact will determine
the value of the function m2(x2|u) considered by the DM when
defining the terms A and B within the equation F1(x1|u).

As in the case with signals on X1, we provide an explicit
calculation of the expression

c1ð1; 1; m1ðxn
1 > x1juÞÞ½c2ð1; 1; m2ðxn

2 2 Pþðx1juÞÞÞ
�
�
u1ðxn

1Þ þ u2ðxn
2ÞjjðxiÞ

	
þ c2ð1; 0; m2ðxn

2 2 Pþðx1juÞÞÞ E1 þ E2juð Þ�

defined within the set P+(x1|u) and composing the term A. This
expression must be divided into three separate parts depending on
the realization of x1 observed by the DM and the expected
realizations of x2. In this case, for x1 2 [5, 8.75], the above
expression is equal to:
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while for x1 2 [8.75, 10] and x2 2 [13.75 � x1, 5], we have:
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and for x1 2 [8.75, 10] and x2 2 [5, 10], we have:
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It should be noted that the expressions defining the expected
product improvements within A and B are identical in both the
x2 2 [13.75 � x1, 5] and the x2 2 [5, 10] cases for x1 2 [8.75, 10]
because these realizations of X2 take place in expected terms and
are therefore not observed at the time the DM makes the
information acquisition decision. Thus, as in the previous X1 case,
expected product improvements are determined by the intervals
defined by the initial x1 realization and the resulting set P+(x1|u).

The difference between the X1 and X2 signaling settings should
be evident from the simulated equations described above.
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