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a b s t r a c t
Liquidity risk represent a devastating ﬁnancial threat to banks and may lead to irrecoverable consequences in case of underestimation or negligence. The optimal control of a phenomenon such as liquidity risk requires a precise measurement method. However, liquidity risk is complicated and providing
a suitable deﬁnition for it constitutes a serious obstacle. In addition, the problem of deﬁning the related determining factors and formulating an appropriate functional form to approximate and predict its
value is a diﬃcult and complex task. To deal with these issues, we propose a model that uses Artiﬁcial
Neural Networks and Bayesian Networks. The implementation of these two intelligent systems comprises
several algorithms and tests for validating the proposed model. A real-world case study is presented to
demonstrate applicability and exhibit the eﬃciency, accuracy and ﬂexibility of data mining methods when
modeling ambiguous occurrences related to bank liquidity risk measurement.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
Banks are subject to many different potential risks that range
from those related to the technological and ﬁnancial structure, affecting also their reputation, to those derived from the institutional
and social environment. These risks are not mutually exclusive and
have some intersections that make them hard to isolate and identify.
Liquidity risk, together with credit risk, operational risk and
market risk, is categorized as a ﬁnancial risk. However, a full consensus on the deﬁnition of liquidity risk is still to be reached
mostly due to its ambiguity and vagueness. The ambiguity of the
term liquidity risk follows from the multiple probable meanings
that it can be given according to the context; the vagueness is
given by the fact that the term “liquidity” can refer to different
dimensions at the same time especially when used together with
market liquidity risk or systemic liquidity risk (SLR) [78].
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There are diverse viewpoints on what the deﬁnition of liquidity
risk should be, all of them referring mainly to whether or not liquidity risk considers (1) solvency, (2) cost of obtaining liquidity or
(3) immediacy [98]. For example, liquidity risk could be interpreted
as the “capability to turn an asset quickly without capital loss or
interest penalty”, or as the risk of being unable to raise funds on
the wholesale ﬁnancial market [98]. In this paper, we follow the
ﬁrst of these two approaches, that is, we assume that liquidity risk
arises because revenues and outlays are not synchronized [51].
The commitments of banks to shareholders to maximize the
proﬁts lead to a development in the volume of investments, while
the commitments to depositors to refund make necessary to retain adequate liquidity especially considering depositors’ stochastic
behavior. Such a conﬂict between shareholders and depositors impels the bank directors to make a balance between proﬁtability by
long term investment and risk due to short term commitments.
Liquidity management and surveillance of maturity mismatch of
deposits and loans can be considered the main concerns of bank
managers. Management’s task becomes even more critical when
the bank faces early withdrawals. The reason of this challenge is
that short term deposits are the main funding resources for banks.
In addition, loans are usually invested in weak liquidation assets.
Too much liquidity causes an ineﬃcient allocation of resources,
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while low liquidity can lead to a reduction in the deposits interest
rate, a loss of market and credit, an increase of debt and, ﬁnally,
to the bank’s failure. In other words, insuﬃcient liquidity can kill
the bank suddenly, but too much liquidity will kill it slowly [75].
Thus, it is extremely important to handle liquidity risk prudently
and evaluate it correctly by an eﬃcient and systematic method.
Liquidity risk relates to a complex set of factors such as signiﬁcant operational risk loss, deteriorating credit quality, overreliance on short-term borrowing, overreliance on borrowing from
very conﬁdence sensitive funds providers, market risk and so on.
Also, banks that are part of ﬁnancial groups or bank holding companies need to identify key risk indicators that are indicative of
the group’s risk and reputation [75]. Each bank has to select a
set of indicators that is most relevant to its funding situation and
strategies (bank speciﬁc indicators). In particular, a bank primarily funded by insured deposits has far less need for a risk indicator of liability diversiﬁcation than a wholesale funded bank [75].
In addition, liquidity risk may be affected by global factors usually
described via macroeconomic variables.
The standard framework to measure liquidity risk compares expected cumulative cash shortfalls over a particular time horizon
against the stock of available funding sources [44]. This requires
assigning cash-ﬂows to future periods for ﬁnancial products with
uncertain cash-ﬂow timing. However, on one side, there still is a
lack of consensus on how to assign such cash-ﬂows [98]. On the
other side, plurality, multiplicity and diversity of accounts make
the calculation of net cash-ﬂows so diﬃcult and time consuming
that accessing such data in a short period of time is impossible.
The minimum liquidity standards under Basel III [13–17] are
based on two complementary ratios: liquidity coverage ratio (LCR)
and net stable funding ratio (NSFR). Although these ratios reﬂect the concept of liquidity risk correctly, implementing them
in a banking system is not practical. In fact, both the numerators
and denominators of these ratios include some weights related to
inﬂows and outﬂows that must be conveniently estimated (and
sometimes manually adjusted). The complexity of calculations of
these coeﬃcients together with the problem of an actual classiﬁcation for the concept of “stable assets”, make LCR and NSFR useless
for many practical purposes. Moreover, banks do not usually make
available their information/datasets to external researchers.
1.1. Main goals and contribution
The main goal of the current study is the design of a simple,
practical, easy to control and analyzable system capable of warning about probable liquidity risk based only on raw data available
in the book or balance sheet of the bank without any predeﬁned
function.
Nowadays machine learning methods can solve problems like
this quite easily and applications of these methods to large
databases, data mining, can lead to accurate results. Fortunately,
banks are a very rich source of historical data. Thus, we can implement these techniques for measuring a bank liquidity risk and
analyzing its key factors and the interconnections among them.
More precisely, Artiﬁcial Neural Networks (ANNs) and genetic algorithm can be used for an approximate measure of liquidity risk
and Bayesian Networks (BNs) to estimate and analyze the distribution function of liquidity risk.
Despite the capacity of machine learning methods to model real
situations where future results must be predicted starting on imprecise or missing data, their applications to bank liquidity risk
measurement remain very sporadic in the literature.
Liquidity scenarios are modeled differently depending on the
fact that they use bank-speciﬁc factors or market-speciﬁc factors.
In this study, we focus on the deﬁnition of liquidity risk determined by the concept of solvency. As a consequence, we focus on

endogenous factors to construct a model whose characteristics will
allow us to speciﬁcally address loan-based liquidity risk prediction
issues.
The proposed model is ﬂexible and can be applied to any loanbased scenario. However, its main purpose is to promote a systematic analysis of bank speciﬁc measurements based on the balance
sheet ratios. The choice of using the balance sheet data is justiﬁed
by the fact that the balance sheets are the most accessible, reliable
and oﬃcial reports that any bank is obliged to compile and safely
retain.
The current model uses ANNs and BNs to analyze and assess
liquidity risk and its key factors. The resulting assessment method
comprises the use of several genetic algorithms and numerous
tests to train a suitable ANN and learn the optimal BN to analyze
the data.
The ANN and BN approaches represent two complementary
phases: while ANN is used to approximate the general trend of
the risk and ﬁnd the two most inﬂuential factors in a non-eﬃcient
way, BN ﬁnds the most inﬂuential factor and determines the probability that liquidity risk occurs even in situations where it is not
possible to measure all the indicators. The liquidity risk results obtained by ANN complement and are complemented by those obtained by BN. Since, the data implemented in both phases are the
same, the numerical results can be used to conﬁrm one another.
A case study based on a real bank dataset is performed to show
the validity of the proposed assessment method.
The numerical results of the case study show that loan-based
factors are inevitable given their key role in the model. Both the
case study and the dataset were carefully chosen to reﬂect the
solvency-based deﬁnition of liquidity risk. Some complementary
factors (see also Section 2) can be added like credit rating, downgrade, signiﬁcant operational loss and so forth, but there may be
no enough data available to use these factors in practice.
The loan-based constraint imposed by the deﬁnition adopted
for liquidity risk represents a limitation of the model which should
be compensated by its applicability to an already large number
of banks (all those whose main funding strategy consists of loans
and deposits) and the eﬃcient implementation of data derived
from the balance sheet ratios into a two-phase ANN-BN intelligent
schema whose results complement and relatively conﬁrm one another.
The remainder of the paper proceeds as follows. Section 2 reviews some of the most recent and relevant liquidity risk assessment methods in the literature. Section 3 provides a description of the problem, including main goals and model variables.
Section 4 presents the proposed model including a brief theoretical
overview of the main general features of ANNs and BNs. Section
5 presents the numerical results obtained by implementing the
model at a U.S. bank to demonstrate applicability and eﬃcacy of
the proposed method. In Section 6, we present our conclusions and
future research directions.
2. Literature review
Different deﬁnitions of liquidity risk lead to different risk measurements. Conceptually, this risk is related to the mismatch of
cash inﬂows and outﬂows and unfortunately a signiﬁcant portion
of bank ﬁnancial products have uncertain cash-ﬂow timing [56].
Thus, to measure bank liquidity risk, one idea is to assign uncertain cash-ﬂows to future periods by different methods like surviving models and lifetime models [78].
Assessing liquidity risk is scenario speciﬁc [14]. The occurrence
of cash-ﬂows from existing assets and liabilities considerably depends on the underlying liquidity risk scenario, since it is a major driver in the behavior of a ﬁrm and its stakeholders [75]. In
principle, it is impossible to consider all possible scenarios while
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analyzing liquidity risk. Furthermore, how the particular scenario
affects the analysis varies according to the ﬁrm and the time period [78].
Thus, to perform an appropriate analysis of a ﬁrm’s liquidity
risk, one idea is classifying liquidity scenarios in two groups depending on either bank-speciﬁc factors or market-speciﬁc factors
[14,32]. Among the bank-speciﬁc factors we ﬁnd: credit rating,
downgrade, signiﬁcant operational loss or credit risk event, and
negative market rumors about the ﬁrm [14]. Some of the most
common market-speciﬁc factors are: disorder in capital markets,
economic recession, and payment system disruption [75].
The maturity transformation of ﬁnancial intermediation creates
re-ﬁnancing risks when there are doubts about the solvency conditions in stress situations. It causes disruptive liquidity runs through
ﬁre sales of assets [39]. Negative externalities from higher counterparty risk affecting other intermediaries exposed to short-term
funding [6,24].
To handle liquidity risk measures, the Basel Committee on
Banking Supervision [13] introduced two quantitative liquidity
standards. The ﬁrst one is the LCR:

