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Abstract Capacitated production lot-sizing problems (LSPs)
are challenging problems to solve due to their combinatorial
nature. We consider a multi-item capacitated LSP with setup
times, safety stocks, and demand shortages plus lost sales and
backorder considerations for various production methods (i.e.,
job shop, batch flow, or continuous flow among others). We
use multi-objective mathematical programming to solve this
problem with three conflicting objectives including: (i) minimizing the total production costs; (ii) leveling the production
volume in different production periods; and (iii) producing a
solution which is as close as possible to the just-in-time level.
We also consider lost sales, backorders, safety stocks, storage
space limitation, and capacity constraints. We propose two
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novel Pareto-based multi-objective meta-heuristic algorithms:
multi-objective vibration damping optimization (MOVDO)
and a multi-objective harmony search algorithm (MOHSA).
We compare MOVDO and MOHSA with two well-known
evolutionary algorithms called the non-dominated sorting genetic algorithm (NSGA-II) and multi-objective simulated annealing (MOSA) to demonstrate the efficiency and effectiveness of the proposed methods.
Keywords Lot-sizing . Computational Intelligence .
Multi-objective optimization . Harmony search . Vibration
damping optimization . MOSA . NSGA-II

1 Introduction
Lot-sizing problems (LSPs) are production planning problems
with multiple setups between production lots. There is a
tradeoff between the cost of producing a product in every
period and the inventory costs associated with producing the
product in large quantities with fewer setups. Therefore, the
goal of LSP’s is to determine the time periods for production
as well as the production quantities that minimize production,
setup, and inventory holding costs while satisfying demand.
The capacitated LSPs are combinatorial optimization problems whose objectives are to find production plans that minimize production, setup, and inventory costs while meeting
the demands for the items over a finite planning horizon without delays. The multi-objective multi-item capacitated LSPs
are non-deterministic polynomial-time (NP)-hard problems
since the well-known mono-objective version of the problem
[1] is NP-hard [2]. The algorithms used for solving the capacitated LSPs include exact methods, specialized heuristics, and
mathematical programming-based heuristics. Karimi et al. [3]
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and Robinson et al. [4] have evaluated the mathematical
models and algorithms for capacitated LSPs.
We introduce a mixed-integer-programming formulation for the capacitated LSPs with three sets of conflicting objectives: (i) minimize the total cost of production,
inventory, shortage, and safety stock; (ii) level the production volume in different production periods; and (iii)
maintain the production level as close as possible to the
just-in-time production level. We propose two novel
meta-heuristic algorithms based upon vibration damping
optimization (VDO; i.e., multi-objective VDO or
MOVDO) and the harmony search algorithm (HSA;
i.e., multi-objective HAS or MOHSA). We compare
MOVDO and MOHSA with two well-known evolutionary algorithms, the non-dominated sorting genetic algorithm (NSGA-II), and multi-objective simulated annealing (MOSA), in order to demonstrate the efficiency and
effectiveness of the proposed methods. In the following
sub-sections, we first describe how the LSP has been
applied in production planning and then present a brief
review of the relevant multi-objective optimization
literature.
1.1 Lot-sizing problem
Production planning involves transforming raw materials
into final goods while satisfying demands and minimizing costs. The LSP is a well-known optimization problem often applied to production planning problems with
time-varying demand over a multi-period planning horizon. LSPs are inherently complex problems with multiple and conflicting objectives. For example, increasing
the multi-item offerings may have unintended consequences as a result of a company’s ability to satisfy
their customer demands.
Production planning typically encompasses long-, medium-, and short-term planning. Long-term planning involves strategic decisions such as product, equipment,
facility location, and resource planning. Medium-term
planning involves tactical decisions such as material requirement planning, production planning and control,
and lot-sizing decisions during the planning period.
Short-term planning involves operational decisions such
as daily scheduling, planning, and forecasting [3]. In
this study, we concentrate on medium-term production
planning with an emphasis on lot-sizing decisions.
Since the seminal papers by Wagner and Whitin [5] and
Manne [6], a great deal of research has been done on LSPs.
Single-item LSPs have received a considerable amount of
attention because of their relative simplicity and their importance as a sub-problem of some more complex LSPs (see
Brahimi et al. [7] for a complete review of the singleitem LSPs).
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Production planning models generally involve multiple
items, restrictive capacities, and significant setup times. Kazan
et al. [8] have suggested three lot-sizing methodologies. Two
of the methods are modified versions of the Wagner–Whitin
