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The purpose of conventional Data Envelopment Analysis (DEA) is to evaluate the performance of a set of firms or
Decision-Making Units using deterministic input and output data. However, the input and output data in the
real-life performance evaluation problems are often stochastic. The stochastic input and output data in DEA can be
represented with random variables. Several methods have been proposed to deal with the random input and output
data in DEA. In this paper, we propose a new chance-constrained DEAmodel with birandom input and output data.
A super-efficiency model with birandom constraints is formulated and a non-linear deterministic equivalent model
is obtained to solve the super-efficiency model. The non-linear model is converted into a model with quadratic
constraints to solve the non-linear deterministic model. Furthermore, a sensitivity analysis is performed to
assess the robustness of the proposed super-efficiency model. Finally, two numerical examples are presented
to demonstrate the applicability of the proposed chance-constrained DEA model and sensitivity analysis.
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1. Introduction

Data Envelopment Analysis (DEA) is a non-parametric
approach for frontier estimation, first developed by Charnes,
Cooper and Rhodes (CCR) (Charnes et al, 1978). On the basis
of the original CCRmodel, Banker, Charnes and Cooper (BCC)
(Banker et al, 1984) developed a variable returns to scale
variation. DEA has been widely used for evaluating the
performance and measuring the relative efficiency of a group
of firms or Decision-Making Units (DMUs) that uses multiple
inputs and multiple outputs. DEA solves a linear programming
(LP) model per DMU to determine an efficient frontier using
the 100% efficient DMUs. One problem that has been fre-
quently discussed in the DEA literature has been the lack of
discrimination in many assessment problems.
Most decision makers are interested in a full ranking method

and to go beyond the dichotomized classification (ie, efficient
and inefficient DMUs) in order to make a reasonable and
insightful analysis. Adler et al (2002) reported a comprehensive
review on the ranking methods in the DEA context. They
divided the ranking methods into six classes involving (1)
cross-efficiency ranking methods (eg, see Doyle and Green,

1994; Jahanshahloo et al, 2011; Yang et al, 2012); (2) super-
efficiency ranking techniques (eg, see Andersen and Petersen,
1993; Sueyoshi, 1999; Noura et al, 2011); (3) the benchmark
ranking method (eg, see Torgersen et al, 1996; Lu and Lo,
2009); (4) ranking with multivariate statistics in the DEA
context (eg, see Sinuany-Stern et al, 1994; Wang et al, 2011);
(5) the ranking of inefficient DMUs (eg, see Bardhan et al,
1996; Jahanshahloo and Afzalinejad, 2006); and (6) DEA and
multi-criteria decision-making methods (eg, see Thanassoulis
and Dyson, 1992; Halme et al, 1999; Yu and Lee, 2013).
To improve the discrimination power among the efficient
DMUs, a super-efficiency DEA model is a very common
technique in which a DMU under evaluation is excluded from
the reference set (Andersen and Petersen, 1993; Noguchi et al,
2002; Li et al, 2007, Noura et al, 2011).
The conventional DEA is deterministic, does not require

prior weights or explicit specification of the functional relation-
ships between the outputs and inputs and assumes that inputs
and outputs are measured precisely. However, the uncertainties
inherent in the real-life performance measurement problems
inhibit using deterministic DEA models in practice. This
limitation of the deterministic DEA models in handling
stochastic data has been studied for a long time and a wide
range of methods including goal programming (Huang and Li,
1996), fuzzy sets (Kao and Liu, 2000; Lertworasirikul et al,
2003), the assurance region concept (Despotis and Smirlis,
2002), chance-constrained programming (Olesen, 2006), joint

*Correspondence: Madjid Tavana, Business Systems and Analytics Depart-
ment, Lindback Distinguished Chair of Information Systems and Decision
Sciences, La Salle University, 1900 West Olney Avenue, Philadelphia, PA
19141, USA.
E-mail: tavana@lasalle.edu

Journal of the Operational Research Society (2014) 65, 1824–1839 © 2014 Operational Research Society Ltd. All rights reserved. 0160-5682/14

www.palgrave-journals.com/jors/

http://dx.doi.org/10.1057/jors.2013.157
mailto:tavana@lasalle.edu
http://www.palgrave-journals.com/jors


probabilistic constraints (Bruni et al, 2009), local maximum
likelihood estimation (Simar and Zelenyuk, 2010) and Monte
Carlo simulation (Wong, 2009; Kuah et al, 2012) have been
proposed to overcome this deficiency.
In addition to the inability of the conventional DEA methods

in handling imprecise input and output data in performance
measurement problems, DEA is a non-statistical approach that
does not allow for hypothesis testing. Form an engineering
perspective, the production structure, containing free disposa-
bility, economies of scale and convexity, needs to validate the
model using statistical inference. Although DEA is not capable
of applying statistical inference due to its deterministic nature,
there has been some small progress in DEA for testing the
model specification. Farrell (1957, pp 269–270) states that ‘…
the introduction of a new factor of production into the analysis
cannot lower, and in general, raises the technical efficiency…’.
He then suggests ‘It is to such frequency distributions [of
efficiency scores] that one must look for a measure of the
success of the analysis’ (Farrell, 1957, p 270). Farrell (1957,
p 272) further states ‘In going from x1x2x3 to x1x2x3x4 [inputs],
by introducing capital (another relevant factor) only a little of
the apparent variation in efficiency is explained. Thus although
in principle x1x2x3x4 is the better analysis, it seems that in fact
relatively little difference is made to the efficiency estimates
omitting x4. (This may perhaps be thought of as analogous to a
regression analysis where the introduction of a variable does not
significantly improve the fit; although here there is no objective
measure of significance.)’ A statistical testing procedure was
later developed by Banker (1993, 1996), Kneip et al (1998),
Simar and Wilson (1998), Gijbels et al (1999) and Tziogkidis
(2012) to further improve this testing procedure.
Although some scattered attempts have been made to test the

specification of the models in DEA, small samples in DEA
normally cannot accommodate sufficient observations to fully
represent the production possibilities. As a result, most statis-
tical attempts in DEA produce a small sample error where
inefficient DMUs can be imperfectly classified as efficient, or
the number of inefficient DMUs can be noticeably under-
estimated (Banker, 1993; Kneip et al, 1998; Gijbels et al,
1999). Gijbels et al (1999) introduced an analytical method to
derive a sampling distribution, while Simar and Wilson (1998)
estimated the sampling distribution using bootstrapping techni-
ques. Simar and Wilson (1998) proposed bootstrap DEA to
assess the sensitivity and statistical properties of the efficiency
scores generated by DEA. They used the percentiles of the
bootstrap distribution in their hypothesis testing procedure.
The validity and difficulties of the proposed bootstrap DEA
by Simar and Wilson (1998) have been a controversial issue
among the performance measurement researchers (see, eg,
Tziogkidis, 2012). In addition, it is difficult to find an
appropriate value of a smoothing parameter in the bootstrap
method, and bootstrapping requires a large number of iterations
(Hossain et al, 2013).
In bootstrapping, efficiency scores are estimated from the

original sample data by solving one of several DEA models to

form pseudo data where outputs stay the same and inputs are
functions of the efficiency scores. A new DEA efficiency score
is then calculated for each DMU from these pseudo data. By
replicating this process repeatedly, an empirical distribution of
efficiency scores can be determined and then used to compute
bias-corrected interval estimates (Simar and Wilson, 1998).
In contrast, chance-constrained DEA models are inherently

different from the bootstrapping models. In chance-constrained
programming (CCP), the input and output data are treated
as random variables that replace the deterministic characteriza-
tions (‘efficient’ or ‘inefficient’) with probabilistic characteri-
zations (‘probably efficient’ or ‘probably inefficient’), and the
efficiency measures are calculated based on the probabilistic
comparisons with other DMUs. Chance-constraint has a more
optimization-based approach compared with bootstrapping
(Ceyhan and Benneyan, 2011). In addition, the input and output
data collected in the chance-constrained DEA model are treated
as random variables, while the input and output data are
estimates from the original sample data in bootstrap DEA.
Stochastic input and output variations of DEA have been

studied by many researchers including: Land et al (1993),
Olesen and Petersen (1995), Huang and Li (1996), Li (1998),
Morita and Seiford (1999), Cooper et al (1996, 1998, 2002,
2004), Bruni et al (2009), Khodabakhshi et al (2010),
Khodabakhshi and Asgharian (2009), Khodabakhshi (2009,
2010), Wu and Lee (2010), Khodabakhshi (2011) and
Hosseinzadeh Lotfi et al (2012).
Land et al (1993) exploited the CCP proposed by Charnes