LCR =

stock of high quality liquid assets
.
total net cash − ﬂow over the next 30 days

This ratio is used to check whether the bank possesses suﬃcient high quality liquid assets in order to cover short term requirements of the bank over a stressed 30-day scenario speciﬁed
by the supervisors [14]. The LCR should be at least 100%.
The key parameters that play a role in the practical calculation
of the LCR are: 1) the discount to the value of liquid assets (haircut) that constitute the numerator of the LCR; 2) the run-off rates
applied to assets and liability classes; 3) the split of demand deposits into core and volatile portion [78]. The correct estimation of
these parameters and the computational complexity of their implementation make this ratio quite diﬃcult to use.
The second standard introduced by the Basel Committee on
Banking Supervision [14] is the NSFR:

NSFR =

available amount of stable funding
.
required amount of stable funding

The NSFR is required to be at least 100%. The objective of the
NSFR is to promote more medium and long-term funding for banks
[14] but both the concept of stability and the ranking of assets
based on this measure can be ambiguous or questionable. In particular, the implementation of NSFR poses the question of how to
split the notional value of demand deposits between “stable” and
“less stable” deposits [78].
One approach to the liquidity risk deﬁnition and measurement
problem is given by the system risk-adjusted liquidity (SRL) model.
This model combines option pricing theory with market information and balance sheet data to generate a probabilistic measure of
systemic liquidity risk [58]. It enhances price-based liquidity regulation by linking a bank’s maturity mismatch impacting the stability of its founding with those characteristics of other banks, subject to individual changes in risk proﬁles and common changes in
market conditions [58].
An alternative approach to detecting and analyzing liquidity risk
consists in estimating its probability distribution function. In order
to estimate such a function adequate data are needed, but even
banks with access to large datasets are unable to do that since
the crises happen too rarely to estimate the probability distribution [40].
Another approach is the one based on the inﬂow-outﬂow concept. In the theoretical literature, the concept of liquidity is expressed by the following ﬂow constraint:
Out f lowst ≤ In f lowst + Stock_o f _money.
In other words, a bank is “liquid”, that is, is capable of satisfying the demand for money, provided that at each point in time its
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outﬂows are smaller than or equal to the total of its inﬂows and
stock of money. Although this deﬁnition refers to a very practical
idea, it heavily relies on being able to access the interbank market
data [40].
There are other measurements for liquidity risk like probabilistic models [43], balance sheet ratios (which is the most common
technique), potential loss of urgent liquidation of assets compared
to their real price in a normal situation, calculation of the funding
gap (i.e., the difference between the average of paid loans’ lifetime
and the average of received deposits’ lifetime).
Whatever is the approach and/or the deﬁnition adopted for liquidity risk, it involves a wide range of liquidity risk factors that
vary according to the scenario faces by the bank. Apart from the
bank-speciﬁc and market-speciﬁc factors mentioned above, it also
deserves to focus on speciﬁcations like base money aggregates, access to central bank liquidity facility, bank liquidity ratios, bank net
cash-ﬂows, maturity mismatch, interbank lending, and repossessed
collateral [33,55].
Unfortunately, the number of study that analyze the factors causing liquidity risk is scarce [36]. In fact, liquidity risk
is generally considered as a determinant of other risks such
as credit risk [20] or as a determinant of bank performance
[8,10,12,23,61,77,82,94], but a systematic analysis of the determinants of liquidity risk is overlooked.
A few researchers have used different balance sheet indices
as determinants of liquidity risk [100]. In other studies, macroeconomic variables and monetary policy were introduced as the
most important determinants [27].
A common method of investigating the impact on liquidity
risk of determinants such as bank capitalization [21,52,81], bank
size [4,7,21,45,52,81,94,100], bank specialization [7,21], Loan Loss
Reserve Ratio, Gross Domestic Product (GDP), and inﬂation rate
[7,52] is linear regression.
2.1. Intelligent systems and liquidity risk
In this study, we propose an assessment method of liquidity
risk factors based on machine learning.
The complexity of a problem, either conceptual or practical, often makes traditional models ineﬃcient to solve it. In these cases,
intelligent approaches can be helpful. Intelligent systems are particularly useful in a changing environment. If a system has the ability to learn and adapt to changes, the system designer does not
need to provide solutions for all possible situations. ANNs represent one of most capable tool in this area and its learning features
can prove very useful when deﬁning predicting models for liquidity risk. For example, an ANN can be implemented to predict the
Bid-Ask spread (the cost to unwind the trading positions) of a set
of assets under the assumption that it works as a time series [84].
A comprehensive overview of modeling, simulation and implementation of neural networks and, in particular, of ANNs has been
recently offered by Prieto et at. [85]. Among the most recent studies witnessing the variety of applications of neural networks to
very diverse ﬁelds, the reader may refer to Duan et al. [41], Huang
et al. [53], Velmurugan et al. [97], Duan et al. [42], Huang et al.
[54] and Liu et al. [70].
Although there is a wide range of applications of ANNs to
the banking system, in particular for what concerns credit risk
modeling [66,76,80,93,102] operational risk modeling [30] and
bankruptcy prediction [11,46], the applications of machine learning methods to liquidity risk modeling are still very limited in the
literature.
The training of a ANN is performed by optimization algorithms.
We have used two of the most popular algorithms in the literature, namely, the Levenberg–Marquardt algorithm (LMA) and the
Genetic Algorithm (GA).
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Initially introduced to ﬁnd minimum of a multivariate function that is expressed as the sum of squares of non-linear realvalued functions (i.e., the least squares curve ﬁtting problem), the
LMA has become a standard technique for solving nonlinear least
squares problems [64,73]. The number of variants of the LMA
available in the literature both in papers and in codes is large
[31,59,62,71,72,105]. Among the most recent work studying the
performance of LMA in training neural networks, the reader may
refer to Kermani et al. [60], Costa et al. [35], Demuth et al. [38],
Samarasinghe [88], Nabavi-Pelesaraei et al. [79] and Shi et al. [95].
The GA is a highly parallel mathematical algorithm that repeatedly transforms a set of individual solutions (population of individuals) into a new population (next generation) using three main
types of rules: selection rules, crossover rules, and mutation rules.
First proposed by Holland [50], GAs are one of the most powerful search technique used to solve optimization problems. The
general features of GAs allow for very broad range of applications
to real-life situations. A recent review of the general characteristics, advantages and drawbacks of GAs, with an additional focus
on continuous GAs, can be found in Abu Arqub and Abo-Hammour
[2] and Abu Arqub et al. [3]. Among the most recent studies related
to the use of GA-based techniques in training neural networks, the
reader may refer to Asadi et al. [9], Chandrashekar and Sahin, [29],
Wang et al. [101], Ahmadizar et al. [5], Qiao et al. [86].
The problem of approximating the risk function and estimating
its distribution function can also be successful addressed by intelligent procedures such as BNs. For example, in ﬁnancial business,
BNs can be applied to measure the risk levels in the business. BNs
are also useful when there are no explicit risk detection thresholds
as it is the case in logistic ﬁnancial business where risks are all
expressed by qualitative evaluations [106,107]. BNs can be used in
conjunction with evidence theory [103] or MSBNx [28] to analyze
risks quantitatively in logistics ﬁnance.
BNs allows to achieve desirable inferences using bidirectional
reasoning. This feature is what makes them a widely used tool in
reliability analysis [74], fault diagnose [63], risk analysis [65] and
so on. Moreover, the inherent causal dependencies in the BNs
structure make them suitable for identifying and measuring the
impact of operational loss events on the market values of banks
[104] or providing a decision support tool to analyze workingcapital credit scoring conducted in commercial banks [1]. The
causal inference can be performed through the estimation of the
probability distribution function even when only incomplete or
noisy data are available.
Despite the many capabilities of ANNs and BNs, liquidity risk
measurement problems have been only rarely approached using
these new machine learning techniques, or a combination of them.
Thus, the current study contributes to ﬁll in an interesting gap that
still separates intelligent systems from uncertain bank data modeling problems.

3. Problem statement
3.1. Research questions
Imperfect information and shortage of knowledge about a phenomenon makes it vague and uncertain. Thus, unavoidably, most
crucial decisions must be made under nondeterministic conditions
while any negligence may lead to irrecoverable ending. Hence, the
following natural question arises: how can we make rational decisions to minimize expected risk? This is the most important
question for bank managers and also the main motivation for this
study.
We aim at deﬁning an analytical but practically implementable
method that can guide managers towards potential remedial ac-

tions and help them to make decisions about liquidity strategies.
In particular, we address the following questions.
•

•

Question 1. How can we approximate a bank liquidity risk function to discover its patterns and predict it?
Question 2. How can we identify the most inﬂuential factors of
bank liquidity risk, compute their occurrence probability and
analyze their relationship?

Due to the nondeterministic nature of the problem and the
lack of knowledge characterizing not only the key factors, but also
the interconnections among them and their development through
time, we have used data mining and artiﬁcial intelligence. More
precisely, an ANN was used to answer the ﬁrst question while a
BN was deﬁned to address the second one.
3.2. Model variables
3.2.1. Input variables
Banks need to select a set of risk indicators that are most relevant to their own situation and strategies [75]. In particular, banks
specialized in lending should consider net loans, deposits, bank
size and capitalizations. At the same time, studies that have focused on the causes of liquidity risk, have also emphasized that
the determinants of liquidity risk can be measured with different
balance sheet indices [100].
Given the loan-based focus of our model (see Section 1.1), we
need to use loan related factors such as total loan, total deposit,
volatile deposit, liquid asset, short-term investment, credit in central bank and so on. These items can be converted into ratios
with speciﬁc thresholds determined by experts. These ratios can
be used, in turn, as liquidity risk indicators and, hence, input variables of the model.
The indicators/input variables that we have chosen for the
model and are listed below. To simplify the presentation, B will
be used to denote the “bank under assessment” and O to indicate
“the other banks”:

x1 = Index 1 = liquidity ratio =

liquid assets of B
,
current liabilities of B

x2 = Index 2 =

credits of B in O
,
liquid assets of B

x3 = Index 3 =

long term deposits of B
,
short term deposits of B

x4 = Index 4 =

credits of B in O
,
credits of O in B

x5 = Index 5 =

total loan of B
,
total deposits of B

x6 = Index 6 =

bonds of B
,
total assets of B

x7 = Index 7 =

volatile deposits of B
,
total liabilities of B

x8 = Index 8 =

short term investments of B
,
total assets of B

x9 = Index 9 =

credits of B in central bank
.
total deposits of B

Note that Index i stands for the variable xi discretize to take
Boolean values (see Section 5.2).
Using these indicators has a twofold advantage: ﬁrstly, each ratio is easy to calculate due to its simple formulation based on
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balance sheet items and, secondly, as observed above, it can be
compared against a standard interval/value. The threshold intervals/values are usually assigned by experts and are refer to as “average” or “normal” values for risk indicators.
3.2.2. Output variable
The output variable must provide a liquidity risk measure for B.
The best candidate for such a measure is given by the net cashﬂow of B. However, to calculate this quantity, we need to specify
all inﬂows and outﬂows and consider maturity mismatches. Unfortunately, due to the numerous and varied accounts and to the
massive volume of exchanges and the irresponsibility of banks in
early audit, it is often impossible to access such data in a short
period of time, while collecting enough data and having access to
weekly or monthly audited data is vital. Thus, in this article, the
bank liquidity risk is deﬁned as the incapacity of B to pay the current liabilities and is measured by means of the current ratio:

x10 = Index 10 = current ratio =

current assets of B
.
current liabilities of B

Current assets are those expected to be sold or otherwise converted to cash within 1 year. Current liabilities are debts that B
is expected to pay within 1 year. Customers’ deposits or debts to
other banks are two examples of liabilities of B. The categories of
current assets and liabilities used in this paper are listed below.
Currents Assets
•
•
•
•

Cash and credit that B has in other banks and the central bank.
Securities and bonds.
Early paid money to B.
Loans lent to other banks.
Current Liabilities

•
•
•
•

Debt to other banks and the central bank.
Short term accounts.
Early payments to other banks.
Loans borrowed from other banks.



1 − x10
0

if x10 < 1,
otherwise.

4. Proposed model
4.1. Introducing the two-phase ANN-BN approach
The proposed model comprises two complementary phases, an
ANN phase and a BN phase.
These two phases deal with the two different tasks described
by Questions 1 and 2 in Section 3.1. More precisely, while an ANN
can be used to approximate the general trend of the risk and ﬁnd
the two most inﬂuential factors in a non-eﬃcient way, a BN is capable to ﬁnd the most inﬂuential factor and conﬁrm the trend of
ANN. Moreover, as it will be shown later, the BN approach allows
to determine the probability that liquidity risk occurs even when
not all the indicators have been measured.
Thus, the ANN phase and the BN phase are two complementary
phases: the liquidity risk results obtained by ANN complement and
are complemented by those obtained by BN.
Form a more technical viewpoint, it is worth noting that although the raw data to use for the implementation of both networks are the same, there is no data ﬂow from one network to the
other. The data implementation of ANN is independent from that
of BN.
This is due to the completely different rationales behind ANNs
and BNs. In particular, it would not be possible to use the output of
one network as the input for the other. Indeed, ANNs use continuous raw data (usually coded in MATLAB), while within a BN setting
the data must be converted to logical data (TRUE for “safe” and
FALSE for “risky”) in order to be deducible by the package “gRain”
in R.
The numerical results obtained in the case study show the
ability of the proposed two-phase ANN-BN approach of somehow
“self-conﬁrming” the results via an independent and parallel implementation of the same dataset (see, in particular, Section 5.2.3).
4.2. Key parameters and their role in the learning process

3.2.3. Liquidity risk function
The current ratio indicates the responsibilities of B versus its
credit and takes a normal value of at least 1. Thus, when the current ratio starts to fall from this amount, the risk begins to unfold.
Due to our deﬁnition of liquidity risk, that is, the inability of B to
respond to commitments and repay debts, liquidity risk can be formalized using the following function:

L(x10 ) =

2529

(1)

That is, the liquidity risk, L(x10 ), is a function of the value taken
by the output variable x10 , i.e., the current ratio.
As for a comparison with other liquidity risk assessment approaches in the literature, it must be underlined that the ratio between total assets and total liabilities is among the few loan-based
ratios currently used as indicators to measure the liquidity risk.
As discussed in the introductory and the literature review sections (Sections 1 and 2), other liquidity risk measures such as LCR
and NSFR are too complicated to be used in practice for assessing banks. The limiting features of alternative assessment methods
together with the shortage of data have been driving liquidity researchers to use balance sheets as the largest and most accessible
and reliable source of data. Therefore, there is actually no other
implementable model with which to compare the present one but
the simple loan-based ratios that can be extracted from the balance sheets.

The results produced by both the ANN phase and the BN phase
are based on learning techniques.
Starting from an initial point (a random weight in ANNs and a
prior distribution in BNs), an initial network is produced. This network is then trained by the dataset until the ﬁnal result (a function
when using ANNs and a pdf when using BNs) becomes close to the
pattern or distribution of the main data. The algorithms used for
training were Gradient-Descent in the ﬁrst phase and Maximum
Likelihood Estimation in the second phase.
Since training by algorithms is a standard procedure, it is particularly important to choose the parameters correctly. That is, the
main problem is ﬁnding convenient parameters for the trained
function provided by ANN and the probability distribution of BN
to ﬁt the data.
In our model, we have two sets of parameters:
(1) a set of weights in ANN and
(2) a set of binomial distribution function parameters in BN, one
per each dependent node of a directed acyclic graph.
In the ﬁrst phase, ANN deﬁnes a function of the input variables
(dataset) and tries to ﬁnd the best weights (coeﬃcients) for the
variables. Once this function has “learnt” enough, it is ready to approximate the target values and, hence, to predict the trend of liquidity risk.
In the second phase, the learning process happens via the Bayes
rule. Each node is identiﬁed with an input variable and assumed to
have a prior distribution (the structure of the network has already
been learnt). The prior distributions of the nodes are characterized
by the same type of parameters. A detailed description of the parameters deﬁning the distributions of the nodes/input variables is
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given in Section 4.4.2. These prior distributions are used to deﬁne
a global prior distribution that improves after receiving enough
evidence (training data) and gradually learns the real distribution
of the dataset. The result is a posterior probability (a conditional
probability function) able to calculate the probability of occurrence
of liquidity risk given the indicators.

data are available. Moreover, in a BN, prior knowledge can be combined with available data leading to more precise results and, consequently, more precise inferences. This approach in conjunction
with Bayesian statistical methods avoids overﬁtting of data [48].
Thus, the knowledge base of BNs facilitates inferences and conclusions regarding the relationships among the elements of a system and it is perfect to achieve our second main objective.

4.3. Phase 1: measuring and predicting liquidity risk
Based on the nature of our problem, we need a powerful computational tool in order to approximate and predict the value of
the liquidity risk function via the available data. The internal architecture of ANNs with massive parallelism and computationally
intensive learning through examples makes them suitable for this
task.
4.3.1. Proposed Artiﬁcial Neural Network approach
The NN that we proposed to use is a multilayer perceptron
(MLP) endowed with a Feed Forward (FF) architecture. This architecture has become very popular due to its association with a powerful and robust learning algorithm known as the Back Propagation
Learning (BPL) algorithm.
One of the most important elements in the design of an ANN
is the identiﬁcation of the correct learning algorithm to use during
the training process to update the weights.
For our problem, we can use a supervised learning or active
learning mechanism applying an appropriate learning rule such as
the Gradient Descent rule to adjust the connection values. Among
the many well-known algorithms in mathematics and computing,
the Levenberg–Marquardt algorithm (LMA) is usually used to solve
optimization problems arising from generic curve ﬁtting problems.
It interpolates between the Gauss–Newton algorithm (GNA) and
the Gradient Descent method. LMA is more robust than GNA but,
as many ﬁtting algorithms, it only ﬁnds the local minimum which
is not necessarily the global minimum. To compensate for this defect, the Genetic Algorithm (GA) can be used to search the space
of possible solutions. At ﬁrst GA generates a random vector as
the weight vector (chromosome) to which crossover and mutation
are then applied. The output vector is calculated using inputs and
weights and the differences between the output and target values
are introduced as cost. By selecting the lowest cost chromosome,
the searching process continues until when the weights evolve into
the proper ﬁnal solution.
Finally, in order to predict the liquidity risk by a MLP network,
the learnt liquidity risk function is conﬁgured with an autoregressive pattern. The reason for this pattern refers to the nature of
the kind of risk under analysis. The liquidity condition of one day
strictly depends on the liquidity level of the previous days. Usually banks consider a time horizon of 30 days for their liquidity
strategies and, when facing shortage of liquidity, they immediately
invoke other funding resources.
4.4. Phase 2: analyzing importance and occurrence of the risk
indicators
In order to identify the most important risk indicators among
those selected as variables of our model and analyze how they inﬂuence each other and the liquidity risk measure, we use a BN.
BNs are used for graphical representation of probabilistic relationships among variables. The fact of being characterized by the
combination of statistical techniques with graphical models makes
BNs a very useful tool in data modeling, especially when facing
missing data. In fact, through causal inference, BNs are capable of
detecting likely relationships among the variables and predicting
how these relationships can change by estimating the probability
distribution functions even when only incomplete or ambiguous

4.4.1. General speciﬁcations of a Bayesian Network
The structure of a BN is that of a Directed Acyclic Graph (DAG),
that is, a pair G = (V, E ), where V is a set of nodes and E is a set of
arcs (or edges) connecting the nodes. Each node relates to a random variable with which it can be identiﬁed.
Let X denote the set of random variables represented by V .
A directed edge between two nodes indicates dependency of the
variable represented by the end point from the one represented by
the start point. The lack of an edge between two nodes means that
the corresponding variables are either marginally or conditionally
independent. Independency between/among random variables in X
causes factorization of the joint probability distribution. The probability distribution of X is called global probability distribution function (global pdf ) while those of the single variables in X are called
local probability distribution functions (local pdf s). The local pdf of
x ∈ X depends only on a single node/variable and its parents pa(x )
which is what makes local calculations possible. The global pdf of
X can be calculated by the equation below [26,57]:

Pr(X ) =



Pr(x| pa(x )).