[5] algorithm and the Silver–Meal [9] heuristic. They also
proposed a new mixed-integer linear programming
formulation.
Shortages are commonly assumed in lot-sizing problems. Shortages correspond to demands that cannot be
satisfied, which can be either lost or backordered.
Loparic et al. [10] address single-item uncapacitated
LSPs with sales instead of fixed demands and lower
bounds on stock variables. They propose valid inequalities to strengthen the linear programming relaxation.
Aksen et al. [11] introduced a profit maximization version of the Wagner–Whitin [5] algorithm for deterministic uncapacitated single-item LSPs with lost sales.
Absi and Kedad-Sidhoum [12] proposed a multi-item
capacitated LSP with setup times and safety stock in
which demand can be totally or partially lost. They also
presented mixed-integer programming heuristics based
on a planning horizon decomposition strategy to find a
feasible solution. Following the introduction of their
multi-item capacitated LSP, Absi and Kedad-Sidhoum
[13] extended their model by considering shortage costs.
Moreover, Absi and Kedad-Sidhoum [14] proposed a
multi-item capacitated lot-sizing model with setup times,
safety stock shortage costs, and demand shortage costs.
To solve their model, they first proposed a Lagrangian
relaxation of the resource capacity constraints and then
solved the resulting sub-problem using a dynamic programming algorithm. Absi et al. [15] proposed a multiitem capacitated LSP with setup times and lost sales.
They proposed a non-myopic heuristic based on a probing strategy and a refining procedure to find feasible
solutions. They also proposed a meta-heuristic based
on the adaptive large neighborhood search principle to
improve their solution.
1.2 Multi-objective optimization
Chen and Thizy [2] proved that multi-item capacitated LSPs
with setup times are NP-hard problems. Many researchers
have attempted to solve multi-item capacitated LSPs very
close to optimality [16, 17]. However, they were not successful in solving large-scale problems because they could not
anticipate the number of cutting planes or the number of iterations that were required in a branch-and-bound approach.
Due to the complexity of the problem, numerous metaheuristic approaches have been proposed to solve large-scale
multi-item capacitated LSPs [18–21]. In addition, several solution procedures involving simultaneous optimization of
multiple objectives are proposed to find the Pareto solution
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sets [22]. NSGA-II [23] and MOSA [24] are two metaheuristics that are commonly used to find the Pareto front
solutions in NP-hard multi-objective problems.
Rezaei and Davoodi [25] developed two multi-objective
mixed-integer non-linear models for solving multi-period
LSPs involving multiple products and multiple suppliers.
The first model represents situations where shortages are not
allowed while the second one represents situations where the
total demand during the stock-out period is backordered.
They considered three conflicting objectives (i.e., cost,
quality, and service level) and used NSGA-II to find the
best Pareto fronts. Karimi-Nasab and Aryanezhad [26]
proposed a novel multi-objective model for the production smoothing problem on a single-stage facility where
some of the operating times could be determined in a
time interval. Karimi-Nasab and Konstantaras [27] presented a new multi-objective production planning model
and a random search heuristic with a reasonable computation time.
Mehdizadeh and Tavakkoli-Moghaddam [28] proposed the VDO algorithm which is based on the concept of vibration damping in mechanical vibration. They
first utilized the VDO algorithm to solve the parallel
machine scheduling problem. In addition, Mehdizadeh
et al. [29] proposed a hybrid VDO algorithm to solve
the multi-facility stochastic-fuzzy capacitated location–
allocation problem. Furthermore, Mousavi et al. [30]
developed a special type of the VDO algorithm to solve
the capacitated multi-facility location–allocation problem
with probabilistic customers’ locations and demands.
They developed the multi-objective version of VDO as
another way to solve the proposed mathematical model.
HSA, a music-inspired algorithm, is simple in concept
and has just a few parameters. It is easy to implement
and has been successfully applied to different problems
including the Sudoku puzzle [31], mechanical structure
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design [32], pipe network optimization [33], inventory
models [34], and facility location [35]. However, to the
best of our knowledge, it has not been employed to
solve NP-hard LSPs. We propose two novel Paretobased multi-objective meta-heuristic algorithms called
MOVDO and MOHSA for solving NP-hard LSPs. We
compare the proposed algorithms with two widely
known Pareto-based meta-heuristic algorithms called
NSGA-II and MOSA to demonstrate the efficiency and
effectiveness of the proposed algorithms.
The rest of the paper is organized as follows. In
Sect. 2, we present the mathematical details of the
mixed-integer-programming formulation proposed in this
study. In Sect. 3, we introduce MOVDO, MOHSA,
MOSA, and NSGA-II for solving the mixed-integerprogramming problems. In Sect. 4, we present a computational, statistical, and graphical comparison of the
results for the four Pareto-based meta-heuristic algorithms. Finally, in Sect. 5, we present our conclusions
and future research directions.

