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A Decision Support System for Solving Multi-
Objective Redundancy Allocation Problems
Kaveh Khalili-Damghani,a Amir-Reza Abtahib and Madjid Tavanac*†
The Redundancy Allocation Problem (RAP) is a reliability optimization problem in designing series-parallel systems. The
reliability optimization process is intended to select multiple components with appropriate levels of redundancy by
maximizing the system reliability under some predefined constraints. Several methods have been proposed to solve the
RAPs. However, most of these methods often treat RAP as a single objective problem of maximizing the system reliability
(or minimizing the system design cost). We propose a Decision Support System for solving Multi-Objective RAPs. Initially,
we use the Technique for Order Performance by Similarity to Ideal Solution method to reduce the multiple objective
dimensions of the problem. We then propose an efficient «-constraint method to generate non-dominated solutions on
the Pareto front. Finally, we use a Data Envelopment Analysis model to prune the non-dominated solutions. A benchmark
case is presented to assess the performance of the proposed system, demonstrate the applicability of the proposed
framework, and exhibit the efficacy of the procedures and algorithms. Copyright © 2013 John Wiley & Sons, Ltd.
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1. Introduction

T
he Redundancy Allocation Problem (RAP) is a well-known and complex reliability design problem that was first introduced by
Misra and Ljubojevic.1 The RAP formulations are characterized by a large combinatorial search space with multiple constraints.
The objectives in the RAPs are generally either maximizing the system reliability or minimizing the system cost given a set of

system-level reliability, cost, and weight constraints. Solutions to the RAPs are intended to identify the optimal combination of the
components and the redundancy levels in the system. However, the RAPs are NP-hard problems2 because: (i) there are numerous
possible combinations for each component; and (ii) for the system to achieve the required reliability level, there is a need to
implement redundancy where multiple components are available to continue performing the required tasks in the event of a
component failure.

Mathematical programming techniques have been widely used to solve different variations of the RAPs. However, it is often
necessary to artificially limit the search space to solutions where only one component can be selected for each sub-system and only
the selected component can be used to provide redundancy. However, these restrictions are often unrealistic in the real-life problems
where different components, performing the same task, can be used within a system to provide high reliability. A given component in
the RAP can have a binary state or a multi-state.3 In the binary state, a proper structure can be designed by increasing the reliability of
the components or supplying parallel redundant components at some stages. These options can be modeled with a mixed integer
non-linear programming model. In some other cases, a given component may encounter more than two different levels, ranging from
perfectly working to completely failed states. A well-known performance measure for the multi-state system is system utility.4 In
the case of a multi-state system, the status of the system is represented with state distribution. The system utility of a multi-state
series-parallel system can also be improved by providing redundancy at each stage, or improving the component state distribution.
Series-parallel systems indicate sub-systems in which several components are connected in series, and then in parallel, or sub-systems
that several components are connected in parallel, and then in series. A series-parallel system can be improved by four methods5:
(1) use more reliable components; (2) increase redundant components in parallel; (3) utilize both more reliable components and
increase redundant components in parallel; and (4) enable repeatedly the allocation of entire system framework.
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Different heuristic and meta-heuristic methods have been proposed to solve the RAPs.5–14 The multi-objective RAPs (MORAPs) are
often used in real-life system engineering optimization applications. Konak et al.15 presented an overview and tutorial describing
genetic algorithms developed specifically for RAPs with multiple objectives. Different applications of the meta-heuristic RAPs can
be found in Taboada et al.,16 Li et al.,17 and Zio and Bazzo.18 Gen and Yun19 surveyed the genetic algorithm methods used to solve
various reliability optimization problems, including reliability optimization of redundant system, reliability optimization with
alternative design, reliability optimization with time-dependent reliability, reliability optimization with interval coefficients, bi-criteria
reliability optimization, and reliability optimization with fuzzy goals. Khalili-Damghani and Amiri20 proposed an efficient version of the
e-constraint method to solve the multi-objective version of the RAPs. They compared the performance of the efficient e-constraint
method with another heuristic procedure called multi-start partial bound enumeration algorithm. Khalili-Damghani et al.21 recently
proposed a self-adaptive dynamic multi-objective particle swarm optimization method for solving the RAPs. They also compared
the performance of several approaches with benchmark cases.

The complexity of the reliability design problems, especially the multi-objective versions, has prompted the researchers to
propose several heuristic and meta-heuristic procedures. Although the meta-heuristic methods have been proven useful in
solving different operations research and engineering problems, the existence of commercial operations research software
capable of modeling and solving complex real-life problems has had a negative effect on the use of time-consuming procedures
for designing customized meta-heuristic methods. The meta-heuristic methods are also often developed to solve single-objective
non-linear real-life problems, which are NP-hard in nature; or multi-objective problems, for which one can find non-dominated
solutions on the Pareto front.

In many real-life multi-objective problems, Decision Makers (DMs) are interested in achieving high-quality solutions which are as
close as possible to a global ideal point and as far as possible from a global nadir point, simultaneously. This is the case in many
real-life operations research and engineering problems such as pump facilities, turbines, crude oil extraction, portfolio selection,
banking, agriculture, transportation, military, and training. In addition, some real-life problems may also require compromised
solutions with high quality and low risk, simultaneously.