(2)

x∈X

Therefore, a BN for a set of random variables X is a pair (G, P ),
where G is a DAG and P is the set of local pdf s associated to the
variables in X, that is, P = { pr (x| pa(x )) : x ∈ X }.
The task of training (or ﬁtting) a BN is called “learning” and
comprises three phases: structure learning, parameter learning,
and inference. These three phases are explained shortly below.
• Stage 1: Structure learning
In this stage, the space of DAGs, that is, the space of all the
DAGs that can be designed to accommodate the given variables in
X, must be reduced so as to contain only conﬁgurations whose
edges are actually possible, that is, conﬁgurations reﬂecting the
conditional independencies present in the available data. Hence,
the optimal DAG must be identiﬁed.
Reducing the space of candidate DAGs
The problem of learning the structure of Bayesian Networks
is very hard to solve: its computational complexity is superexponential in the number of nodes, n, in the worst case and polynomial in most real-world scenarios.
In fact, the simplest solution to the reduction problem would
be the exploration and evaluation of all possible DAGs. However,
the number of different structures for a Bayesian Network with
n nodes, denoted by r (n ), is given by the following recursive formula:

r (n ) =

n

i=1

 

(−1 )

i+1

n i(n−i )
2
r ( n − i ).
i

(3)

whose order of growth is super-exponential in the number of
nodes n. For example, r (2 ) = 3, r (3 ) = 25, r (5 ) = 29, 281, r (10 ) ∼
4.2 × 1018 . Thus, it is impossible to do an exhaustive search in a
reasonable time as the number of nodes exceeds 7 or 8.
Eq. (3) is a well-known equation used for structure learning in
BNs. The formulation of Eq. (3) is not unique: it changes depending
on whether or not the graph is directed. We follow the formulation
proposed by Bøttcher [25].
Note that there are some graphs called “mixed Bayesian Networks” that contain continuous nodes in addition to discrete
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nodes. In these graphs, discrete nodes are not allowed to have continuous parents, which implies that the number of possible mixed
directed acyclic graphs must be calculated in a different manner,
even though its order remains exponential.
As for the computational complexity of r (n ), the fact that the
order of an exhaustive search that ﬁnds all possible graphs over
a given set of nodes is super-exponential in the number of nodes
has been proved by several authors. The ﬁrst mathematical proofs
of the super-exponentiality of the order of r (n ) were provided by
Robinson [87] and Bender and Robinson [18].
Given the super-exponentiality of the order of r (n ), heuristics
can be employed in place of Eq. (3) to accomplish the reduction
task and ﬁnd the best candidate for the network structure within
a reasonable time interval. Thus, arc-insertion and arc-deletion become the common operators to explore the space of DAGs.
In general, the reduction of the space of DAGs is performed
using conditional independence tests including score-based algorithms, constraint-based algorithms, and hybrid algorithms [83,90].
Identifying the optimal DAG
Given the prior global pdf of the set of nodes (random variables) X and considering the network conﬁgurations of the reduced
space of DAGs, the optimal DAG is the one presenting the maximum posterior probability. Based on the problem at hand, the
global pdf of the set of nodes X depends on a set of parameters,
, that must be learned as well. Thus, the posterior probability,
PrG (|Data ), provided by a DAG G whose set of nodes is X also
depends on the same parameters, as indicated by the Bayes formula (see among others, Bishop [19]):

Pr(|Data ) =
G

PrG (Data|)PrG ()
.
Pr (Data )

(4)

The subindex G indicates the ﬁxed node conﬁguration under
analysis, PrG (|Data ) is the posterior probability, PrG (Data|) is
the likelihood, PrG () is the prior probability, and Pr(Data ) represents the probability of the available data (also referred to as evidence or observations).
The optimal DAG is identiﬁed by means of a series of score
functions such as likelihood score, minimum description length,
Akaike Information Criterion (AIC), Bayes Information Criterion
(BIC), and so on [37,92,91].
• Stage 2: Parameter learning
After determining the appropriate relationships among the
nodes (variables), the process of parameter learning starts. Before
using the dataset, a prior distribution is assumed over the parameters of the local pdf s of the nodes (refer to the set P after Eq. (2)).
• Stage 3: Inference
Once a convenient network and an estimation of the parameters have been achieved, it is possible to calculate the probability
of any quantity Q depending on the variables composing X. To do
so, one averages over all possible values of the (unknown) parameters weighted by the posterior probability of each value [22,49].
4.4.2. Proposed Bayesian Network approach
Clearly, the random variables for which we need to train a BN
are those described in Section 3, that is, X = {x1 , ..., x10 }, and the
number of nodes is n = 10.
Stage 1: Structure learning
To reduce the space of DAGs we use constraint-based, scorebased, and hybrid algorithms. These algorithms are listed below.
•

Constraint-based structure learning algorithms (package “bnlearn” in R).
These algorithms use conditional independence tests to determine the Markov blankets of the variables, which are then used
to compute the structure of the BN [90]:

- Grow-Shrink (gs).
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- Incremental Association Markov Blanket (iamb).
- Fast Incremental Association (fast.iamb).
- Interleaved Incremental Association (inter.iamb).
• Score-based structure learning algorithms.
These are heuristic optimization algorithms ranking network
structures with respect to a goodness-of-ﬁt score.
- Hill Climbing (hc).
- Tabu Search (tabu).
• Hybrid structure learning algorithms.
These algorithms combine aspects of both constraint-based
and score-based algorithms implementing conditional independence tests and network scores at the same time.
- Max-Min Hill Climbing (mmhc).
- General 2-Phase Restricted Maximization (rsmax2).
Further details about these algorithms will be given in the case
study section.
Stage 2: Parameter learning
Let G be the optimal DAG obtained in the structure learning
stage. We use multinomial distributions as local pdf s. Thus, the
conjugate prior of multinomial distributions belongs to the Dirichlet family. For every i = 1, . . . , 10, let:
•
•

•

•

qi be the number of conﬁgurations of the set of parents of xi ;
ri be the number of values taken by xi after a suitable discretization;
pa(xi ) j be the j-th conﬁguration ( j = 1, ..., qi ) of the set of parents of xi ;
pi jk be the parameter of the local pdf of xi when considering
the j-th conﬁguration pa(xi ) j ( j = 1, . . . , qi ) of the set of parents of xi , that is, the probability of the k-th bin (k = 1, . . . , ri )
of the local pdf of xi given the j-th parent conﬁguration pa(xi ) j .

r qi
Note that, ∀i = 1, ..., 10, ki=1 j=1
pi jk = 1 and each pi jk varies
between 0 and 1.
The Dirichlet distribution over the set of parameters
{ pi j1 , pi j2 , . . . , pi jri } of the local distribution of xi with the jth parent conﬁguration pa(xi ) j is given by the following:



Pr( pi j1 , pi j2 , . . . , pi jri G ) = Dir (αi j1 , αi j2 , . . . , αi jri )
= (αi j )

ri

pi jk αi jk −1
k=1

(αi jk )

,

(5)

where, for all i = 1, . . . , 10, j = 1, . . . , qi , k = 1, . . . , ri , αi jk > 0 is the
r
hyper-parameter associated to pi jk and αi j = ki=1 αi jk .
Since local and global parameters are considered independent
[34,47,96], the global pdf of the set of all the parameters  =
{ pi jk : i = 1, . . . , 10, j = 1, . . . , qi , k = 1, . . . , ri }, given the network
G, is as follows:

Pr( |G ) =

qi
n 


 αi j

i=1 j=1

ri

pi jk αi jk −1
k=1

 αi jk

.

(6)

Consider now the available dataset, denoted by Data. The posterior probability distribution functions belong to the Dirichlet
family, since their conjugate priors are multinomial distributions.
Thus:



Pr( pi j1 , pi j2 , . . . , pi jri G, Data )
= Dir (αi j1 + Ni j1 , αi j2 + Ni j2 , . . . , αi jri + Ni jri )

(7)

and

Pr(  |G, Data ) =

qi
n 

i=1 j=1

(αi j + Ni j )

ri

k=1

pk Ni jk +αi jk −1
,
(Ni jk + αi jk )

(8)
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Fig. 1. Network architecture.

Table 1
Comparing several possible network architectures.
Network
structure

MSE (test
data)

Standard deviation
of residuals

Correlation
(target-output)

epochs

9–1–1
9–3–1
9–5–1
9–7–1
9–8–1
9–1–1–1
9–2–1–1
9–2–2–1
9–2–3–1
9–3–2–1
9–4–2–1
9–4–3–1

5.5 e−3
7.7 e−4
3.4 e−6
4.1 e−9
3.6 e−8
2.5 e−8
9.7 e−8
8.2 e−8
1.1 e−7
7.2 e−7
5.6 e−8
2.7 e−11

4.3 e−3
7.7 e−4
1.0 e−5
5.6 e−6
3.7 e−5
3.3 e−5
1.0 e−5
3.1 e−5
2.4 e−6
7.1 e−6
5.1 e−6
7.1 e−6

0.97
0.98
0.98
1
1
0.99
0.99
1
1
1
1
1

121
37
143
356
875
837
10 0 0
10 0 0
10 0 0
10 0 0
10 0 0
10 0 0

mented. After rearranging the outputs as an autoregressive time
series, the ability of designed network to predict liquidity risk is
examined.
All the codes and analyses of the section were written in MATLAB. For a better understanding of the practical implementation of
the model and its effectiveness, the codes for training the network
by LMA and by GA have been provided in the Appendix.
The input variables x1 , . . . , x9 and output variable x10 have
been introduced in Section 3 together with the liquidity risk function, see Eq. (1). In particular, the output x10 , i.e., Current Ratio,
had to account for a total of 353 data (see the Appendix).
In this phase, the goal was to approximate the liquidity risk
function, therefore we needed continuous data. Note that normalization is the only necessary preprocessing of data. Also, data were
divided into three groups: training (70%), validation (15%) and test
(15%) data.

where, Ni jk is the number of samples in the k-th bin of the local
pdf of xi with the j-th parent conﬁguration pa(xi ) j .
Stage 3: Inference
Finally, the probability of any quantity Q (x1 , x2 , . . . , x10 ) depending on G and using the dataset Datacan be calculated by averaging over all possible values of the parameters weighted by the
posterior probability of each value. That is:

Pr( Q (x1 , x2 , . . . , x10 )|G, Data )
=

Q (x1 , x2 , . . . , x10 ) Pr(  |G, Data ) d .