and Cooper (1959) in order to compute efficiency in the face of
uncertainty. They developed a chance-constrained model in
which inputs were assumed to be deterministic and outputs
were jointly normally distributed. Olesen and Petersen (1995)
developed a chance-constrained DEA model imposing chance
constraints on a DEA formulation in the multiplier form. Joint
chance constraints were also the focus in Cooper et al (1996)
in which the ‘satisficing’ concepts were introduced in the
multiplier form of the DEA model. Li (1998) considered
random disturbances in the general input-output data structure.
Cooper et al (1998) and Huang and Li (2001) suggested the
stochastic DEA models with separate chance constraints. These
studies defined the efficiency dominance of a DMU using the
joint probabilistic comparisons of inputs and outputs with
other DMUs.
Morita and Seiford (1999) studied robustness of the effi-

ciency results when input and output data are subject to the
stochastic measurement error. Cooper et al (2002) provided
CCP models that were directed to determining where the
efficient and inefficient behaviour occurs with the associated
probabilities. Cooper et al (2004) extended congestion models
in corresponding CCP models. Khodabakhshi and Asgharian
(2009) introduced stochastic DEA with an input relaxation.
Bruni et al (2009) proposed a stochastic model for DEA based
on the theory of joint probabilistic constraints. Under the
assumption that a robust set of scenarios is available, their
models allow for dependencies among the DMUs and among
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input/output data within the same DMU. Unlike other stochastic
DEA models, their deterministic equivalent formulation has a
linear integer programming form.
Khodabakhshi (2009) studied the most productive scale size

with stochastic data in DEA and Khodabakhshi et al (2010)
developed an input-oriented super-efficiency measure in sto-
chastic DEA. Khodabakhshi (2011) later proposed the super-
efficiency concept based on an input relaxation model in
stochastic DEA and Khodabakhshi (2010) used stochastic data
with the concept of CCP to develop an output-oriented super-
efficiency DEA model. Azadi and Farzipoor Saen (2011)
proposed a chance-constrained DEA method to assist the
decision makers to identify the most appropriate third-party
reverse logistics providers in the presence of both dual-role
factors and stochastic data. Hosseinzadeh Lotfi et al (2012)
recently presented the stochastic centralized resource allocation
method for allocating centralized resources in the presence of
stochastic inputs and outputs.
There are various types of uncertainties in real-life problems.

Random phenomenon is one class of uncertainty that has been
studied exhaustively. Another class of uncertainty involves
twofold uncertain variables. For example, some input or output
variables in a DEA problem could be normally distributed
random variables, and their mean values could also be random
variables. Thus, the decision maker has to face random values
with random parameters to deal with this type of uncertainty.
We represent these inputs or outputs in DEA with birandom
variables. Birandom variables provide a measurable mapping
from a probability space to a collection of random variables for
this kind of stochastic phenomenon with incomplete statistical
information. Birandom variables were introduced by Liu (2002)
and further studied by Yang and Liu (2006) and Peng and Liu
(2007). Peng and Zhao (2006) presented the theoretical aspects
of the optimistic and pessimistic values in birandom variables.
Xu and Zhou (2009) proposed a multi-objective decision-
making model with birandom coefficients for the flow shop
scheduling problem and transformed the Birandom uncertain
model into a deterministic model through an expected value
operator. Xu and Ding (2011) developed a chance-constrained
multi-objective LP model with birandom coefficients for a
vendor selection problem and proposed using a birandom
simulation-based genetic algorithm to solve this problem.
In this paper, we propose a chance-constrained DEA model

with birandom inputs and outputs for evaluating the efficiency
of the DMUs in a stochastic environment. In addition, a super-
efficiency approach is developed in which the constraints are
treated as birandom events. A deterministic equivalent model is
formulated, which is non-linear. We convert the non-linear
model into a model with quadratic constraints to solve the non-
linear deterministic model. We use a numerical example to
show the efficacy of the new model proposed in this study. We
use a second example to investigate the stability and robustness
of the proposed super-efficiency model with sensitivity analy-
sis. To the best of our knowledge, this is the first study to
incorporate birandom variables into a DEA framework.

Liu (2002) showed that the uncertainties inherent in the real-
life performance measurement problems are sometimes neither
random nor fuzzy. He introduced ‘birandom variables’ that are
measurable mappings from a probability space to a collection of
random variables. Yang and Liu (2006) and Peng and Liu
(2007) further studied the role of birandom variables in
performance management and DEA. The contribution of this
paper is sixfold: (1) we address the gap in the DEA literature for
problems involving error and random noise in the input and
output data; (2) we propose a chance-constrained DEA model
with birandom inputs and outputs for evaluating the efficiency
of the DMUs in a stochastic environment that is more suitable
and less restrictive in some real-life problems; (3) we develop a
super-efficiency approach in which the constraints are treated as
birandom events; (4) we meticulously examine the stability and
the robustness of the proposed super-efficiency model with
sensitivity analysis; (5) we present a non-linear deterministic
equivalent model that can be converted into a model with
quadratic constraints for solving the stochastic optimization
problem; and (6) we demonstrate the efficacy and applicability
of the proposed models with two numerical examples.
The remainder of the paper is organized as follows. In the

next section, we review the primary definitions of birandom
variables in the literature followed by a description of the
conventional DEA models in Section 3. In Section 4, we
propose the stochastic DEAmodels and in Section 5 we present
the Birandom super-efficiency model. In Section 6, we discuss
the sensitivity of the Birandom super-efficiency model. We
demonstrate the efficacy of the new chance-constrained DEA
model and the applicability of our sensitivity analysis in Section
7. Finally, in Section 8, we present our conclusions and future
research directions.

2. Preliminaries and definitions

Peng and Liu (2007) recently introduced a new concept of
uncertainty, the so-called birandom variables, that is a measur-
able mapping from a probability space to a collection of random
variables. This section presents some basic definitions and
properties of birandom variables.

Definition 1 (Peng and Liu, 2007). Let Ω be a non-empty
set, Α is a σ-algebra of subsets of Ω and Pr is a proba-
bility measure. Then, the triplet (Ω, A, Pr) is called a
probability space.

Definition 2 (Peng and Liu, 2007). A birandom variable ξ is a
mapping from a probability space (Ω, A, Pr) to a collection
S random variables such that for any Borel subset B of
the real line ℜ, the induced function Pr{ξ(ω)∈B} is a
measurable function with respect to ω.

Definition 3 (Peng and Liu, 2007). An n-dimensional biran-
dom vector ξ is a mapping from the probability space
(Ω, A, Pr) to a collection of n-dimensional random vectors
such that Pr{ξ(ω)∈B} is a measurable function with
respect to ω for any Borel subset B of the real spaceℜn.
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Theorem 1 (Peng and Liu, 2007). Let ξ=(ξ1,ξ2,…, ξn) be a
birandom vector, and f be a Borel measurable function
from Rn to R. Then, f (ξ) is a birandom variable.

Definition 4 (Peng and Liu, 2007). Let f :Rn→ℜ be a
Borel measurable function, and ξ be birandom variables
on the probability spaces (Ωi, Ai, Pri), i=1,…, n, res-
pectively. Then, the sum of these birandom variables,
ξ=f (ξ1,ξ2, ..., ξn), is a birandom variable on (Ω1 ×Ω2,
A1 ×A2, Pr1 ×Pr2) and is obtained as follows:

ξ ω1;ω2; ¼ ;ωnð Þ ¼ f ξ1 ω1ð Þ; ξ2 ω2ð Þ; ¼ ; ξn ωnð Þð Þ
for all ω1;ω2; ¼ ;ωnð Þ 2 Ω1 ´ � � � ´Ωn:

For example, let μ � μ 0; 1ð Þ be a uniformly distributed
random variable on (Ω, A, Pr). Then ξ � N μ; 1ð Þ is a
normally distributed birandom variable.

Definition 5 (Peng and Liu, 2007). Assume that ξ is a
birandom variable defined on the probability space
(Ω, A, Pr). Then the expected value of the birandom
variable ξ is defined as follows:

EðξÞ ¼
Z+1
0

Pr ω 2 Ω j E½ξðωÞ�⩾tf gdt

-
Z0
-1

Pr ω 2 Ω j E½ξðωÞ�⩽tf gdt

Note that that the above formula involves two integrals and
at least one of them is finite.