Although generating a set of non-dominated solutions with the aforementioned properties (i.e. high quality and low risk,
simultaneously) on the Pareto front might be interesting to study, they are not practical in most real-life engineering design problems
since the DMs can hardly make a decision when he/she is required to choose from several non-dominated solutions. This is more
problematic when the DM has no direct knowledge about the different non-dominated solutions or has no prior/posterior articulation
of the preferences on the priority of the objective functions. Simply providing the DMs with a set of non-dominated solutions is not
productive and often confuses them. Therefore, a posterior investigation is required after the non-dominated solutions are generated.
This posterior investigation could be in the form of a systematic pruning method for eliminating the less attractive non-dominated
solutions thus making the decision-making process more practical.

In this paper, we propose a Decision Support System (DSS) for solving Multiple Objective Decision-Making (MODM)
problems by generating a set of non-dominated high-quality and low-risk solutions and then applying a subsequent pruning
procedure. The proposed DSS is composed of three distinct but related modules. The first module reduces the MODM problem
under consideration to an efficient bi-objective problem through the Technique for Order Performance by Similarity to Ideal
Solution (TOPSIS) method. The TOPSIS method ensures that all the objectives in the original MODM problem are used to
generate high-quality low-risk solutions. The second module generates a set of non-dominated solutions for the bi-objective
problem through an efficient e-constraint method. The proposed efficient e-constraint method significantly reduces the
computational efforts needed to solve the bi-objective problem. The third module prunes the non-dominated solutions
through Data Envelopment Analysis (DEA). The proposed DEA model provides the DMs with a manageable number of solutions
for selection consideration.

Our method uniquely combines concepts from MODM. More specifically, we propose a new approach for solving MORAPs by using
the TOPSIS method to reduce the multiple objective dimensions of the problem into bi-objective dimensions, an efficient e-constraint
method to guarantee that the non-dominated solutions are generated on the Pareto front with minimum computation requirements,
and DEA to prune the non-dominated solutions and help the DM select the most efficient non-dominated solution. The multiple
objective dimension reduction, the non-dominated solution generation, and the non-dominated solution pruning considerations
distinguish our approach from others in the literature.

Solving MODM problems is not searching for some kind of optimal solution, but rather helping the DMs master the (often
complex) data involved in their problem and advance toward a solution.22 The method proposed in this study was developed after
attempting to solve a real-life MORAP. As often happens in applied mathematics, the development of MODM models is dictated by
real-life problems. It is therefore not surprising that methods have appeared in a rather diffuse way, without any clear general
methodology or basic theory.23

We use the proposed DSS to solve a binary-state series-parallel MORAP. We compare the proposed DSS and its efficient e-constraint
component to a benchmark MORAP case to determine the performance of the proposed system, demonstrate the applicability of the
proposed framework, and exhibit the efficacy of the procedures and algorithms. We use statistical analysis and show that our proposed
system is superior to the AUGMECON method proposed by Mavrotas.24

The remainder of the paper is arranged as follows. The MODM concepts, including some preliminary definitions and applications of
the TOPSIS method and the classical e-constraint method are presented in Section 2. The proposed DSS framework including the
TOPSIS, the efficient e-constraint, and the DEA modules is presented in Section 3. In Section 4, we discuss the application of the
proposed DSS in a binary-state MORAP. The experimental results of the application are presented in Section 5. In Section 6, we discuss
our conclusions and future research directions.
Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262
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2. Multi-objective decision making

Most real-life decision problems involve multiple and conflicting objectives, sometimes subject to certain constraints. MODM is
commonly used to solve these problems characterized by multiple and conflicting objective functions such as maximizing
performance while simultaneously minimizing fuel consumption of a vehicle over a feasible set of decisions. The goal is to optimize
the objective functions, and the DMs choose a solution among a set of efficient solutions since MODM problems rarely have a unique
solution.25

One of the most challenging problems in MODM applications is related to the identification or approximation of a family of points
known as the Pareto-optimal set.26 Pareto optimality is a measure of efficiency in multi-objective optimization. A large number of
methods have been proposed in the literature to generate the Pareto optimal set. These methods vary from simple approaches,
requiring very little information, to the methods based on mathematical programming techniques, requiring extensive information
on each objective and the preferences of the DMs. There is no ‘one size fits all’ methodology for MODM problems. A method that
works well in theory can fail in practice, and one that works well on some problems may not be suitable for others. A wide range
of procedures and methods have been proposed in the literature to solve the MODM problems.27–30

Formally, a MODM model considers a vector of decision variables, objective functions, and constraints.31,32 The DMs attempt to
optimize the objective functions. In the absence of a unique optimal solution, the DMs often choose a solution from a set of efficient
solutions. Generally, the MODM problem with maximum objective functions can be formulated as (1).