(9)

For more convenience, the maximum likelihood (ML) of parameters is preferable rather than the entire distribution. The ML for
pi jk is:

pˆ i jk =

Ni jk + αi jk
.
Ni j + αi j

(10)

5. Case study: implementation of the proposed method
In this section, we show the results obtained by applying the
proposed liquidity risk measurement method to a set of real data
provided by a large U.S. bank focusing mainly on loans.
The collected dataset refers to a period of almost eight consecutive years, from 2005 to 2011 plus a couple of months of 2004, and
were extracted from monthly reports. All ratios (i.e., our input and
output variables) were already normalized but had to be increased
in number via a standard averaging technique. The implemented
dataset consists of 353 rows of data with each row displaying the
values taken by the 10 variables in a month. More details about
the dataset are given in the Appendix, where some sample rows of
data are also provided.
5.1. Phase 1: implementation by ANN
We start by describing the structure of the ANN, learning algorithms and network assessment procedures that were imple-

5.1.1. Network architecture
The architecture chosen for the network is a three layer MLP
with one hidden layer (corresponding to node 7) and one output
layer (corresponding to node 1). The input layer contains 9 nodes
corresponding to the 9 inputs. The optimal structure was selected
by trial and error. The network architecture is shown is Fig. 1.
The assessment (training, validation and testing) of the network
was performed using the well-known mean squared error (MSE)
method:

1 



λ=1

(tλ − rλ )2 ,

(11)

where: tλ is the λth component of the vector of observed real values (target vector), rλ is the λth component of the vector of predicted values (output vector), and  is the length of both the output and the target vectors.
In addition, the correlation between target values and outputs
(R), the mean (μ), the variance of residuals (σ 2 ), the second root of
mean squared error, and the learning process error (performance)
were all used to assess the network.
Note that the network works properly with almost all the structures. Since in the majority of the cases one hidden layer is enough
to perform properly, we have considered several structures containing one hidden layer and two hidden layers. Table 1 reports
the assessment results obtained by training the network by LMA.
As shown in Table 1, among the analyzed structures, the 9–7–1
structure is the simplest four layer structure and performs better
(in terms of time and quality) than the other three layer structures.
Note also that due to the randomness at the basis of neural networks, the quality of the approximation is highly dependent on
the samples selected for training. Thus, the numbers reported in
Table 1 may change slightly within frequent running. At the same
time, as the network structure becomes more complicated, it takes
more time to be trained and the quality of results slowly decreases.
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Fig. 2. Assessment of learning process on train data implemented by LMA.

5.1.2. Training of ANN
The training process was conducted by LMA, which is the default training algorithm in MATLAB toolbox, and by GA. As mentioned earlier (Section 2.1), LMA is an optimization algorithm very
popular for its applications in curve-ﬁtting problems, but, like
many other optimization algorithms, it is affected by a main weakness: it is able to ﬁnd the local minimum which is not necessarily
the global minimum. Moreover, the quality of the answers is satisfactory provided that the initial weights (hence, the initial network) is a relatively good guess and that the signal to noise ratio
(SNR) is larger than ﬁve.
This is why we used in parallel a meta-heuristic search algorithm, that is, GA. Since GA has a random behavior and does not
depend on the initial point, it was applied to make sure that LMA
was working correctly. Moreover, apart from avoiding some drawbacks of LM (i.e., the risk of being trapped in a local minimum),
the implementation with GA emphasizes that the dataset is convenient enough to be modeled with any other algorithm.
However, as it will be shown below, LMA performed considerably better than GA and was able to recognize the pattern of data
much more accurately. As a consequence, in the end, the liquidity
risk was modeled by LMA.
5.1.3. Performance of LMA and GA in training ANN
The charts in Figs. 2–4 show the performance of LMA on the
three separate groups of data including train, validation and test
data.
The results obtained by assessing the network by GA are shown
in Figs. 5 and 6:
Figs. 2–6 indicate the quality of learning by the algorithms GA
and LMA. Each ﬁgure consists of four subﬁgures. The ﬁrst subﬁgure, in the upper left quadrant, displays outputs and targets to

compare how much the learned pattern (outputs) is similar to the
real data (targets). The vertical axis shows the values 0 to 1 because all data were normalized. The horizontal axis refers to the
number of samples for each group: to perform cross-validation,
we divided the dataset into three different groups of train data,
validation data and test data. The second subﬁgure, in the upper
right quadrant, depicts the correlation between outputs and targets. The third subﬁgure, in the lower left quadrant, provides a
graphical representation of the mean-squared error between outputs and targets. Finally, the fourth subﬁgure, in the lower right
quadrant, checks if the residuals have a normal distribution. In fact,
σ and MSE are the main measures indicating the quality of pattern
recognition.
It is worth noting that the scales of the subﬁgures composing
Figs. 2–6 are all based on the accuracy of the network during training. In particular, training by GA leads to a weaker performance
and larger standard deviation. This is the reason why there is a
difference in scale between the ﬁgures (i.e., the small ﬁgures down
on the right) that account for training by LMA (Figs. 2–4) and those
reporting the results of training by GA.
Figs. 7–9 complement the analysis of the performance of LMA
and GA by showing the trends of the learning errors. Fig. 7 provides a graphical representation of the descending trend of the
learning error when training the network by GA. Fig. 8 compares
the trends of the learning errors relative to the train data, validation data and test data when training the network by LMA. Fig. 9
shows a comparison between the target values (i.e., the values of
the liquidity risk function based on real data) and the liquidity risk
values learned by LMA.
Regarding the execution time of the algorithms, LMA allows for
a reliable implementation in a relatively short time. The rapidity of
LMA is one well-known advantage of this algorithm. On the other
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Fig. 3. Assessment of learning process on validation data implemented by LMA.

Table 2
Comparing LMA with GA.
Comparison metric

GA

LMA

Run time
Training data MSE
Validation data MSE
Test data MSE

175 s
9.1 e−3
1.3 e−2
8.0 e−3

6s
1.3 e−10
3.3 e−10
1.7 e−10

hand, the convergence time of GA typically ranges from several
minutes to several hours in real-conditions.
The running times for both GA and LMA are reported in
Table 2.
The algorithms were implemented using MATLAB. The compiled algorithm was executed on an Intel® CoreTM i3-2350 M CPU@
2.30 GHz 2.30 GHz with 8 GB RAM.

5.1.4. Predicting liquidity risk
In order to predict liquidity risk, the output of the trained network was rearranged to an autoregressive time series [99] so that
today’s liquidity risk depends on liquidity risk of one day before,
one week before, two weeks before, three weeks before and one
month before.
The autoregressive pattern was inferred based on the nature of
this kind of risk in banks that seems to be strictly related to the
liquidity risk of the previous days and to the funding strategies.
The selection of lags was done by trial and error.
Fig. 10 shows the ability of the trained network to predict the
liquidity risk of the bank under analysis in the case study. To evaluate the ability of the model of predicting risk and its precision,
the approximated liquidity risk function was compared with the
real data relative to the same time period. The error rate of the
prediction was about 0.0 0 0 0157 for test data and about 0.0 0 0 0423
for validation data (see Fig. 10).

In conclusion, implementing the proposed ANN and using the
given deﬁnition of liquidity risk (Eq. (1)), we were able to predict
risk with a tolerance of 0.02.
5.2. Phase 2: implementation by BN
In this phase, we identiﬁed the most inﬂuential indicators causing liquidity risk.
As a preliminary result, we can consider the one produces by
the ANN implementation of Phase 1. The values in Table 3 were
obtained using the test data and provide the two most relevant
variables, that is, the pair of variables with the highest correlation
to risk function.
Based on the results reﬂected in Table 2, the most inﬂuential
risk indicators should be x1 (Liquidity Ratio) and x5 (Loan/ Deposit
Ratio). However, to ﬁnd the two most important factors among the
nine input variables considered, we would need to run the network
9
( ) times, which is not eﬃcient computationally. This shortcoming
2
is resolved by implementing a BN analysis.
In order to implement a BN, we need to make the data discrete.
So, each continuous variable/risk indicator xi (i = 1, ..., 10) is redeﬁned as a binary variable as follows:



Index i =

1
0

if xi ∈ Ii ,
otherwise.

(12)

where Ii denotes the normal interval of the variable xi .
Eq. (12) interprets the fact that each risk indicator indicates
a critical situation as soon as its value oversteps the corresponding allowed threshold. Table 4 shows the normal interval/value for
each index. These numbers were adopted based on the normal values for the risk indicators suggested by the banking industry.
The following section report the BN modeling that we performed for the case study. All codes and analyses (parameter estimation, parametric inference, bootstrap, cross validation and so
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Fig. 4. Assessment of learning process on test data implemented by LMA.

Fig. 5. Assessment of learning process of validation data implemented by GA.

2535

2536

M. Tavana et al. / Neurocomputing 275 (2018) 2525–2554

Fig. 6. Assessment of learning process of test data implemented by GA.

Fig. 7. Descending trend of learning error by GA.

on) were written in R using the packages “bnlearn”, “Rgraphviz”,
and “gRain”.
The computational complexity of the algorithms used in BNs
is polynomial in the number of tests, usually O(N 2 ) (superexponential in the worst case scenario), where N is the number
of variables. Regarding the execution time, it scales linearly with
the size of the dataset.

5.2.1. Structure learning
To reduce the space of possible DAGs we used the eight algorithms described in Stage 1 of Section 4.4.2. Table 5 shows the features of different implementations by these eight algorithms.

Fig. 8. Descending trends of learning errors by LMA.