Theorem 2 (Peng and Liu, 2007). Let E(ξ) and E[η] be the
finite expected values of the birandom variables ξ and η,
respectively. Then we have

ð1Þ E aξ + bη½ � ¼ aE ξ½ � + bE η½ �

where a and b are arbitrary real numbers.
(2)The variance of the birandom variable ξ is defined as
follows:

V ξ½ � ¼ E ξ -E ξ½ �ð Þ2
h i

V ξ½ � ¼ E ξ2
� �

- E ξ½ �ð Þ2

Definition 6 Let ξ be a normally distributed birandom
variable, denoted by ξ � N μ; σ2ð Þ, on the probability
space (Ω, A, Pr), in which Pr ¼ pðxÞ has the following
probability density function:

p xð Þ ¼ 1ffiffiffiffiffi
2π

p e
- x - μð Þ2

2σ2 ; -1< x< +1

where μ and σ2 are the mean and variance of ξ, respec-
tively, which are characterized by the random variables on
the probability space (Ω*, A*,Pr*).

3. DEA–CCR model

Let us assume that there are n DMUs to be evaluated where
every DMUj, j=1,2,… , n, produces s outputs, yrj (r=1,… , s),
using m inputs, xij (i=1,2,… ,m). The following problem is
posed to calculate the technical input-efficiency of a given
DMUp:

min θ

s:t:

Xn
j¼1

xijλj - xipθ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1

yrjλj - yrp ⩾0; r ¼ 1; ¼ ; s;

λj⩾0; j ¼ 1; ¼ ; n ð1Þ

and the technical output-efficiency of DMUp is presented as
follows:

min φ

s:t:

Xn
j¼1

λjxij - xip⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1

λjyrj -φyrp⩾0; r ¼ 1; ¼ ; s;

λj⩾0; j ¼ 1; ¼ ; n

where λj is a non-negative weight associated with each
DMU to construct a convex combination of them or a subset
of λj’s. DEA estimates the production possibility set using the
efficient DMUs. A DMU is said to be efficient if the optimal
value of θ or φ is equal to 1; otherwise, DMUp is [technically]
inefficient.

4. Birandom CCR model

Due to the lack of complete knowledge and information,
we cannot explicitly use the conventional deterministic
mathematical DEAmodel to measure the true relative efficiency
in complex real-life problems. The statistical information is
often used in real-life problems as a bridge between uncertainty
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and certainty. In this section, we present the mathematical
details of the proposed approach for solving the CCR model in
which input and output data are assumed to be the birandom
variables.
Let us assume that ~Xj ¼ ~X1j; ¼ ; ~Xmj

� �T
2 ℜm and ~Yj ¼

~y1j; ¼ ;~ysj
� �T2 ℜs are the birandom input and output
vectors for DMUj, j=1,…, n, and each of them has a normal

distribution. Let us also assume, Xj ¼ x1j; ¼ ; xmj
� �T2 ℜm

and Yj ¼ y1j; ¼ ; ysj
� �T2 ℜs are the expected vectors of

the inputs and outputs of ~Xj and
~Yj; respectively. In addition,

Xj=(x1j,… , xmj)
T∈ℜm and Yj=(y1j,… , ysj)

T∈ℜs are the

expected vectors of the inputs and outputs of Xj ¼
x1j; ¼ ; xmj
� �T2 ℜm and Yj ¼ y1j; ¼ ; ysj

� �T2 ℜs; respec-
tively. The birandom inputs and output accordingly can be
summarized as follows:

~xij � N xij; σ
2
ij

� �
; xij � N xij; σ

2
ij

� �

~yrj � N yrj; σ
2
rj

� �
; yrj � N yrj; σ

2
rj

� �

The formulation of the chance-constrained CCR model with
the birandom data is represented as follows:

Min θ

s:t:

P P
Xn
j¼1

~xijλj -~xipθ⩽0
 !

⩾1 - α
" #

⩾1 - β i ¼ 1; ¼ ;m;

P P
Xn
j¼1

~yrjλj -~yrp⩾0
 !

⩾1 - α
" #

⩾1 - β; r ¼ 1; ¼ ; s;

λj⩾0; j ¼ 1; ¼ ; n: ð2Þ

where p denotes ‘probability’ and β∈ (0, 1] and α∈ (0, 1] are
the predetermined thresholds defined by the decision maker
for identifying an allowable chance of failing to satisfy the
constraints. P[·] in Model (2) denotes the possibility and
the probability of [·] event. To solve the probability-probability
constrained LP model, we convert the constraints of (2)
into the deterministic equivalents using the normal standard
distribution.
Let us assume ~hi ¼

Pn
j¼1

~xijλj -~xipθ: Due to the normal

distribution of ~xij;
~hi also has normal distribution with the

following mean:

hi ¼ Eð~hiÞ ¼
Xn
j¼1

xijλj -~xipθ

For the inner part of the first constraints of Model (2), we
have:

P
Xn
j¼1

~xijλj -~xipθ⩽ 0

 !
⩾1 - α

, P

Pn
j¼1

~xijλj -~xipθ

 !
-E ~hi
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var

Pn
j¼1

~xijλj -~xipθ

 !vuut
⩽

-E ~hi
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var

Pn
j¼1

~xijλj -~xipθ

 !vuut

0
BBBBBB@

1
CCCCCCA
⩾1 - α

,
Xn
j¼1

xijλj - xipθ + σI~hi
λj; θ
� �

Φ - 1 1 - αð Þ⩽0

where

σI~hi
λj; θ
� � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var

Xn
j¼1

~xijλj -~xipθ

 !vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var

Xn
j¼1

~xijλj

 !
+ varð~xipθÞ - 2Cov

Xn
j¼1

~xijλj;~xipθ

 !vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

Xn
k¼1

λjλkCov ~xij;~xik
� �

+ θ2var ~xip
� �

- 2θ
Xn
j¼1

λjCov ~xij;~xip
� �vuut

Therefore, it results in the constraints as follows:

P
Xn
j¼1

xijλj - xipθ + σI~hi
λj; θ
� �

Φ - 1ð1 - αÞ⩽0
" #

⩾1 - β

A similar method can be adapted to another constraint of (2)
as follows:

P
Xn
j¼1

yrjλj - yrp - σ
O
~hr

λj
� �

Φ - 1ð1 - αÞ⩾0
 !

⩾1 - β

where

σO~hr
λj
� � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var

Xn
j¼1

~yrjλj -~yrp

 !vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

Xn
k¼1

λjλkCovð~yrj;~yikÞ +Varð~yrpÞ - 2
Xn
j¼1

λjCovð~yrj;~yrpÞ
vuut

Note that the superscripts I and O refer to the input and
output, respectively. As a result, Model (2) is changed to the
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following chance-constrained programming model:

min θ

s:t:

P
Xn
j¼1

xijλj - xipθ + σI~hi
λj; θ
� �

Φ - 1ð1 - αÞ⩽0
" #

⩾1 - β; i ¼ 1; ¼ ;m;

P
Xn
j¼1

yrjλj - yrp - σ
O
~hi

λj
� �

⩾Φ - 1ð1 - αÞ⩾0
" #

⩾1 - β; r ¼ 1; ¼ ; s;

σI~hi
; σO~hi

; λj⩾0; j ¼ 1; ¼ ; n: ð3Þ

The standardized normal distribution can be applied to
transform the above chance-constrained model to a determinis-
tic model. Consequently, let us take the first set of con-
straints of Model (3) into account as P hi⩽0

� �
⩾1 - β where

hi ¼
Pn

j¼1 xijλj - xipθ + σ
I
~hi

λj;θ
� �

Φ - 1 1 - αð Þ: Since xij has the

normal distribution, hi also has the normal distribution with
the following mean and variance:

hi ¼E hi
� � ¼ E

Xn
j¼1

xijλj - xipθ + σI~hi
ðλj; θÞΦ - 1 1 - αð Þ

" #

¼
Xn
j¼1

xijλj - xipθ + σI~hi
ðλj; θÞΦ - 1 1 - αð Þ

σI
hi
ðλj; θÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var

Xn
j¼1

xijλj - xipθ + σI~hi
ðλj; θÞΦ - 1 1- αð Þ

 !vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

Xn
k¼1

λjλkCov xij; xik
� �

+ θ2varðxipÞ - 2θ
Xn
j¼1

λjCov xij; xip
� �vuut

By standardizing the normal distribution, Pr hi⩽0
� �

⩾1 - β is

converted to Pr z⩽ - E hi
� �� �. ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

var hi
� �q� �

⩾1 - β where z ¼
hi -E hi

� �� �. ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var hi
� �q

is the standard normal random

variable with 0 mean and unit variance. The correspon-

ding cumulative distribution function is Φ -E hi
� �� �.�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var hi
� �q

Þ⩾1 - β and it is equal to:Xn
j¼1

xijλj - xipθ + σI~hi
λj; θ
� �

Φ - 1 1 - αð Þ

+ σI
hi

λj; θ
� �

Φ - 1 1 - βð Þ⩽0
where Φ− 1(1− β) is the inverse of Φ at the level of 1− β.