MODMð Þ max f xð Þ
s:t: x 2 S ¼ x 2 Rn g xð Þ≤b; x≥0jf g

�
(1)

where, f(x) represents the k conflicting objective functions, g(x) ≤ b representsm constraints, S is the feasible solution space, and x is an
n-vector of the decision variables, x2 Rn.

2.1. Dimension reduction with the TOPSIS method

In real-world MODM problems, a serious challenge will arise when the set of efficient solutions is large, and it is difficult to choose a
solution. Dimension reduction can help alleviate this problem in MODM. However, one serious downside of the dimension reduction
strategy is information loss. The dimension reduction process should involve a systematic selection and elimination process that
minimizes the perturbations in the solution space. At the same time, the information loss caused by the dimension reduction strategy
should be as little as possible.

The TOPSIS method was initially introduced by Hwang and Yoon.33 TOPSIS ranks the alternatives according to an algorithmic
procedure. Alternatives are sorted in a decreasing order of the Closeness Coefficient (CC) which is calculated with respect to the
distance of a given alternative from both positive and negative ideal solutions (NISs) concurrently. Lai et al.34 used the compromise
property of the TOPSIS procedure to generate solutions which had the shortest distance from the positive ideal solution (PIS) as well
as the longest distance from the NIS. They reduced a k-dimensional objective space to a two-dimensional objective space by a first-
order compromise procedure. Although the dominance structure of the solution space may be perturbed through any dimension
reduction procedure (including TOPSIS), the TOPSIS method has several interesting and useful properties:

• The compromise property of TOPSIS is effective in generating desired solutions which are far from the NIS and near the PIS,
simultaneously. This property is an important advantage in real-world MODM problems where DMs are interested in seeking
high-quality solutions and avoiding high-risk solutions, simultaneously.

• All objective functions in TOPSIS effectively influence the generation of the resulting bi-objective problem. No objective is
completely omitted, and the structure of the solution space may change as little as possible.

• The relative importance of the objectives in the original MODM problem can easily be controlled through the importance
weights and the order of compromise operation which are determined by the DMs.

The TOPSIS method has been widely used for failuremode and effects analysis,35–37 crisis management,38,39 and quality control.40–42

2.2. Classical e-constraint method

There are also methods that produce the entire efficient set for a special kind of MODM problems (mostly but not only linear
problems). These methods can provide a representative subset of the Pareto set which in most cases is adequate. The e-constraints
method is a one of such techniques applied to MODM proposed by Chankong and Haimes.43 In this method, the DM chooses one
objective out of n to be optimized. The remaining objectives are constrained to be less than or equal to a given target value. In
mathematical terms, the DM let fj(x), j2 {1, . . .,k} be the objective function chosen to be optimized and we have the following problem:

P ej
� �

; j 2 1; . . . ; kf g :

min f j xð Þ; j 2 1; . . . ; kf g; f i xð Þ≤ei;8i 2 1; . . . ; kf g; i 6¼ j; x 2 S
� �

:
(2)

where, S is the feasible solution space.
One advantage of the e-constraint method is that it is able to achieve efficient points on a non-convex Pareto curve. Therefore,

as proposed by Steuer,44 the DM can vary the upper bounds ei to obtain the weak Pareto optima. Clearly, this is also a drawback
Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262
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of the e-constraint method since the DM has to choose appropriate upper bounds for the ei values. Moreover, the e-constraint method
is less efficient as the number of the objective functions increases. Mavrotas24 has proposed a novel version of the e-constraint
method (i.e. the augmented e-constraint method – AUGMECON) that avoids the production of weakly Pareto optimal solutions
and accelerates the selection process by avoiding redundant iterations. Recently, Khalili-Damghani et al.45 customized the
AUGMECON method proposed by Mavrotas24 for real-life large scale multi-objective problems.
3. Proposed DSS

In this section, we present different components of the DSS proposed in this study. First, we introduce an algorithm for the TOPSIS
module. We then introduce an efficient e-constraint method for generating high-quality solutions on the Pareto front. Afterwards,
a DEA model is constructed to implement the pruning strategy. Finally, an integrated DSS framework is presented to combine
different modules into a cohesive and integrated algorithmic procedure.46
3.1. TOPSIS Module (Algorithm I)

Step 1. Solve the single objective optimization problems using the same constraints of the original MODM problem:

Max f i Xð Þ; i ¼ 1; 2; . . . ; k; X 2 Sf g (3)

Step 2. Consider the original MODM problem and calculate Z+ and Z� vectors (4)–(5) as follows:

Z� ¼ Z�
1 ; Z

�
2 ; . . . ; Z

�
i ; . . . ; Z

�
k�1; Z

�
k

� �
(4)

Zþ ¼ Zþ
1 ; Z

þ
2 ; . . . ; Z

þ
i ; . . . ; Z

þ
k�1; Z

þ
k

� �
(5)

where, Z� is the vector of the optimum values for the single objective problems in the previous step which have been optimized
contrary to the directions of the original MODM problem (i.e. NIS). Z+ is the vector of the optimum values for the single objective
problems in the previous step which have been optimized in the same direction of the original MODM problem (i.e. PIS).