2 Problem formulation
In this section, we first discuss the problem and its attributes,
and then formulate the proposed multi-objective non-linear
programming model. The proposed multi-objective non-linear
programming model captures various real-world characteristics of multi-item LSP’s such as production line equilibrium
limitations, capacity limitations, as well as shortages and
safety stocks. The model also considers different production methods (i.e., job shop, batch flow, or continuous flow among others) that can be utilized in the
manufacturing process and attempts to determine the
most suitable method. We consider the following
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assumptions, parameters, and decision variables associated with the model:

γ+it
Ct
vit

2.1 Assumptions
&
&
&
&
&
&
&
&

Demand is assumed deterministic.
Shortage is considered as a backorder and a lost sale,
proportionally.
Safety stocks and shortages on safety stocks are
considered.
Shortage and inventory costs are considered at the end of
the planning horizon.
Storage capacity limitations are considered.
Raw material resources are capacitated.
Inventory and shortage quantities are zero at the beginning
of the planning horizon.
Shortage quantity is zero at the end of the planning
horizon.

2.2 Parameters
T
N
J
dit
ξ
πit
φit
γ−it
Lit
δit
αijt
βijt

Number of periods in the planning horizon (t=1, …, T)
Number of items (i=1, …, N)
Number of production methods (j=1, …, J)
Demand for item i in period t
Percentage of shortages backordered.
Unit shortage cost of a lost sale of item i in period t
Unit backorder shortage cost of item i in period t
Unit safety stock shortage cost of item i in period t
Safety stock value of item i in period t
Safety stock variation between two consecutive periods
Unit production cost of item i for production method j in
period t
Setup cost of item i by production method j in period t

Fig. 2 Evolutionary process of the MOVDO method

M
wi
fij
Ft

Unit holding cost of item i in period t
Available capacity in period t
Amount of resources necessary to produce item i in
period t. Note that, in this model, vi,1,t =vi,2,t =…
=vi,J,t =vit.
A large number
Required space for a unit of item i
Lost resource when product i is produced by production
method j
Available storage capacity in period t

2.3 Decision variables
xijt
yijt
rit
s+it
s−it

Quantity of item i produced by production method j in
period t
A binary variable equal to 1 if item i is produced by
production method j in period t
Shortage for item i at period t
Overstock shortage variables for item i in period t
Safety stock shortage variables for item i in period t

2.4 The non-linear integer mathematical formulation

Min Z1 ¼

n
T
J
X
X
X
½ð
ðαi jt ⋅xi jt þ βi jt ⋅yi jt ÞÞ þ ξ⋅φit ⋅rit
i¼1 t¼1

j¼1

þ
− −
þ ð1−ξÞ:πit ⋅rit þ yþ
it ⋅sit þ yit ⋅sit 

Min Z2 ¼

n
J T −1
X
X
X
i−1 j¼1 t¼1

ð1Þ

2

xi j;tþ1 −xi jt



ð2Þ
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Fig. 3 MOVDO pseudo-code

Min Z3 ¼

n
J
T
X
X
X


xi jt −d it



2

ð3Þ

i¼1 j¼1 t¼1

s−it ≤Lit
n
J
X
X

∀ i ¼ 1; 2; …; n ; t ¼ 1; 2; …; T
wi ⋅xi jt ≤ F t ; ∀ t ¼ 1; 2; …; T

ð9Þ
ð10Þ

i¼1 j¼1

s.t.
−
sþ
i;t−1 −si;t−1 −ξ:ri;t−1

þ rit þ

J
X

−
xi jt ; rit ; sþ
it ; sit ≥ 0 ; yi jt ∈f0; 1g

xi jt

∀ i ¼ 1; 2; …; n ; j

¼ 1; 2; …; J ; t ¼ 1; 2; …; T

j¼1

ð11Þ

−
¼ d it þ δit þ sþ
it −sit ∀ i ¼ 1; 2; …; n ; t

¼ 1; 2; …; T −1
−
sþ
i;t−1 −si;t−1 −ξ⋅r i;t−1 þ

ð4Þ
J
X

−
xi jt ¼ d it þ δit þ sþ
it −sit ∀ i

&

Objective (1) is used to minimize the total cost, including
unit production costs with different production methods,
inventory costs, overtime costs, shortage costs, and setup
costs.

j¼1

¼ 1; 2; …; n ; t ¼ T
n
J 

X
X
vit ⋅xi jt þ f i j ⋅yi jt ≤ C t

ð5Þ

∀ t ¼ 1; 2; …; T

ð6Þ

i¼1 j¼1

xi jt ≤ M ⋅yi jt

∀ i ¼ 1; 2; …; n ; j ¼ 1; 2; …; J ; t

¼ 1; 2; …; T
rit ≤ d it

∀ i ¼ 1; 2; …; n ; t ¼ 1; 2; …; T

ð7Þ
ð8Þ

Fig. 4 Relationship between different HSA probabilities
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Constraints (10) are used to satisfy the storage space
limitation.
Constraints (11) are used to specify that the variable domains for xijt, rit, sit+, and sit− are non-negative and that yijt
is a binary variable.