We can easily mimic the above method on the second
set of constraints of (3) to obtain its deterministic form as
follows:

Xn
j¼1

yrjλj - yrp - σO~hr
λj
� �

Φ - 1 1 - αð Þ

- σO~hr
λj
� �

Φ - 1 1 - βð Þ⩾0

σO
hr
ðλjÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

Xn
k¼1

λjλkCovðyrj; yikÞ +VarðyrpÞ - 2
Xn
j¼1

λjCovðyrj; yrpÞ
vuut ;

r ¼1; ¼ ; s:

The deterministic equivalent of Model (3) is finally estab-
lished as follows:

min θ

s:t:

Xn
j¼1

xijλj - xipθ + σI~hi
λj; θ
� �

Φ - 1ð1 - αÞ

+ σI
hr

λj; θ
� �

Φ - 1ð1 - βÞ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1

yrjλj - yrp - σO~hr
λj
� �

Φ - 1ð1 - αÞ

- σO
hr

λj
� �

Φ - 1ð1 - βÞ⩾0; r ¼ 1; ¼ ; s;

σI
hr
; σO

hr
; σI~hi

; σO~hr
; λj⩾0; j ¼ 1; ¼ ; n: ð4Þ

It is apparent that the above programme is a non-LP
model because of σI~hi

λj; θ
� �

; σI
hi

λj; θ
� �

; σo~hr
λj
� �

and σo
hr

λj
� �

:

We demonstrate that this non-linear model can be solved by
transforming it into a model with quadratic constraints. Suppose
that vi; vi; ur and ur are the non-negative variables that
are substituted by σI~hi

λj; θ
� �

; σI
hi

λj; θ
� �

; σo~hr
λj
� �

and σo
hr

λj
� �

;

respectively. Accordingly, the following model with quadratic
constraints is established:

min θ

s:t:

Xn
j¼1

xijλj - xipθ + viΦ - 1ð1 - αÞ

+ viΦ - 1ð1 - βÞ⩽0; i ¼ 1; ¼ ;m;
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Xn
j¼1

yrjλj - yrp - urΦ - 1ð1 - αÞ

- urΦ - 1ð1 - βÞ⩾0; r ¼ 1; ¼ ; s;

v2i ¼
Xn
j¼1

Xn
k¼1

λjλkCovðxij; xikÞ + θ2VarðxipÞ

- 2θ
Xn
j¼1

λjCovðxij; xipÞ; i ¼ 1; ¼ ;m;

v2i ¼
Xn
j¼1

Xn
k¼1

λjλkCovð~xij;~xikÞ + θ2Varð~xipÞ

- 2θ
Xn
j¼1

λjCovð~xij;~xipÞ; i ¼ 1; ¼ ;m;

u2r ¼
Xn
j¼1

Xn
k¼1

λjλkCovð~yrj;~yikÞ +Varð~yrpÞ

- 2
Xn
j¼1

λjCovð~yrj;~yrpÞ; r ¼ 1; ¼ ; s;

u2r ¼
Xn
j¼1

Xn
k¼1

λjλkCovðyrj; yikÞ +VarðyrpÞ

- 2
Xn
j¼1

λjCovðyrj; yrpÞ; r ¼ 1; ¼ ; s;

λj; vi; vi; ur; ur⩾0;

j ¼ 1; ¼ ; n; i ¼ 1; ¼ ;m; r ¼ 1; ¼ ; s: ð5Þ

Definition 7 A DMU is said to be probabilistic-probabilistic
α− β efficient if the optimal value of the objective function
of Model (5) is equal to 1 at the probability level α and
probability level β; otherwise, it is said to be probabilistic-
probabilistic α− β inefficient.

Proposition 1 Model (5) for any α and β level is feasible.

Proof Let

λj ¼
1 j ¼ p

0 j≠ p

(
; j ¼ 1; ¼ ; n; θ ¼ 1:

Then vi ¼ 0; vi ¼ 0; ur ¼ 0; ur ¼ 0: This solution is a
feasible solution for Model (5). □

Proposition 2 If α= 0.5 and β= 0.5, then Model (5) changes
to the conventional CCR Model (1).

Proof Obviously Φ− 1(α)=Φ− 1(β)=Φ− 1(0.5)=0 and the
proof is complete. □

Proposition 3 For α⩽ 0.5 and β⩽ 0.5, then 0< θ*⩽ 1.

Proof Assume the similar feasible solution presented in the
Proof of Proposition 1. Because of a minimization model,
θ*⩽ 1, we only need to prove θ*> 0. Since α⩽ 0.5 and
β⩽ 0.5, we have Φ− 1(1−α)⩾ 0, Φ− 1(1− β)⩾ 0, ur⩾ 0,
r=1,… , s and vi⩾ 0, i=1,… ,m.
From the first constraints of Model (5), we have the
following:

θ⩾

Pn
j¼1

λjxij

xip

θ> 0 can be derived from the above equation. To demon-
strate the non-zero value of θ, let us assume θ⩽ 0. Thus
λj=0 and with regard to the second constraints of Model (5)
we have yrp⩽ 0, which is a contradiction with yrp⩾ 0 and
the proof is complete. □

In order to provide a more comprehensive view in addition to
the input-orientation CCR model, we now take the output-
oriented CCR model into consideration with the birandom data
as follows:

max φ

s:t:

Xn
j¼1

xijλj - xip + viΦ - 1ð1 - αÞ

+ viΦ - 1ð1 - βÞ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1

yrjλj -φyrp - urΦ - 1ð1 - αÞ

- urΦ - 1ð1 - βÞ⩾0; r ¼ 1; ¼ ; s;

v2i ¼
Xn
j¼1

Xn
k¼1

λjλkCovðxij; xikÞ +VarðxipÞ

- 2
Xn
j¼1

λjCovðxij; xipÞ; i ¼ 1; ¼ ;m;

v2i ¼
Xn
j¼1

Xn
k¼1

λjλkCovð~xij;~xikÞ +Varð~xipÞ

- 2
Xn
j¼1

λjCovð~xij;~xipÞ; i ¼ 1; ¼ ;m;

u2r ¼
Xn
j¼1

Xn
k¼1

λjλkCovð~yrj;~yikÞ +φ2Varð~yrpÞ

- 2φ
Xn
j¼1

λjCovð~yrj;~yrpÞ; r ¼ 1; ¼ ; s;
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u2r ¼
Xn
j¼1

Xn
k¼1

λjλkCovðyrj; yikÞ +φ2VarðyrpÞ

- 2φ
Xn
j¼1

λjCovðyrj; yrpÞ; r ¼ 1; ¼ ; s;

λj; vi; vi; ur; ur⩾0

j ¼ 1; ¼ ; n; i ¼ 1; ¼ ;m; r ¼ 1; ¼ ; s: ð6Þ

Proposition 4 The optimal value of the objection function of
Model (6) for any α and β level is larger than or equal to 1,
that is, φ*⩾ 1.

Proof Assume the similar feasible solution presented in the
Proof of Proposition 1. Model (6) is a maximization model,
so we have φ*⩾ 1. □

Proposition 5 Let θ* and φ* be the optimal value of Models
(5) and (6), respectively. Then we have φ*=1/θ*.