Step 3. Using the NIS and the PIS, and the DM’s preferences on the relative importance of the objective functions, calculate the
distance from the NIS and the distance from the PIS as (6)–(7), respectively.

dPISp ¼
X

for allmin objectives

Wi �
f i Xð Þ � zþk
� �

z-k � zþk

� �p
þ

X
for allmax objectives

Wi �
zþk � f i Xð Þ� �
zþk � z-k

� �p" #1
p

(6)

dNISp ¼
X

for allmin objectives

Wi �
z�k � f i Xð Þ� �
z-k � zþk

� �p
þ

X
for allmax objectives

Wi �
f i Xð Þ � z�k
� �

zþk � z-k

� �p" #1
p

(7)

where,
Xk
i¼1

Wi ¼ 1; and p=1, 2, . . .,1. Note that dPISp and dNISp are scale independent measures.

Step 4. Considering the DM’s preferences on the priority relations of the objective functions, we can solve the following resulting
bi-objective Problem (8) using a MODM technique either in a crisp or a fuzzy environment. We refer to the resulting optimization
model as the TOPSIS-based bi-objective problem throughout the paper.

Min dPISp

Max dNISp

s:t: x 2 S

(8)

where, S is the feasible space of the original MODM problem.

Figure 1 presents graphic effects of applying the TOPSIS method to a minimization bi-objective problem. As is shown in this figure,
TOPSIS applied to a MODM problem produces a rich concentration on the Pareto front. Moreover, some other non-dominated
solutions which do not consider cost-based and benefit-based properties are simultaneously ignored. Although the solution diversity
on the Pareto front is assumed to be one of the main attributes of MODM procedures, this type of concentration has little effect on
the diversity of the solutions. More formally, in real-life MODM problems, designers may be interested in guiding the solutions
towards a specific area of the feasible region in which the non-dominated solutions on the Pareto front have high quality and low
risk, simultaneously.
Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262
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Figure 1. Effect of the TOPSIS on the bi-objective problem.
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3.2. Efficient e-constraint module

Re-visiting the MODM problem (1), in the e-constraint method, one of the objective functions (e.g. fj(x)) is optimized while considering
the remaining objective functions as constraints:

max f j xð Þ; j 2 1; . . . ; kf g; f i xð Þ ≥ ei;8i 2 1; . . . ; kf g; i 6¼ j; x 2 S
� �

: (9)

3.2.1. Traditional e-constraint method The traditional e-constraint method obtains the efficient solutions of the problem through
parametrical variation in the right-hand side (RHS) of the constrained objective functions (i.e. ei, i= 1, . . . k, i 6¼ j). The e-constraint
method has three points that need attention in its implementation: (i) the calculation of the range of the objective functions over the
efficient set, (ii) the guarantee of efficiency of the obtained solution, and (iii) the increased solution time for problems with several (more
than two) objective functions. The number of required single optimization problems for a full analysis of the traditional e-constraint
method is equal to (T+1)k� 1, where k is the number of the objective functions and T is the number of equal intervals of the ranges of
the objective functions.

3.2.2. Modified efficient e-constraint method
Step 1. Calculate the payoff table by using a lexicographic optimization of the objective functions.
Step 2. Divide the ranges of the objective functions to T equal intervals and use the T + 1 grid points as the RHS values of the
constrained objective functions (grid step).
Step 3. Solve the sets of Problem (10) or (11) T+ 1 times.

It is obvious that the optimal solution of Problem (2) or Problem (9) is guaranteed to be an efficient solution only if the value of the
slack or the surplus variables of the entire associated (k�1) objective functions’ constraints are equal to zero. In order to overcome this
problem, the following slack-based models have been proposed:

maxf j xð Þ þ b� s1 þ . . .þ sj�1 þ sjþ1 þ . . .þ sk
� �

s:t:

f i xð Þ � si ¼ ei; 8i 2 1; . . . ; kf g; i 6¼ j:

X 2 S:

si 2 Rþ 8i 2 1; . . . ; kf g; i 6¼ j:

(10)

minf j xð Þ � b� s1 þ . . .þ sj�1 þ sjþ1 þ . . .þ sk
� �

s:t:

f i xð Þ þ si ¼ ei;8i 2 1; . . . ; kf g; i 6¼ j:

X 2 S:

si 2 Rþ 8i 2 1; . . . ; kf g; i 6¼ j:

(11)

where, b is a small number usually between 0.001 and 0.000001.
Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262
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The above formulations (10) and (11) of the e-constraint method produces only efficient solutions. Some consideration about the
commensurability may be desirable in the objective functions of problems (10) and (11). So, the objective function of problems (10)
and (11) will be as follows:

f j xð Þ þ b� s1=r1 þ . . .þ sj�1=rj�1 þ sjþ1=rjþ1 þ . . .þ sk=rk
� �

(12)

where, ri, i=1, . . ., k represents the range for objective i which has been calculated from the payoff table of the associated single
objective optimization problem of the original MODM problem. It is clear that replacing Problem (10) or (11) in Step 3 of the modified
efficient e-constraint method will allow the AUGMECON method to generate efficient solutions.