Fig. 5 Pitch-adjusting operator example
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Objective (2) is used to level the production volume in
different production periods.
Objective (3) is used to ensure that the model produces
results close to the just-in-time levels.
Constraints (4) are used to control the inventory balances
throughout the planning horizon.
Constraints (5) are used to satisfy the condition that shortages are not allowed.
Constraints (6) are used to satisfy the condition that overall consumption may not exceed the available capacity.
Constraints (7) are used to satisfy the condition that the
quantity produced must not exceed a maximum production level Mit which is assumed to be the minimum between the total demand requirement for item i on section
(t,T) of the planning horizon and the highest quantity of
item i that could be produced considering the capacity
constraints. Mit is then equal to:

Min

( T
X
t 0 ¼t

&

d it0 ; ðC t −

J
X

In this section, four Pareto-based meta-heuristic algorithms
called MOVDO, MOHSA, MOSA, and NSGA-II are introduced for solving the mixed-integer-programming formulation
proposed in this study. Consider a multi-objective model with a
   !
 
set of conflicting objectives f !
x ¼ f 1 x ; …; f m !
x
!
!
!
subject to g i x ≤ 0 ; i ¼ 1; 2; …; c ; x ∈X , where x denotes n-dimensional vectors that can have real, integer, or even
Boolean values and X is the feasible region. Then, for a mini!
mization model, we say solution !
a dominates solution b


!
!
a ; b ∈X if:
!
 
a ≤ f i b ; ∀i ¼ 1; 2; …;m; 
and
1. f i !
!
!
2. ∃i∈f1; 2; …; mg : f i a < f i b

)
f i j Þ=vit

j¼1

Constraints (8) and (9) are used to satisfy the upper bounds
on the demand shortage and the safety stock shortage for
item i in period t, respectively,

Fig. 6 HSA pseudo-code

3 Pareto-based meta-heuristics

Furthermore, Pareto solutions or Pareto fronts are a set of
solutions that cannot dominate each other. A suitable Pareto
front has two features: (1) good convergence and (2) good
solution diversity. A wide range of multi-objective Paretobased algorithms are developed to achieve the Pareto-
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optimal front. This front is expected to have the most convergence and the highest diversity [23].
3.1 The MOVDO algorithm
VDO is a meta-heuristic algorithm based on the concept of
vibration damping in mechanical vibration improvisation in
music [28]. In this paper, a multi-objective version of the
VDO algorithm is applied to the production planning problems. The details of this algorithm are explained in the following sub-sections.
3.1.1 Solution representation
In this paper, we focus on the single-strand (A) solution type,
whose length is equal to the total number of periods. Each part
of the string itself contains a strand (Bt) whose length equals
the total number of different production methods. On the other
hand, the components of string Bt can define the production
plan, depending on the type of decision variable. A schematic
solution set for a specific problem with three products and
three different production methods for each of the products
in five periods is shown in Fig. 1.
However, since some constraints are likely to be violated,
they are penalized using the method given in Yeniay and
Ankare [36]. In other words, infeasible solutions are found
using Eq. (12).

g ð xÞ
P ð xÞ ¼ M 
−1≥ 0
ð12Þ
b

obtaining a new solution decreases, and then the system stops
from the amplitude state [28, 30].
Using the analogy between an optimization problem and
the vibration damping process, the states of the oscillation
system represent feasible solutions of the optimization problem, the energies of the states correspond to the objective
function value computed at those solutions, the minimum energy state corresponds to the optimal solution to the problem,
and rapid quenching can be viewed as local optimization.
The VDO algorithm starts by generating random solutions
in the search space. The algorithm parameters (i.e., initial amplitude (A0), max of iteration at each amplitude (L), damping
coefficient (γ), and standard deviation (σ)) are then initialized.
The solutions are then evaluated by means of the objective
function value (OFV). The algorithm contains two main
loops. The first loop generates a solution randomly using the
Microsoft Excel linear programming Solver add-in and then a

where M, g(x), and P(x) represent a large number, the constraint under consideration, and the penalty value, respectively. This equation ensures that more violations receive bigger
penalties for a constraint such as g(x)≤b. Moreover, penalty
values are considered for all three objective functions according to an additive function given in Eq. (13).
F ðxÞ ¼

f ð xÞ
; x∈feasible region
f ð xÞ þ P ð xÞ
; x∉feasible region

ð13Þ

where f(x) is the objective function value of chromosome x.
3.1.2 MOVDO main loop
In vibration theory, the concept of vibration is based upon the
theory of oscillation. If the damping is small, it has very little
influence on the natural frequencies of the system, and hence,
the calculation for the natural frequencies is approximated
based on the case of no damping. In the VDO algorithm, at
high amplitudes, the scope of a solution becomes larger and
the probability of obtaining a new solution increases. Therefore, when the amplitude is reduced, the probability of