Proof By substitutingφ=1/θ in the constraints of Model (5),
we derive the following constraints:

Xn
j¼1

xijφλj - xip +φviΦ - 1ð1 - αÞ

+φviΦ- 1ð1 - βÞ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1

yrjλj - yrp - urΦ - 1ð1 - αÞ

- urΦ - 1ð1 - βÞ⩾0; r ¼ 1; ¼ ; s;

φvið Þ2¼
Xn
j¼1

Xn
k¼1

λjλkφ
2Covðxij; xikÞ

+VarðxipÞ - 2φ
Xn
j¼1

λjCovðxij; xipÞ; i ¼ 1; ¼ ;m;

φvið Þ2¼
Xn
j¼1

Xn
k¼1

λjλkφ
2Covð~xij;~xikÞ +Varð~xipÞ

- 2φ
Xn
j¼1

λjcovð~xij;~xipÞ; i ¼ 1; ¼ ;m;

u2r ¼
Xn
j¼1

Xn
k¼1

λjλkCovð~yrj;~yikÞ +Varð~yrpÞ

- 2
Xn
j¼1

λjCovð~yrj;~yrpÞ; r ¼ 1; ¼ ; s;

u2r ¼
Xn
j¼1

Xn
k¼1

λjλkCovðyrj; yikÞ +VarðyrpÞ

- 2
Xn
j¼1

λjCovðyrj; yrpÞ; r ¼ 1; ¼ ; s ð7Þ

The constraints in Model (6) are equivalent to the
Constraints (7) if we incorporate the non-negative variable
substitutions λj ¼ φλj; ur ¼ φur and vi ¼ φvi into Con-
straints (7). On the other hand, the minimization of θ is
equivalent to the maximization of φ. Then Model (6) will
be attained and the proof is complete. □

5. Super-efficiency Birandom DEA model

An acute shortcoming of DEA is that, generally, it specifies
more than one efficient DMU, particularly when the number of
DMUs is not much bigger than the sum of the number of inputs
and outputs. The following super-efficiency model introduced
by Andersen and Petersen (1993) is identical to the standard
model, except that the unit under evaluation is removed from
the reference set in ranking the efficient DMUs:

min θ

s:t:

Xn
j¼1
j≠ p

xijλj - xip θ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1
j≠ p

yrjλj - yrp⩾0; r ¼ 1; ¼ ; s;

λj⩾0; j ¼ 1; ¼ ; n: ð8Þ

Similar to the Birandom CCR model proposed in the
previous section, the super-efficiency Birandom model is
developed to improve the discrimination power. The generic
Birandom super-efficiency model is as follows:

Min θ

s:t:

P P
Xn
j¼1
j≠ p

~xijλj -~xipθ⩽0

0
BB@

1
CCA⩾1 - α

2
664

3
775

⩾1 - β; i ¼ 1; ¼ ;m;

P P
Xn
j¼1
j≠ p

~yrjλj -~yrp⩾0

0
BB@

1
CCA⩾1 - α

2
664

3
775

⩾1 - β; r ¼ 1; ¼ ; s;

λj⩾0; j ¼ 1; ¼ ; n: ð9Þ
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Analogously, the above stochastic programme can be con-
verted into the following deterministic equivalent:

Min θSuper

s:t:

Xn
j¼1
j≠ p

xijλj - xipθ - viΦ - 1ð1 - αÞ

- viΦ - 1ð1 - βÞ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1
j≠ p

yrjλj - yrp + uΦ - 1ð1 - αÞr

+ urΦ - 1ð1 - βÞ⩾0; r ¼ 1; ¼ ; s;

v2i¼
Xn
j¼1
j≠ p

Xn
k¼1
j≠ p

λjλkCovðxij; xikÞ + θ2VarðxipÞ

- 2θ
Xn
j¼1
j≠ p

λjCovðxij; xipÞ; i ¼ 1; ¼ ;m;

v2i¼
Xn
j¼1
j≠ p

Xn
k¼1
j≠ p

λjλkCovð~xij;~xikÞ + θ2Varð~xipÞ

- 2θ
Xn
j¼1
j≠ p

λjCovð~xij;~xipÞ; i ¼ 1; ¼ ;m;

u2r ¼
Xn
j¼1
j≠ p

Xn
k¼1
j≠ p

λjλkCovð~yrj;~yikÞ +Varð~yrpÞ

- 2
Xn
j¼1
j≠ p

λjCovð~yrj;~yrpÞ; r ¼ 1; ¼ ; s;

u2r ¼
Xn
j¼1
j≠ p

Xn
k¼1
j≠ p

λjλkCovðyrj; yikÞ +VarðyrpÞ

- 2
Xn
j¼1
j≠ p

λjCovðyrj; yrpÞ; r ¼ 1; ¼ ; s;

λj; vi; vi; ur; ur⩾0;

j ¼ 1; ¼ ; n; i ¼ 1; ¼ ;m; r ¼ 1; ¼ ; s: ð10Þ

Note that a super-efficiency score less than 1 implies that the
DMU is super-inefficient, and scores equal to 1 or greater than 1
imply that the DMU is efficient.

6. Sensitivity analysis

Sensitivity analysis, one of the most important topics in
optimization theory, is a systematic study of how sensitive and
effective the solutions of the optimization programme are to
small changes in the data. In this section, we take into account
the data variations in DMUp to simplify the implementation of
sensitivity analysis.
These sensitivity analyses are directed at analysing the

allowable limits in data variations for only one DMU at a
time and hence contrast with other approaches to sensitivity
analysis in DEA that allow all the data for all the DMUs to be
varied simultaneously until at least one DMU changes its status
from efficient to inefficient, or vice versa (see Cooper et al,
2002; Khodabakhshi et al, 2010). In other words, random
variations of DMUp in its input and outputs can be shown as
follows:

σI~hi
λp; θ
� �

≠ 0; σI
hi

λp; θ
� �

≠ 0; σO~hr
λp
� �

≠ 0;

σO
hrp

λp
� �

≠ 0

σI~hi
λj; θ
� � ¼ 0; σI

hi
λj; θ
� � ¼ 0; σO~hr

λj
� � ¼ 0;

σO
hr

λp
� � ¼ 0 j≠ pð Þ

for all i and r.
Hence, the deterministic equivalent of the super-efficiency

stochastic model can be rewritten as follows:

min ~θ

s:t:

Xn
j¼1
j≠ p

xijλj - x̂ip~θ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1
j≠ p

yrjλj - ŷrp⩾0; r ¼ 1; ¼ ; s;

λj⩾0; j ¼ 1; ¼ ; n ð11Þ
where

x̂ip ¼ xip +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q
Φ - 1ð1 - αÞ

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

q
Φ - 1ð1 - βÞ; i ¼ 1; ¼ ;m;

ŷrp ¼ yrp -
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
Φ - 1ð1 - αÞ

-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
Φ - 1ð1 - βÞ⩾0; r ¼ 1; ¼ ; s

Proposition 6 If α=0.5 and β=0.5, then Models (11) and (10)
are identical and both models are converted to the conven-
tional super-efficiency Model (8).
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Proof Obviously Φ− 1(α)=Φ− 1(β)=Φ− 1(0.5)=0 and the
proof is complete. □

Proposition 7 Let us assume that 0.5<α< 1 and 0.5< β< 1.

(I) If θ*> 1 for DMUp in Model (8), then ~θ*>1 in
Model (11).

(II) If ~θ*⩽1 for DMUp in Model (11), then θ*⩽ 1 in
Model (8).

Proof Owing to the fact that 0.5<α< 1 and 0.5< β< 1, we
have Φ− 1(1−α)< 0 and Φ− 1(1− β)< 0. Using x̂ip and ŷrp
defined in Model (11), we have ŷrp>yrp and x̂ip<xip:

(I) Suppose the contrary, that is ~θ*⩽1 in Model (11). There-
fore, there exists a solution with θ* ¼ ~θ*⩽1 for Model (8),
when evaluating DMUp, which is in contrast with θ*> 1.
Therefore, this contradiction shows that ~θ*>1:

(II) Suppose the contrary, that is θ*> 1 in Model (7). From (I),
we must have ~θ*>1; which is in contrast with ~θ*⩽1.
Therefore, this contradiction shows that ~θ*⩽1. □

Proposition 8 Let us assume that 0⩽α⩽ 0.5 and 0⩽
β⩽ 0.5.

(I) If ~θ*>1 for DMUp in Model (11), then θ*> 1 in
Model (8).

(II) If θ*⩽ 1 for DMUp in Model (8), then ~θ*⩽1 Model (11).