3.3. DEA module

Although Models (26)–(28) help to limit the number of generated solutions, the final selection from the resulting non-dominated
solutions is still a difficult task. Unfortunately, this problem has been ignored in several multi-objective optimization models.16,17 Most
often, a set of non-dominated solutions or clusters which contain non-dominated solutions are represented to the DMs for final
selection. However, choosing among a set of non-dominated solutions becomes somewhat arbitrary in light of the lack of a clear
systematic pruning procedure. This is especially problematic when there is no prior articulation of DM’s preferences on the priority
of the objective functions. We propose a DEA model to prune the generated non-dominated solution when the DM has no prior
articulation of the preferences on the objective function priorities.

DEA is a non-parametric method for measuring the efficiency of decision-making units (DMUs), first introduced by Charnes, Cooper,
and Rhodes (CCR).47 The original CCR model was applicable only to problems characterized by constant returns to scale globally. Banker,
Charnes, and Cooper 48 later extended the CCR model to accommodate problems that exhibited variable returns to scale.

We consider each non-dominated solution generated by the previous module as a DMU with two inputs (i.e. cost and weight) and
one output (i.e. reliability). Figure 2 presents the schematic view of the DMU in this DEA model.

Assuming that there are a set of n DMUs (DMUj, j=1, . . .,n) producing s outputs (yrj, r=1, . . ., s) by consumingm inputs (xij, i=1, . . .,m), the
following additivemodel proposed by Charnes et al. 48 is to determinewhether a givenDMU (i.e. a non-dominated solution) is efficient or not:

max
Xm
i¼1

S�ip þ
Xs
r¼1

Sþrp

s:t:Xn
j¼1

ljxij þ S�ip ¼ xip; i ¼ 1; 2; . . . ;m

Xn
j¼1

ljyrj � Sþrp ¼ yrp; r ¼ 1; 2; . . . ; s

Xn
j¼1

lj ¼ 1

lj; S�ip; Sþrp ≥ 0; j ¼ 1; 2; . . . ; n; i ¼ 1; 2; . . . ;m; r ¼ 1; 2; . . . ; s

(13)

where, S�ip and S
þ
rp are the input and output slacks and the DMUp (i.e. the p-th non-dominated solution in a given set of non-dominated

solutions) is efficient under the additive Model (13) if and only if the optimal value of its objective function is zero. Otherwise, Model
(13) seeks for the non-dominated solutions that consume lower cost and weight, and produce higher reliability.

3.4. Proposed DSS framework

The proposed DSS framework depicted in Figure 3 is composed of three steps as follows:

Step 1. Apply Module (I) to reduce the dimension of objective space.
Step 2. Apply Module (II) on resultant bi-objective problem of Step (1).
Step 3. Apply Module (III) to prune non-dominated solutions of Step (2).

The proposed DSS has several the following interesting properties: (i) the proposed method reduces the multi-objective functions
space into an efficient bi-objective space; (ii) the DM can be confident that high-quality solutions which are simultaneously as close
Figure 2. A given non-dominated solution as a DMU.

Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262



Figure 3. Proposed decision support system.
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as possible to the ideal point and as far as possible from the anti-ideal point are generated; (iii) the application of the efficient e-
constraint method guarantees that the non-dominated solutions are generated on the Pareto front with minimum computation
requirements; (iv) the calculations of the pay-off table in Problem (8) are more manageable and convenient; (v) the number of
required single optimization problems for a full analysis of the efficient e-constraint method decreases drastically while we are
confident that quality solutions are generated on the Pareto front (i.e. a guided search on the Pareto front); and (vi) the DEA module
prunes the generated non-dominated solutions and helps the DMs select the most efficient non-dominated solutions considering
reliability, cost, and weight considerations.

4. Application of the proposed DSS

In the binary-state MORAPs, a set of objective functions (i.e. reliability, cost, weight, and volume) are to be optimized considering a set
of constraints (i.e. cost, weight, and volume). The basic assumptions for the binary-state MORAPs are as follows:

• All components are assumed to be non-repairable,
• All components are assumed to have two states (i.e. working/fail),
• The functioning and physical properties (i.e. reliability, volume, weight, and cost) of all components are assumed to be known,
deterministic, and time independent, and

• The cost of each component is assumed to be time independent.

The following notations are used in the binary-state MORAPs:
m

Copyrigh
Number of sub-systems

i
 Index of sub-systems, i= 1, 2,..,m

j
 Index of components in each sub-systems, j= 1, 2,.., n

rij
 Reliability of component j in sub-system i

cij
 Cost of component j in sub-system i

wij
 Weight of component j in sub-system i

Rs
 Overall reliability of the series–parallel system

Cs
 Overall cost of the series–parallel system

Ws
 Overall weight of the series–parallel system

Co
 Allowed cost of system

Wo
 Allowed weight of system

ai
 Number of available component choices for sub-system i

xij
 Quantity of component j used in sub-system i
1
ni
 Total number of components used in sub-system i
2
nmax
 Maximum number of components which can be in parallel
5
5
nmin
 Minimum number of components which can be in parallel
t © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262



Figure 4. Series-parallel system.