The acronyms of the algorithms appear in the ﬁrst column
while the second column shows the total number of conditional
tests used by the corresponding algorithm in the structure learning process. The third column titled “strength of arcs” shows the
strength of the probabilistic relationships expressed by the arcs
of a BN. When the criterion is a conditional independence test
(constraint-based algorithms), the strength of an arc is a p-value.
So the lower the value, the stronger the relationship. When the
criterion is the label of a score function (score-based and hybrid algorithms), the strength of an arc is measured by a score (gain/loss)
on the basis of which the arc is kept or removed.
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Table 3
Correlation of the risk indicators of the case study via the ANN implementation.
Input variables

R

RMSE

μ

σ

Train performance

Validation performance

Test performance

epoch

x1, x2
x1, x3
x1, x4
x1, x5
x1, x6
x1, x7
x1, x8
x1, x9
x2, x3
x2, x4
x2, x5
x2, x6
x2, x7
x2, x8
x2, x9
x3, x4
x3, x5
x3, x6
x3, x7
x3, x8
x3, x9
x4, x5
x4, x6
x4, x7
x4, x8
x4, x9
x5, x6
x5, x7
x5, x8
x5, x9
x6, x7
x6, x8
x6, x9
x7, x8
x7, x8
x8, x9

0.99958
0.98529
0.99809
0.99992
0.99005
0.9796
0.99751
0.99953
0.80426
0.85363
0.9797
0.8551
0.91823
0.89642
0.9824
0.03513
0.9834
0.93528
0.98769
0.9967
0.99371
0.99074
0.7821
0.97578
0.99943
0.98908
0.98907
0.98985
0.99929
0.99229
0.98314
0.99374
0.98297
0.97811
0.96007
0.99683

0.0081
0.0481
0.0191
0.0142
0.0376
0.0552
0.0218
0.0096
0.1881
0.15715
0.0543
0.1559
0.1213
0.1232
0.0499
0.1564
0.0476
0.1051
0.05103
0.0240
0.0307
0.0378
0.1796
0.0620
0.0104
0.0463
0.0454
0.04331
0.0109
0.038123
0.0508
0.0321
0.0541
0.0535
0.0802
0.0232

0.0015
−0.0015
0.0 0 06
−0.0 0 0 07
0.0017
0.0058
2.79e−05
0.0 0 08
−0.0337
−0.0146
−0.0036
−0.0552
0.0073
−0.0189
0.0084
−0.0057
0.0044
0.0146
−0.0020
0.0057
−0.0068
0.001
−0.0287
−0.0035
0.0 0 03
−0.0072
−0.0037
−0.0011
0.0010
−0.0 0 03
0.0054
0.0017
0.0014
0.003
0.01251
−0.0 0 01

0.008
0.048
0.0193
0.0144
0.0379
0.0555
0.022
0.0096
0.1868
0.1579
0.0547
0.1472
0.1222
0.1229
0.0496
0.1578
0.0478
0.1050
0.0514
0.0235
0.0302
0.0381
0.1790
0.0625
0.0105
0.0462
0.0457
0.0437
0.0110
0.0384
0.0510
0.0324
0.0527
0.0539
0.0800
0.0234

2.7801e−05
0.0026
4.9209e−04
3.7789e−04
6.9299e−04
0.0024
5.8435e−04
9.2179e−05
0.0298
0.0096
0.0029
0.0206
0.0088
0.0129
0.0016
0.0146
0.0023
0.0088
0.0025
4.1287e−04
0.0021
0.0021
0.0224
0.0038
8.5791e−05
0.0029
0.0021
0.0035
1.4228e−04
9.6976e−04
0.0020
6.7127e−04
0.0045
0.0019
0.0017
3.6128e−04

6.5895e−05
0.0019
3.9142e−04
5.2467e−4
7.4849e−04
0.0024
8.6287e−04
1.2217e−04
0.0244
0.0052
0.0037
0.0154
0.0109
0.0139
0.0015
0.0235
0.0018
0.0098
0.0034
4.1287e−04
0.0024
9.7509e−04
0.0196
0.0027
2.012e−04
0.0045
0.0019
0.0036
1.1226e−04
9.4476e−04
0.0018
2.3481e−04
0.0037
0.0026
0.0026
3.3381e−04

2.0727e−05
0.0023
3.6639e−04
5.86e−04
0.0014
0.0031
4.7688e−04
9.2884e−05
0.0354
0.0247
0.0030
0.0243
0.0147
0.0152
0.0025
0.0245
0.0023
0.0111
0.0026
5.7739e−04
9.4453e−04
0.0014
0.0323
0.0038
1.0985e−04
0.0021
0.0021
0.0019
1.2004e−04
0.0015
0.0026
0.0010
0.0029
0.0029
0.0064
5.4032e−04

52
38
62
107
86
116
564
49
28
73
167
29
40
39
172
54
87
70
104
123
101
21
45
66
155
72
19
63
50
220
124
94
118
73
135
434

Table 4
Normal values/intervals for the risk indicators of the case study.
Index1

Index2

Index3

Index4

Index5

Index6

Index7

Index8

Index9

Index10

3−5%

1

More than 1 in inﬂationary conditions

1

70−80%

10%

10%

18%

8%

1

Fig. 9. Comparison between target values and liquidity risk function learned by
LMA.

The network scores in the fourth column are goodness-of-ﬁt
statistics measuring how well the DAG mirrors the dependence
structure of the data and unlike conditional independence tests focus on the DAG as a whole. Here, AIC (Akaike Information Criterion) was used as the scoring criterion. The higher the score, the
better the structure.
The cross validation values in the ﬁfth column represent the
log-likelihood loss, also known as negative entropy. It is the
negated expected log-likelihood of the test set for the BN ﬁtted
from the training test.
Finally, the last column, “Boot.strenght”, shows the “strength”
and the “direction” of the arcs therein indicated (those with more
than 50% authenticity). For the sake of completeness, remember
that nonparametric bootstrap is used to assess strength and direction of the arcs, where the strength of an arc represents the probability of observing the arc when the bootstrap replicates regardless of its direction (i.e., its start and end points), and the direction
measures the conﬁdence in the direction of the arc, that is, the
probability of obtaining the direction that the arc is oriented with
when the bootstrap replicates conditional to the fact that the arc
exists.
On the basis of the above comparisons, the DAG produced by
the “Tabu” algorithm was chosen. This graph is represented in
Fig. 11.
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Table 5
The structure learning algorithms used in the case study for the BN approach.
Structure learning algorithms

Number of tests

Strength of arcs

gs

180

x1 to x2 8.500840e−11
x1 to x4 2.796285e−34
x3 to x1 4.481730e−02
x3 to x5 3.840679e−04
x5 to x2 1.203200e−05
x5 to x4 3.567837e−08
x6 to x4 3.216251e−07
x9 to x8 1.545431e−15
x10 to x1 3.545118e−02
x10 to x2 3.343556e−13

iamb

fast.iamb

inter.iamb

hc

230

181

236

162

x4 to x4 5.405356e−11
x2 to x10 6.225173e−13
x3 to x5 3.840679e−04
x4 to x1 1.298065e−46
x4 to x9 3.287519e−06
x5 to x4 5.243456e−08
x7 to x6 1.466314e−06
x8 to x7 3.079938e−13
x9 to x8 1.545431e−15
x10 to x1 2.881926e−11
x1 to x3 8.377670e−03
x2 to x4 5.405356e−11
x2 to x10 6.225173e−13
x4 to x1 1.298065e−46
x5 to x3 2.707942e−04
x5 to x4 5.243456e−08
x7 to x9 9.824817e−01
x8 to x9 2.030499e−05
x10 to x1 2.881926e−11
x10 to x3 2.711597e−03
x2 to x4 5.405356e−11
x2 to x10 6.225173e−13
x3 to x5 3.840679e−04
x4 to x1 1.298065e−46
x4 to x9 3.287519e−06
x5 to x4 5.243456e−08
x7 to x6 1.466314e−06
x8 to x7 3.079938e−13
x9 to x8 1.545431e−15
x10 to x1 2.881926e−11
x10 to x3 1.291410e−03
x1
x4
x8
x7
x2
x4
x9
x6
x8
x1
x4
x5
x9

to
to
to
to
to
to
to
to
to
to
to
to
to

x4 −91.365802
x2 −29.307835
x9 −28.854619
x8 −23.646469
x10 −19.298749
x5 −24.156349
x4 −18.264567
x7 −8.664017
x5 −5.098120
x10 −19.300574
x10 −9.738446
x3 −3.372261
x1 −2.329284

tabu

342

x1
x4
x8
x7
x2
x4
x9
x6
x8
x1
x4
x5
x9

to
to
to
to
to
to
to
to
to
to
to
to
to

x4 −91.365802
x2 −29.307835
x9 −28.854619
x8 −23.646469
x10 −19.298749
x5 −24.156349
x4 −18.264567
x7 −8.664017
x5 −5.098120
x10 −19.300574
x10 −9.738446
x3 −3.372261
x1 −2.329284

mmhc

200

x1
x8
x2
x4
x1
x5
x6

to
to
to
to
to
to
to

x4 −84.513668
x9 −28.854619
x10 −27.136282
x5 −22.430489
x2 −13.625433
x2 −8.944814
x4 −5.555694

Scores

−1178.755

−1110.694

−1161.68

Cross validation

Boot.strength

3.271185

x2 to x5 0.540 0.5578125
x2 to x10 1.0 0 0 0.94750 0 0
x4 to x1 0.500 0.5225000
x5 to x4 0.185 0.8659898
x10 to x1 0.515 0.5582524

3.104175

3.186626

x3 to x5 0.565 0.6548673
x4 to x1 0.500 0.7600000
x4 to x2 1.0 0 0 0.8255474
x4 to x5 0.980 0.6454082
x7 to x6 0.525 0.5476190
x9 to x8 0.535 0.5427807
x10 to x1 0.515 0.9024390
x10 to x2 0.500 0.5225000

x2 to x10 1.0 0 0 0.910 0 0 0 0
x3 to x5 0.535 0.6401869
x4 to x1 0.510 0.70250 0 0
x4 to x5 0.990 0.8616162
x8 to x9 1.0 0 0 0.6929825
x10 to x1 0.590 0.7584746

3.131317

x2 to x5 0.505 0.6188119
x2 to x10 1.0 0 0 0.820 0 0 0 0
x4 to x1 0.512 0.5850 0 0 0
x4 to x5 0.990 0.6237374
x5 to x3 1.0 0 0 0.7141509
x8 to x9 0.815 0.6625767
x10 to x1 0.505 0.7079208

−1086.245

2.933348

x1 to x4 1.0 0 0 0.88250 0 0
x1 to x10 0.975 0.9222222
x2 to x10 1.0 0 0 0.68250 0 0
x4 to x2 0.925 0.9135135
x4 to x5 0.975 0.9743590
x5 to x3 0.810 0.8950617
x7 to x6 0.5140.5888889
x8 to x7 0.6170.580 0 0 0 0
x9 to x4 0.925 0.9324324
x9 to x8 0.975 0.5769231
x10 to x4 0.840 0.5833333