Proof Owing to the fact that 0⩽α⩽ 0.5 and 0⩽ β⩽ 0.5, we
have Φ− 1(1−α)> 0 and Φ− 1(1− β)> 0. Using x̂ip and ŷrp
defined in Model (11), we have ŷrp<yrp and x̂ip<xip.

(I) Suppose the contrary, that is θ*⩽ 1 in Model (7). There-
fore, there exists a solution with ~θ* ¼ θ*⩽1 for Model (8),
when evaluating DMUp, which is in contrast with ~θ*>1:
Therefore, this contradiction shows that θ*> 1.

(II) The proof is similar to part (II) of Proposition 7. □

In the next two propositions, we discuss the relation between ~θ*

(the objective function of Model (11)) and θ* (the objective
function of Model (7)) with additional assumptions.

Proposition 9 Let 0<α< 0.5 and 0< β< 0.5 and let θ*> 1
in Model (8). Then, ~θ*>1 in Model (11), if

Φ - 1ð1 - αÞ
Xs
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
+
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q !

+Φ - 1ð1 - βÞ
Xs
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
+
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

q !

<
Xs
r¼1

β + *
r +

Xm
i¼1

β - *
i

where
Ps

r¼1 β
+ *
r

+
Ps

r¼1 β
- *
i

is the optimal value of the
following model:

min
Xs
r¼1

β +
r +

Xm
i¼1

β -
i

s:t:

Xn
j¼1
j≠ p

xijλj - xip - β -
i ⩽0; i ¼ 1; ¼ ;m;

Xn
j¼1
j≠ p

yrjλj - yrp + β +
r ⩾0; r ¼ 1; ¼ ; s;

λj; β
+
r ; β

-
i ⩾0; j ¼ 1; ¼ ; n ð12Þ

Proof Assume for a contradiction that ~θ*⩽1 in Model (11).
This implies that there is a λ ¼ λ1; ¼ ; λp - 1; 0; λp + 1;

�
¼ ; λnÞ; λj⩾0; j≠ p where λp ¼ 0 and λp⩾0 j≠ pð Þ such
that:

Xn
j¼1
j≠ p

x̂ijλj⩽x̂iP; i ¼ 1; ¼ ;m;

Xn
j¼1
j≠ p

ŷrjλj⩾ŷrP; r ¼ 1; ¼ ; s

Using the constraints of Model (11), we have:

Xn
j¼1
j≠ p

xijλj ¼
Xn
j¼1
j≠ p

x̂ijλj⩽xip +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q
Φ - 1ð1 - αÞ

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

q
Φ - 1ð1 - βÞ; i ¼ 1; ¼ ;m;

Xn
j¼1
j≠ p

yrjλj ¼
Xn
j¼1
j≠ p

ŷipλj>yrp -
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
Φ - 1ð1 - αÞ

-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
Φ- 1ð1 - βÞ; r ¼ 1; ¼ ; s;

Let

β
-
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q
Φ - 1ð1 - αÞ

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

q
Φ - 1ð1 - βÞ; i ¼ 1; ¼ ;m;

β
+
r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
Φ - 1ð1 - αÞ

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
Φ - 1ð1 - βÞ; r ¼ 1; ¼ ; s
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We then have a solution β
-
i ; β

+
r ; λ

� �
that satisfies the

constraints in Model (12) with
Pm

i¼1 β
-
i +

Ps
r¼1 β

+
r <Pm

i¼1 β
- *
i +

Ps
r¼1 β

+ *
r : This contradiction shows that

~θ*>1 in Model (11). □

Proposition 10 Let ~θ*>1 in Model (11) when 0.5<α< 1 and
0.5< β< 1. Then, θ*> 1 in Model (8), if

-Φ - 1ð1 - αÞ
Xs
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
+
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q !

-Φ - 1ð1 - βÞ Ps
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
+
Pm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

p	 


<
Xs
r¼1

β + *
r +

Xm
i¼1

β - *
i

where
Ps

r¼1 β
+ *
r +

Pm
i¼1 β

- *
i is the optimal value of

Model (12).

Proof Assume for a contradiction that θ*⩽ 1 in Model (8).
This implies that there is a λ ¼ λ1; ¼ ; λp - 1; 0; λp+ 1; ¼ ;

�
λnÞ; λj⩾0; j≠ p where λp ¼ 0 and λp⩾0 j≠ pð Þ such that:

Xn
j¼1
j≠ p

xijλj⩽xiP; i ¼ 1; ¼ ;m;

Xn
j¼1
j≠ p

yrjλj⩾yrP; r ¼ 1; ¼ ; s:

Using the constraints of Model (11), we have:

Xn
j¼1

xijλj ¼
Xn
j¼1
j≠ p

xijλj⩽x̂ip -
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q
Φ - 1ð1 - αÞ

-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

q
Φ - 1ð1 - βÞ; i ¼ 1; ¼ ;m;

Xn
j¼1

yrjλj ¼
Xn
j¼1
j≠ p

yrjλj>ŷrp +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
Φ - 1ð1 - αÞ

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
Φ - 1ð1 - βÞ; r ¼ 1; ¼ ; s;

Let

β
-
r ¼ -

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q
Φ - 1ð1 - αÞ

-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

q
Φ - 1ð1 - βÞ; i ¼ 1; ¼ ;m;

and

β
+
r ¼ -

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
Φ - 1ð1 - αÞ

-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
Φ - 1ð1 - βÞ; r ¼ 1; ¼ ; s;

We then have a solution β
-
i ; β

+
r ; λ

� �
that satisfies the

constraints in Model (12) withPm
i¼1

β
-
i +

Ps
r¼1

β
+
r <
Pm
i¼1

β
- *
i +

Ps
r¼1

β
+ *
r : This contradiction

shows that θ*> 1 in Model (7). □

7. Numerical examples

In this section, we present two examples. In the first example,
we apply birandom programming to the CCR model developed
in this study. In the second example, we demonstrate the
practical aspects of the sensitivity analysis proposed in
this study.

7.1. Example 1

We illustrate the results of the Birandom programming in the
DEA formulation through the Birandom CCR and the Biran-
dom super-efficiency solutions of numerical Example 1 pre-
sented in Table 1 under the assumption of normality for the
inputs and outputs with known mean and variance.
In this example, we evaluate 10 DMUs with two birandom

inputs and two birandom outputs that are normally distributed
as shown in Table 1. The variances of all birandom input and
output data are known and their means are assumed to be a
normally distributed random variable with known mean and
variance. For instance, the first input for DMU 3 has a normal
distribution, its variance is equal to 1, and its mean is a normally
distributed random variable with a mean of 2388 and a variance
of 9.6. The data in Table 1 can be summarized as follows:

~xij � N xij; σ
2
ij

� �
and ~yrj � N yrj; σ

2
rj

� �

where xij � N xij; σ
2
ij

� �
; yrj � N yrj; σ

2
rj

� �
It is also assumed that the outputs and inputs of different

DMUs are independent. This independence assumption
implies that Covðxij; xikÞ ¼ 0; Covðxij; xikÞ ¼ 0; Covðyrj; yrkÞ
and Cov(yrj, yrk)=0. For example, Input 1 for DMUs 1 and 2
are normally and independently distributed as N(1709, 8.36)
and N(1234, 1) and the covariance of x11 and x12 are conse-
quently equal to 0.
The stochastic efficiency and super-efficiency scores are

obtained from the implementation of Models (5) and (10) for
various combinations of α and β (ie, α=0.5 and β=0.5, α=0.4
and β=0.1, α=0.05 and β=0.01, α=0.05 and β=0.05, α=0.1 and
β=0.4, and α=0.01 and β=0.05). The computational results are

1834 Journal of the Operational Research Society Vol. 65, No. 12



presented in Table 2. Columns 2–7, Columns 8–13 and 14 of
Table 2 present the stochastic efficiency scores, the super-
efficiency scores and the ranking of the 10 DMUs, respectively.
According to Proposition 3, the stochastic efficiency scores

in Model (5) are greater than 0 and less than or equal to 1.
Table 2 shows that DMUs 4, 6, 7 and 9 are efficient since their
stochastic efficiency scores are equal to 1 for all α− β combina-
tions (see Definition 7). In order to rank the efficient DMUs, we
implement the super-efficiency model proposed in this study.
The results of the stochastic super-efficiency scores are pre-
sented in Table 2 as well. For example, as shown in Table 2,
when α=0.5 and β=0.5, the stochastic super-efficiency scores
of efficient DMUs 4, 6, 7 and 9 are 1.2212, 1.0866, 1.5131 and
1.9965, respectively. Interestingly, this example provides the
same ranking order for the 10 DMUs for the α− β combinations
reported in the last column of Table 2. In addition, as shown in
Table 2, the stochastic efficiency scores and the stochastic
super-efficiency scores are identical when the efficiency scores
are less than 1.
The second column of Table 2, corresponds to α=0.5 and