Table I. Benchmark case data

Component

Sub-system 1 Sub-system 2 Sub-system 3

Reliability Cost Weight Reliability Cost Weight Reliability Cost Weight

1 0.94 9 9 0.97 12 5 0.96 10 6
2 0.91 6 6 0.86 3 7 0.89 6 8
3 0.89 6 4 0.7 2 3 0.72 4 2
4 0.75 3 7 0.66 2 4 0.71 3 4
5 0.72 2 8 - - - 0.67 2 4

Table III. Pay-off of the bi-objective Problem (8)

Ideal calculations dPISp dNISp

dPISp 0.2852996 2.714700
dNISp 0.2852996 2.714700

Anti-ideal calculations dPISp dNISp

dPISp 2.160211 0.8397887
dNISp 2.160211 0.8397887

Table II. Pay-off of the original MORAP

Ideal calculations Reliability Cost Weight
Reliability 0.9999985 128 105
Cost 0 0 0
Weight 0 0 0
Anti-ideal calculations Reliability Cost Weight
Reliability 0 0 0
Cost 1 284 160
Weight 0.9999998 144 192

K. KHALILI-DAMGHANI, A.-R. ABTAHI AND M. TAVANA

Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–126

1
2
5
6

Models (14)–(21) represent a binary-state MORAP in which (14)–(16) are allocated to describe the reliability, cost, and weight
objective functions, respectively.

Max Rs ¼
Ym
i¼1

1-
Yai
j¼1

1-rij
� �xij !

(14)

Min Cs ¼
Xm
i¼1

Xn
j¼1

cijxij (15)

Min Ws ¼
Xm
i¼1

Xn
j¼1

wijxij (16)
2



Table IV. Objective values of the generated solutions for the benchmark case

Proposed modified efficient «-constraint method

«2 values

- 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Rs 0.9996531 0.9996531 0.9996531 0.9996531 0.9996531 0.9996531 0.9996531 0.9996531 0.9996531 0.9988790

Cs 68 68 68 68 68 68 68 68 68 62

Ws 54 54 54 54 54 54 54 54 54 48

AUGMECON method

Epsilon values*

- 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Rs 0.9999688 0.9999688 0.9999688 0.9999409 0.9998862 0.9999296 0.9999717 0.9999421 0.9984723 0.9372272

Cs 89 89 89 85 99 84 104 100 72 36

Ws 89 89 89 90 74 95 73 57 38 19

K. KHALILI-DAMGHANI, A.-R. ABTAHI AND M. TAVANA

1
2
5
7

s:t:
Xm
i¼1

Xn
j¼1

cijxij ≤ Co (17)

Xm
i¼1

Xn
j¼1

wijxij ≤Wo (18)

Xai
j¼1

xij ≤ nmax; i ¼ 1; 2; . . . ;m (19)

Xai
j¼1

xij ≥ nmin; i ¼ 1; 2; . . . ;m (20)

xij 2 Zþ; i ¼ 1; 2; . . . ;m; j ¼ 1; 2; . . . ; n (21)

Constraint (17) represents the maximum allowed cost of the system, while Constraint (18) represents the weight of the system. The
constraint sets (19) and (20) guarantee the minimum and maximum allowed number of components in each sub-system. The constraint
set (21) guarantees that the decision variables are positive integers. Figure 4, represents the schematic view of a series-parallel system.

The application of the efficient e-constraint method on model (14)–(21) will lead us to model (22)–(25).

Max Rs þ b� S2=r2 þ S3=r3ð Þ (22)

s. t.

Cs þ S2 ¼ e2; e2 2 Cþ
s ;C

�
s

	 

(23)

Ws þ S3 ¼ e3; e3 2 W�
s ;W

þ
s

	 

(24)

X 2 S (25)

where, ri, i = 1, 2 represent the range of the objective i which is calculated from the payoff table of the original binary-state
MORAP (i.e. using the value of Cþ

s ;C
�
s ;W

þ
s ; andW�

s ). X2 S is the feasible region of the original binary-state MORAP (i.e. Relations
(17)-(21)) and b has the same definition as in (10).

Let us consider the binary-state MORAP by maximizing dPISP with P= 1, 2,..,1 and equal relative importance for all objectives in
models (26)–(28) as follows:

Min dPISP þ b� S2
rdNISP

 !
(26)

s. t.

dNISP � S2 ¼ e2; e2 2 dNIS
�

P ; dNIS
þ

P

h i
(27)

X 2 S (28)

where, dNIS
�

P and dNIS
þ

P are calculated from the payoff table of the bi-objective Problem (8). rdNISP
represents the range of the objective

dNISP . X2 S is the feasible region of the original binary-state MORAP (i.e. Relations (17)–(21)).
Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262