Fig. 7 NSGA-II flowchart
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new solution is obtained and chosen as the best one using a
neighborhood structure. However, similar to the SA algorithm, the solution with a lower OFV can be selected with
regards to the Rayleigh distribution function. In fact, the
new solution is accepted if Δ=OFV (new solution)−OFV
(current solution)<0. Otherwise, if Δ>0, we generate a random number r between (0, 1). The current solution is selected
with respect to the following criteria:

A2
r < 1−exp − 2
ð14Þ
2σ
The second loop adjusts the amplitude, which is used for
reducing the amplitude at each iteration. The algorithm is finished when the stopping criterion is met.
 γt 
At ¼ A0 exp −
2

ð15Þ

After a brief illustration of the VDO algorithm, we introduce the first proposal for applying a multi-objective version
of the VDO algorithm called MOVDO to solve and manage
Pareto-optimal solutions. For this purpose, we apply two main
concepts of multi-objective meta-heuristics; namely, fast nonFig. 8 MOSA pseudo-code

dominated sorting (FNDS) and the crowding distance (CD), to
compare the solutions. In FNDS, R initial populations are
compared and sorted. Initially, all chromosomes in the first
non-dominated front are found. Since all objective functions
in the mathematical model are to be minimized, the chromosomes are chosen using the concept of domination. Then, in
order to find the chromosomes in the next non-dominated
front, the solutions of the previous fronts are disregarded temporarily. This procedure is repeated until all solutions are set
into fronts.
After sorting the populations in different fronts, a CD measure is defined to evaluate the solution fronts of the populations in terms of the relative density of individual solutions
[23]. Consider Z and fk ; k=1,2,…,M as the number of nondominated solutions in a particular front (F) and the objective
0
0
functions, respectively. In addition, let d i and d j be the value
of the CD on the solution i and j, respectively. Then, the CD is
obtained using the following steps:
(a) Set d′i =0 for i=1, 2, …, Z,
(b) Sort all objective functions fk ; k=1,2,…,M in ascending
order,

Parameter setting: Tf, T0, nGen, β, frontmax
Initialization: Generate initial solutions
Evaluation: Evaluate initial solutions
Perform non-dominate sorting and calculate ranks
Calculate crowding distance (CD)
Sort population according to ranks and CDs
Pt=population
For it=1: num.it
if T< Tf
break
end
for i=1:popsize
St(i)= perform neighborhood structure on the solution i of the population based on swap strategy
end
Perform non-dominate sorting and calculate ranks (St)
Calculate crowding distance (CD) (St)
Sort population according to ranks and CDs (S t)
for i=1:popsize
if ~Dominates (Pt(i), St (i))
Qt (i)= St (i)
else
delta=Cost Pt (i)- Cost St (i)
p=exp(-delta/T(it))
if rand<p
Qt (i)= St (i)
end
end
end
Rt = Pt ∪Qt
Perform non-dominate sorting and calculate ranks (Rt)
Calculate crowding distance (CD) (Rt)
Sort population according to ranks and CDs (Rt)
if size( Rt )> frontmax
Pt =Select frontmax number of the solution
non-dominate sorting and calculate ranks ( Pt )
Calculate crowding distance ( Pt)
else
Pt = Rt
end
Update T
End

Int J Adv Manuf Technol (2015) 80:31–45
Table 1 Algorithm parameter
values and tuning procedures
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Multi-objective
algorithms

Algorithm
parameters

Parameter descriptions

Optimum
values

MOVDO

nPop
A0
L
σ

Number of population
Initial amplitude

5
6

Max of iteration at each amplitude
Standard deviation

40
1.5

γ
Phmcr

Damping coefficient
Harmony memory considering
rate
Pitch-adjusting probability

0.05
0.75

Outer loop
Inner loop

50
100

nPop
T0
Popsize
Ngen

Number of population
Initial temperature

50
500

Number of population
Maximum number of generation

5
500

β
nPop
Pc
Pm
Ngen

Temperature reduction rate
Number of population
Crossover probability
Mutation probability
Maximum number of generation

0.99
25
0.6
0.01
100

MOHSA

Ppa
Outloop
In. loop
MOSA

NSGA-II

0

0

(c) The CD for the end solutions in each front (d 1 and d 2 ) are
0
0
d 1 ¼ d z →∞, and
0
(d) The crowding distances for d j ; j ¼ 2, 3, …, (Z−1) are