−1086.245

2.881097

−1108.448

−1155.408

3.175855

x1 to x4 1.0 0 0 0.7950 0 0 0
x1 to x10 0.790 0.8132911
x2 to x10 1.0 0 0 0.76250 0 0
x4 to x2 0.920 0.8929348
x4 to x5 0.975 0.9153846
x5 to x3 0.840 0.7946429
x7to x6 0.880 0.7272727
x8 to x5 0.585 0.7521368
x8 to x7 0.990 0.8262626
x9 to x4 0.935 0.6016043
x9 to x8 0.935 0.7497326
x10 to x4 0.835 0.6209581

x1
x2
x4
x4
x5
x9

to
to
to
to
to
to

x4 1.0 0 0 0.730 0 0 0 0
x10 1.0 0 0 0.7050 0 0 0
x2 0.875 0.7259259
x5 0.985 0.8197970
x3 0.820 0.5396341
x4 0.935 0.8622047

(continued on next page)
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Table 5 (continued)
Structure learning algorithms

rsmax2

Number of tests

Strength of arcs
x1
x5
x1
x4
x8
x2
x4
x9
x6
x5

142

to
to
to
to
to
to
to
to
to
to

Scores

x10 −3.782643
x3 −3.372261
x4 −91.365802
x2 −29.307835
x9 −28.854619
x10 −22.955488
x5 −22.430489
x4 −18.264567
x7 −8.664017
x3 −3.372261

Cross validation

Boot.strength
x9 to x8 0.4310.502777

−1130.84

3.290227

x1
x1
x2
x4
x5
x5

to
to
to
to
to
to

x4 1.0 0 0 0.80750 0 0
x10 1.0 0 0 0.9807692
x10 1.0 0 0 0.94250 0 0
x5 1.0 0 0 0.8550 0 0 0
x2 0.535 0.9439252
x3 0.805 0.6386139

that is, “A is conditionally dependent from C given B” (i.e., Pr(C |A ∧
B ) = Pr(C |B )).
Here, the independence criterion is Mutual Information (mi)
with α = 0.05 (ﬁrst type error). Therefore, the null hypothesis is
rejected if p−value < α . If the null hypothesis (conditional independence) is rejected, the arc can be considered for inclusion in
the DAG.
Table 6 shows the results obtained by running the Conditional
Independence Test on all the arcs of the graph in Fig. 11 in order
to investigate the authenticity of the arcs. The test conﬁrmed the
dependences among the arcs obtained by Tabu.

Fig. 10. Precision of prediction in ANN.

X6

X7

X5

X3

X8

X4

X2

5.2.2. Parameter learning
The parameter learning process is performed by a function
which ﬁts the parameters of the selected BN given its structure
and the available dataset. As described in Stage 2 of Section 4.4.2,
we used the Maximum Likelihood parameter estimation.
Table 7 represents the conditional probability tables of all the
nodes endowed with multinomial distributions. “True” means that
the corresponding index is in its normal interval.
At the point, the network was built and the parameters ﬁtted.
Hence, the risk function which was built earlier by ANN, was now
built by BN and the results compared.
Before moving on to the inference stage, two assessment criteria were used to score the ﬁtted BN for which a log-likelihood
value can be obtained, according to following formula:

X9

−2 × log −l ikel ihood + k × npar,

X1

where npar represents the number of parameters in the ﬁtted
model, k = 2 for the usual AIC, and k = log(n ), with n number
of observations, for BIC or SBC (Schwarz’s Bayesian criterion). We
obtained:

X10

Fig. 11. Learned Bayesian Network to determine the most inﬂuential risk indicators.

To assess whether the probabilistic dependence of the selected
DAG is supported by the data, we also run another structure test,
the Conditional Independence Test.
Given a causal chain of three nodes, A, B and C, the null hypothesis is:

H0 = A ⊥⊥ C |B
that is, “A is conditionally independent from C given B”(i.e.,
Pr(C |A ∧ B ) = Pr(C |B )). The alternative hypothesis is:

(13)

Akaike Information Criterion = −1030.223
Bayesian Information Criterion = −1086.245
(The higher value is better.)
5.2.3. Inference
After the parameter estimation, we were able to answer the
question of what are the inﬂuential factors for liquidity risk by providing a classiﬁcation of them from the most to the less inﬂuential
one. We followed the procedure below.
Suppose that all of the liquidity risk indicators show normal
values except for Index 1; hence, measure the marginal probability of liquidity risk by these evidences. Repeat the same operation
with a little change in the evidences, that is, assuming that all indicators show normal values apart from Index 2. Repeat for each
indicator until the last one. Table 8 shows the marginal probabilities obtained through this process.
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Table 6
Conditional independence test on the Bayesian Network
learned in the case study (Fig. 7).
Arcs

ci.test

x9 → x1

data: x9–x1
mi = 10.522, df = 1, p-value = 0.001179
data: x1–x4
mi = 167.84, df = 1, p-value < 2.2e−16
data: x4–x2
mi = 64.479, df = 1, p-value = 9.755e−16
data: x8–x9
mi = 63.573, df = 1, p-value = 1.545e−15
data: x7–x8
mi = 53.157, df = 1, p-value = 3.08e−13
data: x2–x10
mi = 51.775, df = 1, p-value = 6.225e−13
data: x4–x5
mi = 50.725, df = 1, p-value = 1.063e−12
data: x9–x4
mi = 21.641, df = 1, p-value = 3.288e−06
data: x6–x7
mi = 23.192, df = 1, p-value = 1.466e−06
data: x8–x5
mi = 12.608, df = 1, p-value = 0.0 0 03841
data: x1–x10
mi = 5.0673, df = 1, p-value = 0.02438
data: x4–x10
mi = 3.4066, df = 1, p-value = 0.06494
data: x5–x3
mi = 12.608, df = 1, p-value = 0.0 0 03841
data: x1–x9 | x4
mi = 37.138, df = 2, p-value = 8.623e−09
data: x4–x8 | x5
mi = 22.133, df = 2, p-value = 1.562e−05
data: x1–x4 | x10
mi = 211.32, df = 2, p-value < 2.2e−16
data: x2–x4 | x10
mi = 61.241, df = 2, p-value = 5.031e−14
data: x2–x4 | x10
mi = 61.241, df = 2, p-value = 5.031e−14

x1 → x4
x4 → x2
x8 → x9
x7→x8
x2→x10
x4→x5
x9→x4
x6→.x7
x8→x5
x1→ x10
x4→x10
x5→x3
x1, x9 | x4
x4, x8 | x5
x1, x2 | x10
x1, x4| x10
x2, x4 | x10

From the values reported in Table 8, it follows that x1 and x5
are the most inﬂuential factors, conﬁrming the results shown by
Table 3.
Note that once the parameter have been estimated, we can
actually answer any question about liquidity risk and its factors
by joint, conditional and marginal probability functions. Package
“gRain” provides some functions in order to have exact inferences.
For example, we could be interested in knowing the probability
that liquidity risk occurs (a) given that all the risk indicators (variables) have been measured or (b) when not all the indicators have
been measured.
Point (a) can be addressed considering the marginal probability
of the liquidity risk function with the evidence including all nine
indicators and it returns almost 69%, which actually reﬂects the
current total liquidity risk of bank used in the case study. Regarding point (b), it is possible to measure liquidity risk even if only
some indicators are measured. Suppose, for instance, that x2 , x3 ,
x4 and x8 are the only indicators that have been measured, and
that x3 and x4 take their normal values while x2 and x8 do not.
Then, the marginal probability of variable x10 (liquidity risk) would
return the values 0.650425 and 0.349575 for liquidity risk not occurring and occurring, respectively. That is, we would face 35% liquidity risk under the given conditions.
5.3. Remarks on testing and validation
Given that the machine learning approaches used in this paper
are based on learning via data, the validation processes are to be
deﬁned within the methods being applied. More precise, when ap-

proximating a function by ANN, measures like bias, variance and
mean-squared error are employed to indicate how correctly the
network is learning. A similar reasoning is true for BN where the
validity of the scores obtained at each stage of the structure and
parameter learning phases is conﬁrmed by several tests, such as
k-fold cross-validation, independence test, and bootstrap.
In other words, the best and, probably, the only way to validate
a machine learning model is to analyze the quality of its learning: all the tools required for such an analysis are already available
within the single techniques employed by the model itself.
To better illustrate this fact, we provide a simulation showing
the quality of parameter learning in the proposed BN. Using the
trained network, we have generated 30 samples from the learned
pdf for each one of the 10 available variables. The pdfs resulting
from the simulation are represented in Fig. 12.
The variables can take only two values, TRUE or FALSE, that correspond to the numbers 0 and 1 along the vertical axis. Fig. 12.a
shows the real data while Fig. 12.b provides a graphic of the sample pdf generated by the trained network. As it can be observed in
Fig. 12, the network was able to estimate the pdf properly. The indents appearing in Fig. 12.b are to be interpreted as mistakes made
by the network while performing the estimation.

6. Conclusion
This study has addressed the problem of deﬁning an eﬃcient
and systematic method to prudently handle and correctly evaluate
bank liquidity risk.
The ambiguity and vagueness that characterize the liquidity risk
concept make diﬃcult the formulation of an unquestionable deﬁnition for it. Identifying the factors that determine and/or inﬂuence liquidity risk and formulating an appropriate functional form
to approximate and predict its value represent an even more involved task. At the same time, the complexity and spread of the
liquidity risk phenomenon make obsolete the classical mathematical modeling approaches.
To deal with these issues, we have proposed a method that uses
two among the most recent machine learning techniques, namely,
Artiﬁcial Neural Networks (ANNs) and Bayesian Networks (BNs).
The variables of the model are liquidity ratios and have been chosen on the basis of the data usually available from a standard bank
balance sheet.
Despite the many capabilities of ANNs and BNs, liquidity risk
measurement problems have been only rarely approached using
these new machine learning techniques, or a combination of them.
Thus, the current study contributes to ﬁll in an interesting gap that
still separates intelligent systems from uncertain bank data modeling problems.
We have focused on the concept of solvency as deﬁnition of the
liquidity risk. As a consequence, we have used endogenous factors
to construct a model whose characteristics allow to speciﬁcally address loan-based liquidity risk prediction issues.
A case study based on real bank data has been presented to
show the eﬃciency, accuracy, rapidity and ﬂexibility of data mining
methods when modeling ambiguous occurrences related to bank
liquidity risk measurement.
The ANN and the BN implementations were capable of distinguishing the most critical risk factors and measuring the risk by
a functional approximation and a distributional estimation, respectively. Both models were assessed through their speciﬁc training
and learning processes and returned very consistent results.
Moreover, the numerical results obtained in the case study
showed the ability of the proposed two-phase ANN-BN approach
of somehow “self-conﬁrming” the results via an independent and
parallel implementation of the same dataset.
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Table 7
Conditional probability tables of all the variables.