Table V. Structure of the system for the benchmark case

e2

Proposed modified efficient e-constraint method

Sub-system 1 component Sub-system 2 component Sub-system 3 component

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
0 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.1 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.2 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.3 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.4 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.5 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.6 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.7 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.8 0 0 4 0 0 0 0 8 0 0 0 0 7 0 0
0.9 0 0 4 0 0 0 0 6 0 0 1 0 4 0 0
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In real-life problems with k objectives, such as ours which has three conflicting objectives, Models (22)–(25) result in k� 1
e-constraints. Therefore, the number of mathematical programming problems for the full analysis of Models (22)–(25) will
increase exponentially. We use a benchmark case from the literature to compare the performance of Models (22)–(25) and
Models (26)–(28) in the next section.
5. Experimental results

In order to test the proposed DSS, the following well-known benchmark case was selected from the literature.16–18 This benchmark
case consists of sub-systems 1, 2, and 3 with five, four, and five types of components in each sub-system, respectively. The problem
involves determining the optimum number of selected component types in each sub-system. The maximum number of components
in each sub-system is 8. The benchmark case data used in this study is presented in Table I.

5.1. Results

Table II presents the pay-off table for different objectives. Considering the pay-off values presented in this table, the range for each
objective function and relations (17)–(18) can be easily found. Moreover, Z+ and Z� vectors can be calculated using (4)–(5). Table III
presents the pay-off table for the resulting bi-objective Problem (8).

Table IV presents the objective values of the generated solutions from Models (22)–(25) and Models (26)–(28). Consequently,
Table V presents the structure of the benchmark case solution vector for both procedures.

Different p-values for wi= 1, 2, 3 were tested in the proposed DSS. According to the experimental results, the best values for
parameters were P= 1,w1 = 0.99,w2 = 0.005, and w3 = 0.005. The step-size of the epsilon-based parameters was set equal to 0.01 for
both methods. As is shown in Table IV, Rs,Cs, and Ws were not the objective function of the proposed method, and therefore the
presented solutions were not non-dominated.

5.2. Comparison index

A comparative performance analysis was conducted between the outputs of the modified efficient e-constraint method used in the
proposed DSS and the AUGMECON method. The CC index of the TOPSIS procedure was selected to evaluate the performance of the
aforementioned procedures. This index has been calculated as Equation (29) for all values of e2 in both procedures.

CCij ¼ dijNIS
dijPIS þ dijNIS

; i 2 0; 1½ �; j 2 1; 2f g: (29)

where, CCij represents the closeness coefficient of procedure j for parameter e2 = i. It is obvious that CCij values are between zero and
one. The solutions with high CCij values are far from the NIS and close to the PIS, simultaneously. Table VI presents the partial (for
brevity) CC results of the benchmark case for both procedures (i.e. size 0.1 for e2). All values have been generated using the step-size
0.01 for e2.

5.3. Analysis of variance (ANOVA) for the comparison index

In this section, the ANOVA experiments are used to compare the performance of the modified efficient e-constraint method with the
performance of the AUGMECON method proposed by Mavrotas24 using the CCij statistic on the benchmark case. The ANOVA
Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262



Table V. Continued

AUGMECON method

Sub-system 1 component Sub-system 2 component Sub-system 3 component

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
1 1 2 0 1 1 0 7 0 0 2 2 0 0 1
1 1 2 0 1 1 0 7 0 0 2 2 0 0 1
1 1 2 0 1 1 0 7 0 0 2 2 0 0 1
1 1 1 1 1 1 0 7 0 0 1 2 2 1 0
2 1 0 1 0 3 0 0 0 0 0 2 6 0 0
1 0 2 2 1 1 0 1 5 0 2 1 0 1 1
1 2 2 0 0 3 0 1 0 0 2 1 1 1 0
0 0 5 0 0 3 0 0 0 0 0 1 7 0 0
0 0 4 0 0 2 0 0 0 0 0 0 6 0 0
0 0 2 0 0 1 0 0 0 0 0 0 3 0 0
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experiments were conducted for 100 different samples. The number of sample is the direct result of using the 0.01 step-size for e2.
Table VII presents the results of ANOVA (confidence level for all experiment was set equal to 95%).

As is shown in Table VII, there is sufficient evidence that the means are not equal since the p-values are less than the 5%
significance level. Therefore, there is a significant difference between the considered metric in the modified efficient e-constraint
method and the AUGMECON method at the 95% confidence level. The results presented in Table VII show that the modified efficient
e-constraint method proposed in this study performs better than the AUGMECON method.
5.4. Pruning the non-dominated solutions through DEA

In this step, we used the results from the application of Models (26)–(28) on the benchmark case with a step-size of 0.01 for e2 and
generated 100 non-dominated solutions. Model (13) was run for 10 represented non-dominated solutions (i.e. the proposed designs)
of Models (26)–(28), and one design was generated as the final solution. The results are presented in Table VIII.