0
0
d j ¼ d j þ f k jþ1 − f k j−1 .
To select individuals for the next generation, the crowded
tournament selection operator “≻” is applied [22] according to
the following steps:
Step 1. Randomly choose n individuals from the population.
Step 2. A non-dominated rank order is obtained for each
individual and the CDs of the solutions having equal
non-dominated rank are calculated.
Step 3. Select the solutions with the least rank order. Moreover, if more than one individual share the lowest
ranking, the individual with the highest CD should
be selected.
In other words, the comparison criterion in the MOVDO
algorithm solutions can be written as follows: if rx <ry or rx =ry
0
0
and d x > d y , then x≻y where rx and ry are the ranks and dx and
dy are the CDs. We assume a polynomial neighborhood structure for the selected chromosome.
After applying the aforementioned concepts and operators,
the populations of the parents and the offspring are combined
to ensure the elitism. Since the combined population size is
naturally higher than the original population size N, we perform non-domination sorting once more. Chromosomes with

0.3

higher ranks are selected and added to the populations until
the population size becomes N. The last front also consists of
the population based on the crowding distance. The algorithm
stops when a predetermined number of iterations (or any stopping criteria) is reached and only feasible solutions are kept in
the final Pareto front.
3.1.3 Evolution process of MOVDO
The process is started by initializing the initial population of
the solution vectors P j . Then, the new operators are
Table 2

Input parameters of the generated test problems

Test problem
number

Number of
items (N)

Number of production
methods (J)

Number of
periods (T)

1
2
3
4
5
6
7
8
9
10
11
12

2
3
3
5
5
5
10
10
12
15
15
20

2
2
3
2
3
2
2
3
2
2
3
3

3
5
5
6
6
12
12
5
12
5
12
12

40
Table 3 Computational results of
the multi-objective metrics for all
the algorithms
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Metric

Problem No.

MOVDO

MOHSA

NSGA-II

MOSA

NOS

1
2

12
8

7
10

11
12

3
4

3

10

11

8

6

4
5

4
5

4
3

8
7

3
5

6

3

4

6

9

7
8

11
6

8
7

7
5

3
1

9

5

12

7

5

10
11

8
6

12
10

9
12

6
3

12

4

15
995×106
6540×106
252×106
8540×106
348×106
4130×106
1180×106
5340×106
1420×106
2540×106
9870×106

2
178×106
121×106
1420×106
465×106
8590×106
123×106
1120×106
5550×106
2230×106
27,900×106
9680×106

Spacing

MOCV

CPU Time

1
2
3
4
5
6
7
8
9
10
11

142×10
454×106
423×106
895×106
653×106
137×106
7450×106
543×106
9760×106
25,300×106
5430×106

4
8980×106
773×106
243×106
142×106
957×106
6520×106
8960×106
535×106
1320×106
1520×106
32,500×106

12
1
2
3

96,800×106
0.016
0.000
0.132

59,700×106
0.000
0.013
0.222

59,700×106
0.003
0.022
0.007

79,700×106
0.001
0.029
0.826

4
5
6
7
8

0.010
0.485
0.177
0.004
0.011

0.012
0.069
0.281
0.274
0.345

0.200
0.075
0.336
0.213
0.100

0.025
0.007
0.005
0.056
0.168

9
10
11
12
1
2
3
4
5

0.023
1.030
0.052
0.283
26.124
28.265
30.543
33.997
28.815

0.002
0.729
0.068
0.073
27.302
27.281
30.235
36.765
28.815

0.066
0.632
0.050
0.415
29.185
32.413
36.568
39.865
27.084

0.051
0.473
0.104
0.746
26.968
28.876
29.368
34.988
28.815

6
7
8
9
10
11
12

32.769
29.382
41.988
52.235
75.097
110.173
183.864

33.676
29.382
42.877
55.910
76.987
114.834
192.073

35.596
34.987
49.986
65.097
87.758
138.971
248.974

30.113
30.768
42.986
56.908
79.098
111.831
191.891

6
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implemented on Pj to create a new population Qj. The combination of Pj and Qj creates Rj in order to maintain elitism in the
algorithm. In this step, the vectors Rj are sorted in several
fronts based on FNDS and CD. Using the proposed selection
method, a population of the next iteration Pj+1 is chosen to
have a predetermined size. Figure 2 illustrates the evolution
process of the proposed MOVDO, and Fig. 3 presents the
pseudo-code for the MOVDO algorithm based on the basic
operators of a VDO algorithm and the described multiobjective operators.