Table 8
Effect of each risk indicator on liquidity risk.
The
The
The
The
The
The
The
The
The

effect
effect
effect
effect
effect
effect
effect
effect
effect

of
of
of
of
of
of
of
of
of

ﬁrst indicator on liquidity risk while other indicators show normal situation
second indicator on liquidity risk while other indicators show normal situation
third indicator on liquidity risk while other indicators show normal situation
forth indicator on liquidity risk while other indicators show normal situation
ﬁfth indicator on liquidity risk while other indicators show normal situation
sixth indicator on liquidity risk while other indicators show normal situation
seventh indicator on liquidity risk while other indicators show normal situation
eighth indicator on liquidity risk while other indicators show normal situation
ninth indicator on liquidity risk while other indicators show normal situation

Considering the fact that the variables of the proposed model
are liquidity ratios easily computable using the data available in
balance sheets and that these also are the only data necessary to
implement the model, with no need for complicated preprocessing of data, managers can use the proposed model to infer about

0.7038534
0.4971152
0.4377303
0.3948898
0.6810290
0.4418040
0.4459734
0.0346395
0.4557452

risk factors and liquidity risk occurrences without any relevant difﬁculty or restriction.
It must be noted that the loan-based constraint imposed by the
deﬁnition adopted for liquidity risk represents a limitation of the
model. However, this limitation should be compensated by the fact

2542

M. Tavana et al. / Neurocomputing 275 (2018) 2525–2554

Fig. 12. Parameter learning by BN: the real data pdf vs the learned samples pdf.

that the model allows to assess liquidity risk factors and trends for
a large number of banks, that is, all those whose main funding
strategy consists of loans and deposits. The eﬃcient implementation of data derived from the balance sheet ratios into a novel twophase ANN-BN intelligent schema whose results complement and
relatively conﬁrm one another constitutes the other main reason
for applying the model in spite of the aforementioned limitation.
As for possible extensions, the proposed model allows for further developments in the dynamic setting. Indeed, using dynamic
BNs can provide more realistic models of bank liquidity risk with
a clear consequent improvement in the management decisions.
Finally, it is worth mentioning one related machine learning
technique that could allow for some valid alternative approaches,
namely, Unsupervised Learning. Recently, the use of unsupervised
learning algorithms such as multi-graph clustering has allowed for
the development of several new methods capable of quantitatively
evaluating the meaningfulness of attributes automatically discovered from a set of unlabeled data [67–69,89].

Appendix
A.1. Dataset of the case study
The collected dataset refers to a period of almost eight consecutive years, from 2005 to 2011 plus a couple of months of 2004, and
was extracted from monthly reports. Using the collected data we
could put together only 89 rows of data, each row containing the
values calculated for a month of the ratios corresponding to our
ten variables. Hence, the number of samples was increased by using a standard technique, that is, inserting the average of each pair
of numbers in between them. This technique was applied twice
producing a dataset of 353 rows of data. Table A.1 reports some
sample rows. The whole dataset is available from the authors upon
request.

A.2. MATLAB codes to train the network
Acknowledgment
The authors would like to thank the anonymous reviewers and
the editor for their insightful comments and suggestions.

We copy report below the MATLAB codes implemented to train
ANN by LMA and by GA. Note that Table A.1 reproduces a part of
the Excel Sheet 5 that appears in the MATLAB code.
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Table A.1
Dataset of the case study.
Row of data

Variable x1
Index 1

Variable x2
Index 2

Variable x3
Index 3

Variable x4
Index 4

Variable x5
Index 5

Variable x6
Index 6

Variable x7
Index 7

Variable x8
Index 8

Variable x9
Index 9

Variable x10
Index 10

1
2
3
4
5
6
7
8
9
10
…
101
102
103
104
105
106
107
108
109
110
…
200
201
202
203
204
205
…
300
301
302
303
304
305
…
349
350
351
352
353

0,193,816
0,209,801
0,225,786
0,241,771
0,257,757
0,273,742
0,289,727
0,305,712
0,321,698
0,337,683
…
0,399,562
0,416,383
0,433,204
0,450,025
0,466,846
0,483,666
0,500,487
0,517,308
0,534,129
0,55,095
…
0,268,221
0,258,043
0,247,865
0,237,687
0,22,751
0,217,332
…
0,215,287
0,209,893
0,204,499
0,199,105
0,193,711
0,188,317
…
0,01,2752
0,0,09,564
0,0,06,376
0,0,03,188
0

0,09,1524
0,09,1215
0,09,0906
0,09,0597
0,09,0288
0,08,9979
0,0,8967
0,08,9361
0,08,9052
0,08,8744
…
0,0,8634
0,08,7278
0,08,8216
0,08,9154
0,09,0091
0,09,1029
0,09,1967
0,09,2905
0,09,3843
0,0,9478
…
0,384,881
0,409,486
0,434,091
0,458,695
0,4833
0,507,905
…
0,01,0654
0,01,1622
0,01,2591
0,0,1356
0,01,4528
0,01,5497
…
0,112,183
0,115,082
0,117,982
0,120,881
0,123,781

0
0,0,08,427
0,01,6854
0,02,5281
0,03,3708
0,04,2136
0,05,0563
0,0,5899
0,06,7417
0,07,5844
…
0,269,146
0,272,937
0,276,729
0,28,052
0,284,311
0,288,102
0,291,894
0,295,685
0,299,476
0,303,268
…
0,5815
0,562,341
0,543,183
0,524,024
0,504,865
0,485,707
…
0,77,338
0,752,778
0,732,176
0,711,574
0,690,972
0,670,371
…
0,527,678
0,534,354
0,541,031
0,547,707
0,554,383

0,154,562
0,167,297
0,180,032
0,192,766
0,205,501
0,218,236
0,23,097
0,243,705
0,25,644
0,269,174
…
0,112,354
0,140,443
0,168,531
0,19,662
0,224,708
0,252,797
0,280,885
0,308,974
0,337,062
0,365,151
…
0,914,702
0,902,516
0,890,331
0,878,145
0,86,596
0,853,774
…
0,208,825
0,212,368
0,21,591
0,219,452
0,222,994
0,226,536
…
0,354,158
0,356,692
0,359,226
0,36,176
0,364,294

0,613,214
0,618,891
0,624,568
0,630,245
0,635,922
0,641,599
0,647,276
0,652,953
0,65,863
0,664,307
…
0,792,233
0,799,653
0,807,073
0,814,493
0,821,914
0,829,334
0,836,754
0,844,174
0,851,595
0,859,015
…
0,781,558
0,777,159
0,772,761
0,768,363
0,763,964
0,759,566
…
0,38,271
0,372,153
0,361,596
0,351,039
0,340,482
0,329,925
…
0,02,0126
0,01,5095
0,01,0063
0,0,05,032
0

0
0,00,368
0,00,736
0,0,1104
0,0,1472
0,0184
0,0,2208
0,0,2576
0,0,2944
0,0,3312
…
0,147,474
0,148,525
0,149,576
0,150,627
0,151,678
0,152,729
0,15,378
0,154,831
0,155,882
0,156,934
…
0,264,733
0,294,144
0,323,555
0,352,965
0,382,376
0,411,787
…
0,10,226
0,100,897
0,09,9534
0,09,8172
0,09,6809
0,09,5446
…
0,139,217
0,141,559
0,143,901
0,146,243
0,148,585

3,31E−05
3,26E−05
3,21E−05
3,16E−05
3,11E−05
3,06E−05
3,01E−05
2,96E−05
2,91E−05
2,86E−05
…
0,01,3007
0,01,6259
0,01,9511
0,02,2762
0,02,6014
0,02,9266
0,03,2518
0,0,3577
0,03,9021
0,04,2273
…
0,120,939
0,12,619
0,131,442
0,136,693
0,141,944
0,147,196
…
0,5203
0,543,143
0,565,985
0,588,828
0,611,671
0,634,514
…
0,748,121
0,739,125
0,730,129
0,721,134
0,712,138

0,0,9434
0,09,6622
0,09,8904
0,101,186
0,103,468
0,10,575
0,108,032
0,110,315
0,112,597
0,114,879
…
0,864,888
0,869,713
0,874,538
0,879,364
0,884,189
0,889,015
0,89,384
0,898,666
0,903,491
0,908,317
…
0,413,635
0,399,565
0,385,495
0,371,425
0,357,355
0,343,285
…
0,04,3809
0,04,2392
0,04,0976
0,0,3956
0,03,8143
0,03,6727
…
0,0,01,758
0,0,01,319
0,0 0 0,879
0,00,044
0

0,900,036
0,899,047
0,898,058
0,89,707
0,896,081
0,895,093
0,894,104
0,893,116
0,892,127
0,891,138
…
0,880,486
0,880,149
0,879,812
0,879,475
0,879,138
0,8788
0,878,463
0,878,126
0,877,789
0,877,452
…
0,680,818
0,683,055
0,685,293
0,68,753
0,689,768
0,692,005
…
0,27,194
0,26,852
0,265,099
0,261,678
0,258,258
0,254,837
…
0,02,5014
0,0,1876
0,01,2507
0,0,06,253
0

0,169,412
0,183,493
0,197,573
0,211,654
0,225,735
0,239,815
0,253,896
0,267,976
0,282,057
0,296,137
…
0,35,914
0,377,639
0,396,139
0,414,639
0,433,138
0,451,638
0,470,138
0,488,638
0,507,137
0,525,637
…
0,474,764
0,471,321
0,467,879
0,464,436
0,460,994
0,457,552
…
0,09,2321
0,08,9754
0,08,7188
0,08,4621
0,08,2055
0,07,9488
…
0,0,04,803
0,0,03,602
0,0,02,401
0,0,01,201
0

A.2.1. MATLAB code for the training of ANN by LMA
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A.2.2. MATLAB code for the training of ANN by GA:
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