Generally, since the number of proposed designs is reduced through Model (13), the DM can easily select the preferred design.
The last module in the proposed DSS can independently be implemented for any desired number of non-dominated solutions
Table VI. Closeness coefficients of the two procedures for the benchmark case

e2

Proposed modified efficient e-constraint method AUGMECON method

di1PIS di1NIS CCi1 di2PIS di2NIS CCi2

0 0.5210335 2.478966 0.82632214 0.7769532 2.223047 0.7410156
0.1 0.5210335 2.478966 0.82632214 0.7769532 2.223047 0.7410156
0.2 0.5210335 2.478966 0.82632214 0.7769532 2.223047 0.7410156
0.3 0.5210335 2.478966 0.82632214 0.7681049 2.231895 0.743965
0.4 0.5210335 2.478966 0.82632214 0.7341220 2.265878 0.7552927
0.5 0.5210335 2.478966 0.82632214 0.7906368 2.209363 0.7364544
0.6 0.5210335 2.478966 0.82632214 0.7464338 2.253566 0.7511887
0.7 0.5210335 2.478966 0.82632214 0.6490456 2.350954 0.7836514
0.8 0.5210335 2.478966 0.82632214 0.4529655 2.547035 0.8490115
0.9 0.4694308 2.530569 0.84352306 0.2884917 2.711508 0.9038361
Mean 0.5158732 2.4841263 0.82804223 0.676066 2.323934 0.7746447

Table VII. Analysis of variance data for the comparison metric CCij
Source Degree of freedom Sum of square Mean square F p-value

Proposed method 1 0.16670 0.16670 79.90 0.000
Error 198 0.41312 0.00209
Total 199 0.57983
S =0.04568 R-Sq =28.75% R-Sq(adj.) =28.39%
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Table VIII. Pruning the non-dominated solutions with the additive DEA Model (13)

Non-dominated
solution (DMU)

Input Output S�ip Sþrp Objective
valueCost Weight Reliability S�1p S�2p Sþ1p

DMU1 68 54 0.9996531 14.00 20.00 0.00 34.00
DMU2 68 54 0.9996531 0.00 6.00 0.00 6.00
DMU3 68 54 0.9996531 14.00 20.00 0.00 34.00
DMU4 68 54 0.9996531 0.00 6.00 0.00 6.00
DMU5 68 54 0.9996531 14.00 20.00 0.00 34.00
DMU6 68 54 0.9996531 0.00 6.00 0.00 6.00
DMU7 68 54 0.9996531 14.00 20.00 0.00 34.00
DMU8 68 54 0.9996531 0.00 6.00 0.00 6.00
DMU9 68 54 0.9996531 14.00 14.00 0.00 28.00
DMU10 62 48 0.9988790 0.00 0.00 0.00 0.00
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(i.e. 100 non-dominated solutions for step-size 0.01). As is shown in Table VIII, DMU10 is the efficient DMU. Therefore, the
combination of TOPSIS and the modified efficient e-constraint method resulted in the generation of non-dominated solutions with
minimum cost-based criteria and maximum benefit-based criteria plus. Furthermore, the pruning strategy used in accordance with the
additive DEA Model (13) eased the final selection process. The final proposed structure is presented in Figure 5. We should note that
the number of non-dominated solutions generated from Model (13) was 10, and only one solution in this case was selected after the
application of the pruning procedure. However, several non-dominated solutions may be selected as the efficient DMU after the pruning
procedure depending on the size of the problem and the values of the input and output data in the final DEA model.
6. Conclusions and future research directions

In this paper, a DSS has been proposed to efficiently solve the MODM problems by producing a Pareto front with a DM preferred
resolution. The core of proposed DSS is based on three main modules: A TOPSIS module, a modified efficient e-constraint module,
and a DEA module. Initially, the multi-objective space of the MODM problem was reduced to a bi-objective space using TOPSIS. This
resulted in high-quality and low-risk solutions. Moreover, all the objective functions in the original MODM problem had an impact on
designing the proposed bi-objective problem. The solutions of the bi-objective problem were far from the NIS and close to the PIS,
simultaneously while the domination structure of the original problem met the least perturbations. We then used a modified efficient
e-constraint method to generate non-dominate solutions with a predefined and arbitrary resolution on the Pareto front of the
aforementioned bi-objective problem. The e-constraint method was customized for large-scale and real-life MODM problems. Only
one e-constraint type was added to the original constraints of the MODM problem with k different objectives while this number is
equal to k�1 in the existing procedures in the literature. This narrows the solution space and reduces the computational efforts
needed to solve the problem. Nevertheless, it cannot pinpoint the optimum solution. A DEA model was constructed to prune and
select a solution form the non-dominated solutions generated using the modified efficient e-constraint method.
Figure 5. Final proposed structure.

Copyright © 2013 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2014, 30 1249–1262
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We used the framework proposed in this study to solve a binary-state multi-objective reliability redundancy allocation series-
parallel problem (which is an NP-Hard problem). A well-known binary-state MORAP was selected from the literature as a benchmark
case. The proposed DSS was used to solve this benchmark case. The result from the modified efficient e-constraint method was
compared with the results from the AUGMECON method. The statistical analysis revealed that the proposed DSS can efficiently
generate solutions with higher quality.

The DSS proposed in this study has been developed as a general engineering design tool and can be customized and used to
design and develop various real-life operations and manufacturing systems in the public and private sectors of the economy.
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