3.2 The MOHSA
In addition to the proposed MOVDO method, we also propose
a multi-objective evolutionary algorithm for lot-sizing called
MOHSA. The main difference between MOHSA and
MOVDO is the evolution process of the algorithms from Pt
to Qt. The evolution for the MOVDO method is depicted in
Fig. 2. The evolution process of a HSA is used in MOHSA.
Accordingly, after generating or modifying populations using
single-objective operators of the algorithms (HSA or VDO),
the population is analyzed using a multi-objective approach in
a similar fashion for all the algorithms.
The objective function in HSA is interpreted as harmony
and the esthetic judgment of the player helps him/her to find a
pleasing harmony. Using this algorithm, the qualitative improvisation process corresponds to a quantitative optimization
process. Similarly, when a musician improvises with an instrument, he or she faces three possible options: (I) playing from
his/her memory (with probability PHMCR), (II) adjusting the
pitches slightly (with probability Ppa), and (III) composing
randomly (with probability Prand). These options are formalized into three quantitative operators in HSA called
harmony memory, pitch adjusting, and randomization
[37]. Consequently, the improvising process of the
HSA is the combination of these three operators. Accordingly, the main steps of the HSA are explained in
the next sub-sections. To apply the improvising process
in different iterations, a random solution is selected first
and then one/two operator(s) of the HSA (based on their
probabilities) is/are used to improvise the selected solution. After improvising a new solution, the HSM is
updated by replacing the worse solution with the new
solution. Interested readers should refer to Geem et al.
[33], Geem [31], and Rahmati et al. [35] for additional
information. Figure 4 presents a schematic view of the
relationship between different HSA probabilities.
We should note that the operators are designed similarly to
minimize the difference between the performance measures of
the algorithms using the different operators. Thus, the pitchadjusting operator of MOHSA is designed similar to the
neighborhood operator of MOVDO as presented in Fig. 5
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[35, 37]. We also present the pseudo-code version of the
HSA in Fig. 6.
Next, two well-developed Pareto-based multi-objective
evolutionary algorithms called NSGA-II and MOSA are applied to demonstrate the performance of the proposed
MOVDO and MOHSA methods.

3.3 The NSGA-II
The main difference between the NSGA-II method and
the MOVDO and the MOHSA methods is the evolutionary process of the algorithm. The NSGA-II method
follows the main loop of the genetic algorithm. Moreover, in NSGA-II, the binary tournament selection strategy is applied; while, in MOVDO and MOHSA, we
implement a roulette wheel selection operator. The mutation operator is also designed similar to the neighborhood structure of the MOHSA and MOVDO methods
using the swap strategy. The pitch-adjusting operator
in MOHSA is similar to the mutation operator in the
genetic algorithm. In addition, one of the mutation strategies is the swap strategy where two genes are selected
and then replace each other. The crossover operator is
also considered as a continuous crossover operator [38].
Table 4 Analysis of variance results for the multi-objective metrics for
all the algorithms
Matric

Source*

Algorithms

Error

Total

NOS

df
SS
MS
F
P

3
145.56
48.52
5.82
0.002

44
366.92
8.34
–
–

47
512.48
–
–
–

Spacing

df

3

44

47

SS
MS
F
P
df
SS
MS
F
P
df
SS
MS
F
P

104×1018
34.7×1018
0.07
0.974
3
0.0083
0.0028
0.04
0.989
3
1236
412
0.14
0.933

20,700×1018
471×1018
–
–
44
2.9381
0.0668
–
–
44
12,5706
2857
–
–

20,800×1018
–
–
–
47
2.9464
–
–
–
47
126,941
–
–
–

MOCV

CPU time

df degree of freedom, SS sum of square error, MS mean of square error, F
F test, P P value
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The flowchart given in Fig. 7 presents a graphical view
of the NSGA-II framework.
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compare the results using standard multi-objective optimization metrics.

3.4 The MOSA

4 Computational results and comparisons
Simulated annealing (SA), introduced by Kirkpatrick et al.
[39] is another popular search algorithm. SA utilizes the principles of statistical mechanics with regards to the behavior of a
large number of atoms at low temperatures, for finding minimal cost solutions to large optimization problems by minimizing the associated energy. Interested authors should refer to
Ulungu et al. [24] and Bandyopadhyay et al. [40] for more
details on the MOSA method. The neighborhood structure of
the MOSA method is designed similar to the MOVDO and the
MOHSA methods. Figure 8 presents the Pseudo-code for the
MOSA method.
In the next section, we generate a series of problems to
evaluate and demonstrate the applicability and performance of the proposed models and algorithms. We then