β=0.5 and shows the efficiency scores of the DMUs without the

stochastic assumption as stated in Proposition 2. Consequently,
the results from Model (5) are identical to the results from the
conventional CCR Model (1) when α=0.5 and β=0.5. Simi-
larly, when α=0.5 and β=0.5, the super-efficiency scores of
Models (8), (10) and (11) are identical as represented in the
eighth column of Table 2 (see Proposition 6).
DMU 4, DMU 6, DMU 7 and DMU 9 are probabilistic-

probabilistic α− β efficient at different α− β levels since their
efficiency scores are equal to 1. That is mainly the reason why
we use the stochastic super-efficiency Model (10) to rank the
probabilistic-probabilistic α− β efficient DMUs. Therefore, the
corresponding stochastic super-efficiency scores are not the
same and can be simply used to provide a complete rank
ordering of all DMUs as shown in the last column of Table 2.
Considering the computational results presented in Columns

8–13 of Table 2, DMU 9, with the highest stochastic super-
efficiency scores of 1.9649, 1.9805, 2.0083, 1.9965, 1.9739 and
2.0016 corresponding to (α=0.5 and β=0.5), (α=0.4 and
β=0.1), (α=0.05 and β=0.01), (α=0.05 and β=0.05), (α=0.1
and β=0.4) and (α=0.01 and β=0.05), respectively, is ranked
first by the Birandom super-efficiency model. DMU 7, with the

Table 1 The birandom inputs and outputs used in Example 1

DMU Input 1 Input 2 Output 1 Output 2

1 N (N(1709, 8.36), 1) N (N(1234, 1), 6.7) N (N(2788, 1), 1.95) N (N(3054, 9.85), 9.33)
2 N (N(1297, 5.94), 1) N (N(1268, 6.34), 1) N (N(2456, 1),5.13) N (N(1940, 9.5), 7.25)
3 N (N(2388, 9.60), 1) N (N(1381, 1), 6.67)) N (N(2065, 1), 6.19) N (N(2647, 1), 3.37)
4 N (N(1756, 8.2), 1) N (N(1469, 4.69), 1) N (N(3795, 1), 1.79) N (N(4405, 2.25), 4.4)
5 N (N(2691, 3.82), 1) N (N(2561, 7.78), 1) N (N(1211, 1), 1.60) N (N(2694, 2.6), 2.33)
6 N (N(511, 1.95), 2.44) N (N(570, 1), 9.9) N (N(1353, 2.2), 1.05) N (N(1215, 1), 3.72)
7 N (N(2260, 2.1), 1) N (N(1881, 1), 8.86) N (N(7209, 8), 5.73) N (N(1786, 7.29), 1)
8 N (N(620, 1), 9.8) N (N(2152, 3.16), 3.5) N (N(1146, 1), 11.68) N (N(1093, 1), 9.40)
9 (N(1393, 1), 1) N (N(1948, 2), 6.36) N (N(1685, 1), 3.9) N (N(6866, 5.9), 8.06)
10 N(N(1696, 1), 1) N (N(1637, 1), 8.5) N (N(1770, 1), 2.38) N (N(3899, 1.15), 1)

Table 2 The stochastic efficiency and super-efficiency scores of Example 1 for different α and β values

DMU Stochastic efficiency
Model (5)

Stochastic super-efficiency
Model (10)

Rank

α=0.5,
β=0.5

α=0.4,
β=0.1

α=0.05,
β=0.01

α=0.05,
β=0.05

α=0.1,
β=0.4

α=0.01,
β=0.05

α=0.5,
β=0.5

α=0.4,
β=0.1

α=0.05,
β=0.01

α=0.05,
β=0.05

α=0.1,
β=0.4

α=0.01,
β=0.05

Column
1

Column
2

Column
3

Column
4

Column
5

Column
6

Column
7

Column
8

Column
9

Column
10

Column
11

Column
12

Column
13

Column
14

1 0.8542 0.8609 0.8788 0.8745 0.8632 0.8812 0.8542 0.8609 0.8788 0.8745 0.8632 0.8812 5
2 0.7205 0.7289 0.7478 0.7420 0.7291 0.7474 0.7205 0.7289 0.7478 0.7420 0.7291 0.7474 7
3 0.6266 0.6305 0.6416 0.6393 0.6326 0.6438 0.6266 0.6305 0.6416 0.6393 0.6326 0.6438 9
4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.1984 1.2073 1.2273 1.2212 1.2073 1.2275 3
5 0.3158 0.3179 0.3221 0.3207 0.3175 0.3218 0.3158 0.3179 0.3221 0.3207 0.3175 0.3218 10
6 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0609 1.0703 1.093 1.0866 1.0714 1.0941 4
7 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.4835 1.494 1.5200 1.5131 1.496 1.5222 2
8 0.7127 0.7225 0.7633 0.7588 0.7382 0.7802 0.7127 0.7225 0.7633 0.7588 0.7382 0.7802 6
9 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.9649 1.9805 2.0083 1.9965 1.9739 2.0016 1
10 0.7159 0.7190 0.7299 0.7282 0.7223 0.7333 0.7159 0.7190 0.7299 0.7282 0.7223 0.7333 8
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scores of 1.4835, 1.4940, 1.5200, 1.5131, 1.4960 and 1.5222
corresponding to the above α− β combinations, is ranked
second. Another two top DMUs are DMU 4, with the scores
of 1.1984, 1.2073, 1.2273, 1.2073, 1.2212 and 1.2275, and
DMU 6, with the scores of 1.0609, 1.0703, 1.0930, 1.0866,
1.0714 and 1.0941, corresponding to the above α− β combina-
tions as well. DMU 3, with the scores of 0.6266, 0.6305,
0.6416, 0.6393, 0.6326 and 0.6438, and DMU 5, with the
scores of 0.3158, 0.3179, 0.3221, 0.3207, 0.3175 and 0.3218
are ranked at the bottom of the ranking list for (α=0.5 and
β=0.5), (α=0.4 and β=0.1), (α=0.05 and β=0.01), (α=0.05 and
β=0.05), (α=0.1 and β=0.4) and (α=0.01 and β=0.05), respec-
tively. Therefore, with the exception of DMUs 4, 6, 7 and 9, the
rest of the DMUs are probabilistic-probabilistic α− β
inefficient.
By keeping α constant at the 0.05 level and increasing β, the

corresponding efficiency scores of the DMUs are decreased as
reported in Columns 2–4 of Table 3. For example, when
α=0.05, the efficiency scores of DMU 1 at the β=0.1, β=0.3,
β=0.5 and β=0.9 levels are 0.8717, 0.8686, 0.8664 and 0.8612,
respectively. On the other hand, when β is kept constant at the
0.05 level and α is increased, the corresponding efficiency
scores of the DMUs are decreased as reported in the last four
columns of Table 3. For example, as shown in Table 3, the
efficiency scores of DMU 1 for α=0.1, 0.3, 0.5 and 0.9 and a
constant β of 0.05 are decreased, respectively. Interestingly,
DMUs 4, 6, 7 and 9 are still probabilistic-probabilistic efficient
for all different α− β levels defined in Table 3. We can therefore
conclude that the greater levels of α and/or β enable the DMUs
to obtain greater relative efficiencies. The reason is because
DMUs 4, 6, 7 and 9 remain probabilistic-probabilistic efficient
for the larger α− β levels.
In summary, we showed the computational results from the

super-efficiency Model (10) by keeping α constant and chan-
ging β and also by keeping β constant and changing α. When α
is kept constant at the 0.05 level and β is increased, the
corresponding stochastic super-efficiency scores of the

probabilistic-probabilistic efficient DMUs are decreased as
represented in Columns 2–4 in Table 4. For example, the
super-efficiency scores of DMU 4 at the β=0.1, 0.3, 0.5 and
0.9 levels with a constant α of 0.05 are 1.2173, 1.2129, 1.2098
and 1.2024, respectively. On the other hand, when β is kept
constant at the 0.05 level and α is increased, the corresponding
stochastic super-efficiency scores of the DMUs are decreased as
reported in the last four columns of Table 4. For example, when
β=0.05, the stochastic super-efficiency scores of DMU 4 for
α=0.1, 0.3, 0.5 and 0.9 levels are decreased, respectively. Note
that the stochastic scores of the probabilistic-probabilistic
inefficient DMUs remain unchanged in both Tables 3 and 4.