Fig. 9 Individual plot of the multi-objective metrics for all algorithms

We used four different multi-objective Pareto-based metaheuristic algorithms to solve the proposed MICLSP. The algorithms were calibrated based on the common statistical approaches of response surface methodology (RSM) [41] and
the Taguchi method [30, 35]. The algorithm parameters are
presented in Table 1 along with their descriptions and optimum values.
We applied three standard metrics including the number of
solutions (NOS), spacing, and computational time (CPU
Time) to evaluate the performance of the proposed MOHSA
and MOVDO methods. We also consider the multi-objective
coefficient of variation (MOCV) method recently introduced
by Rahmati et al. [35]. These metrics are given below:

Int J Adv Manuf Technol (2015) 80:31–45
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Fig. 10 Graphical comparison of the algorithms

1. Number of solutions (NOS): measures the number
of Pareto solutions in the Pareto-optimal front in
which the larger values are preferred to the smaller
values [42].
2. Spacing: measures the standard deviation of the distances
among the solutions in the Pareto front in which the smaller values are preferred to the larger values [42].
3. Computational time (CPU): measures the CPU time for
running the algorithms to reach near optimum solutions (s).
4. Multi-objective coefficient of variation (MOCV): measures the convergence and diversity of the Pareto solutions [35].
The proposed algorithms were coded in a MATLAB software [43] environment, and the experiments were performed
on a 2-GHz laptop with 4 Gb RAM, to estimate the response
functions.
We conducted a series of experiments with 12 problems to
evaluate and compare the performance of the four algorithms
as shown in Table 2. As indicated in the parameter descriptions, N, J, and T are the number of items, number of production methods, and number of periods in the planning horizon,
respectively.
We solved each problem three times under different random environments to eliminate any potential uncertainties.

The mean value of the three trials was used as the final
solution for each problem in Table 3. Larger mean
values are more desirable for the NOS metric and
smaller mean values are more desirable for the spacing,
MOCV, and CPU time metrics.
Next, we used analysis of variance (ANOVA; with a 95 %
confidence level) to compare the results of the four algorithms
in Table 4. As shown in this table, α≥p value only for the
NOS metric in which case the null hypothesis is rejected. The
results of the ANOVA test show that the algorithms have
significant differences (at the 95 % confidence level) with
regards to the NOS metric.
We then plot the individual values for the cases with a
significant difference between the four blocks as shown in
Table 5 The overall rankings of the four algorithms according to the
four comparison metrics
Metric

NOS
Spacing
MOCV
CPU time

Algorithms
MOVDO

MOHSA

NSGA-II

MOSA

3
4
3
1

2
2
1
3

1
1
2
4

4
3
4
2
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Fig. 9. As shown in the three blocks of Spacing,
MOCV and CPU Time, the four algorithms perform
very similarly with no significant differences. However,
there is a significant difference among the four algorithms with
respect to the NOS metric. As shown in this figure, the NSGAII method not only generates more Pareto (efficient) solutions,
but also performs better than the other three algorithms in terms
of the NOS metric.
Finally, we plot and compare all four metrics in Fig. 10.
The NOS and Spacing graphs show a better performance for
the NSGA-II algorithm while the MOCV and CPU Time
graphs show a better performance for our proposed
algorithms.
In summary, Table 5 presents the overall rankings of
the four algorithms according to the four comparison
metrics. As shown in this table, with regards to the
NOS metric, the rankings of the algorithms are as follows: NSGA-II > MOHSA > MOVDO > MOSA. With regard to spacing metric, the rankings of the algorithms
are as follows: NSGA-II> MOHSA >MOSA > MOVDO.
With regards to the MOCV metric, the rankings of the
algorithms are as follows: MOHSA > NSGA-II >
MOVDO > MOSA. Finally, with regards to the CPU
time metric, the rankings of the algorithms are as follows: MOVDO>MOSA>MOHSA>NSGA-II.
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13.

In this paper, we proposed two models for solving
multi-objective multi-item capacitated LSPs with setup
times, safety stock shortage costs, and demand shortage
costs. The objectives are to minimize the total cost,
level the production volume in different production periods, and maintain the production level as close as
possible to the just-in-time level. We proposed two
Pareto-based multi-objective meta-heuristic algorithms
(i.e., MOVDO and MOHSA). We used two wellknown multi-objective evolutionary algorithms (NSGAII and MOSA) to evaluate the performance of the proposed MOVDO and MOHSA. The statistical and graphical results showed the robustness and comparability of
the proposed MOVDO and MOHSA in terms of the
MOCV, CPU time, and spacing metrics. In addition,
the NSGA-II was shown to work more efficiently in
terms of the NOS metric. For future research, we propose implementing the Pareto-based multi-objective
meta-heuristic algorithms developed in this study in a
fuzzy environment as a fuzzy multi-objective mathematical programming model.
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