7.2. Example 2

We use an example provided in Table 5 with five DMUs, two
inputs and two outputs to demonstrate the practical aspects of
the sensitivity analysis proposed in this study. The last two
columns of Table 5 present the efficiency and super-efficiency
scores of Model (1) and Model (8), respectively.
We perform sensitivity analysis on DMU 2 and DMU 5

separately. When DMU 2 has birandom input and output data,
the four remaining DMUs (DMU1, DMU 3, DMU 4 and DMU
5) have crisp input and output data, and when DMU 5 has
birandom input and output data the four remaining DMUs
(DMU1, DMU 2, DMU 3 and DMU 4) have crisp input and
output data. We further assume random variations of inputs
ðσi2 ¼ σi2 ¼ 0:4Þ and outputs ðσr2 ¼ σr2 ¼ 0:5Þ for DMU 1,
and random variations of inputs ðσi5 ¼ σi5 ¼ 0:4Þ and outputs
ðσr5 ¼ σr5 ¼ 0:5Þ associated with DMU 5. To determine the
stochastic super-efficiency scores of DMU 2 and DMU 5 for
the case (α=0.7, β=0.7), we run Model (11) twice separately
for DMU 2 and DMU 5. The obtained stochastic super-
efficiency results for DMU 2 and DMU 5 are 3.7331 and
0.9708, respectively. This satisfies Proposition 7 since the
super-efficiency scores of DMUs 2 and 5 are 2.5000 (greater
than 1) and 0.5000 (less than 1), respectively. According to

Table 3 The stochastic efficiency scores of Example 1 for different α and β values

α 0.05 0.1 0.3 0.5 0.9

β 0.1 0.3 0.5 0.9 0.05

Column 1 Column 2 Column 3 Column 4 Column 5 Column 6 Column 7 Column 8 Column 9

1 0.8717 0.8686 0.8664 0.8612 0.8702 0.8654 0.8621 0.8541
2 0.7383 0.7342 0.7314 0.7246 0.7384 0.7341 0.7311 0.7232
3 0.6378 0.6361 0.6349 0.6321 0.6364 0.6331 0.6309 0.6255
4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
5 0.3197 0.3186 0.3179 0.3161 0.3199 0.3191 0.3185 0.3172
6 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
7 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
8 0.7560 0.7527 0.7505 0.7452 0.7453 0.7305 0.7205 0.6968
9 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
10 0.7272 0.7260 0.7252 0.7232 0.7250 0.7214 0.7189 0.7129
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Proposition 6, when α=0.5 and β=0.5 in Model (11), the
stochastic super-efficiency Model (11) is converted to the
deterministic Model (8) and the super-efficiency scores of
DMU 2 and DMU 5 remain unchanged (2.5000 and 0.5000,
respectively) as reported in Table 4. In order to examine
Propositions 8 and 9 in this example, we assume 0⩽α⩽ 0.5
and 0⩽ β⩽ 0.5, and implement a sensitivity analysis for DMU
4 involving random variations of inputs ðσi4 ¼ σi4 ¼ 0:5Þ and
outputs ðσr4 ¼ σr4 ¼ 0:1Þ when (α=0.4, β=0.1).
In this case, the stochastic super-efficiency (~θ*) of DMU 4

using Model (11) is equal to 1.2098 and condition (I) of
Proposition 8 is satisfied because the super-efficiency (θ*) of
DMU 4 using Model (8) equals to 2.2500. As shown in Table 4,
the super-efficiency of DMU 4 is 2.2500, and under α=0.4 and
β=0.1 we can take into account the following relationship to
investigate Proposition 9 for DMU 4:

Φ - 1ð1 - αÞ
Xs
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
+
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q !

+Φ - 1ð1 - βÞ Ps
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
+
Pm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

p	 


<
Xs
r¼1

β + *
r +

Xm
i¼1

β - *
i ) 0:9180< 1:4000

where
Ps

r¼1 β
+ *
r +

Pm
i¼1 β

- *
i is calculated by Model (12). This

relationship confirms Proposition 9.
To examine Proposition 10, let us assume (α=0.7,

β=0.7) and random variations of inputs ðσi4 ¼ σi4 ¼ 0:5Þ and
outputs ðσr4 ¼ σr4 ¼ 0:1Þ for DMU 2. The stochastic
super-efficiency (~θ*) of DMU 2 using Model (11) is equal
to 3.7331. We then take into consideration the following

relationship:

-Φ - 1ð1 - αÞ
Xs
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~yrpÞ

q
+
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varð~xipÞ

q !

-Φ - 1ð1 - βÞ
Xs
r¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðyrpÞ

q
+
Xm
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðxipÞ

q !

<
Xs
r¼1

β + *
r +

Xm
i¼1

β - *
i ) 0:9540<3:2190

We should note that the optimal solution of the objective
function of Model (12),

Ps
r¼1 β

+ *
r +

Pm
i¼1 β

- *
i , is 3.2190. The

above relationship satisfies and θ*> 1 as mentioned in Table 5.

8. Conclusions and future research directions

The conventional DEA is deterministic and assumes that inputs
and outputs are measured precisely. However, the uncertainties
inherent in the real-life performance measurement problems
inhibit using deterministic DEA models in practice. In spite of
the criticism that in most real-life applications there is error and
random noise in the data, a limited number of methods have

Table 5 The input data, output data, efficiency scores and super-
efficiency scores of Example 2

DMU Input Output Efficiency score Super-efficiency score

1 2 1 2

1 3 4 3 2 0.7805 0.7805
2 4 2 2 3 1.0000 2.5000
3 3 5 4 3 1.0000 1.1538
4 1 3 3 1 1.0000 2.2500
5 3 2 1 1 0.5000 0.5000

Table 4 The stochastic super-efficiency scores of Example 1 for different α and β values

α 0.05 0.1 0.3 0.5 0.9

β 0.1 0.3 0.5 0.9 0.05

Column 1 Column 2 Column 3 Column 4 Column 5 Column 6 Column 7 Column 8 Column 9

1 0.8717 0.8686 0.8664 0.8612 0.8702 0.8654 0.8621 0.8541
2 0.7383 0.7342 0.7314 0.7246 0.7384 0.7341 0.7311 0.7232
3 0.6378 0.6361 0.6349 0.6321 0.6364 0.6331 0.6309 0.6255
4 1.2173 1.2129 1.2098 1.2024 1.2172 1.2128 1.2098 1.2025
5 0.3197 0.3186 0.3179 0.3161 0.3199 0.3191 0.3185 0.3172
6 1.0824 1.0778 1.0746 1.0669 1.0817 1.0764 1.0727 1.0638
7 1.5086 1.5036 1.5002 1.4918 1.5072 1.5007 1.4963 1.4868
8 0.7560 0.7527 0.7505 0.7452 0.7453 0.7305 0.7205 0.6968
9 1.9888 1.9802 1.9743 1.9599 1.9932 1.9895 1.9869 1.9807
10 0.7272 0.7260 0.7252 0.7232 0.725 0.7214 0.7189 0.7129
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been proposed to incorporate the stochastic variations of
the data.
In this paper, we proposed a new chance-constrained DEA

model with birandom inputs and outputs for evaluating the
efficiency of the DMUs in a stochastic environment. In
addition, a super-efficiency approach was developed in which
the constraints were treated as birandom events. A deterministic
equivalent model was formulated, which was non-linear. We
converted the non-linear model into a model with quadratic
constraints. We demonstrated the efficacy of the proposed
model with a numerical example. We also investigated the
stability and robustness of the proposed super-efficiency model
with sensitivity analysis. To the best of our knowledge, this is
the first study to incorporate birandom variables into a DEA
framework.
For further research, we plan to extend the proposed

approach to other types of DEA models. We are also investigat-
ing the possibility of applying the birandom approach to other
stochastic LP problems.
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